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Abstract—Fluorescence diffuse optical tomography (FDOT)
is an emerging molecular imaging modality that uses near
infrared light to excite the fluorophore injected into tissue;
and to reconstruct the fluorophore concentration from boundary
measurements. The FDOT image reconstruction is a highly ill-
posed inverse problem due to a large number of unknowns
and limited number of measurements. However, the fluorophore
distribution is often very sparse in the imaging domain since
fluorophores are typically designed to accumulate in relatively
small regions.

In this paper, we use compressive sensing (CS) framework
to design light illumination and detection patterns to improve
the reconstruction of sparse fluorophore concentration. Unlike
the conventional FDOT imaging where spatially distributed light
sources illuminate the imaging domain one at a time and the
corresponding boundary measurements are used for image recon-
struction, we assume that the light sources illuminate the imaging
domain simultaneously several times and the corresponding
boundary measurements are linearly filtered prior to image
reconstruction. We design a set of optical intensities (illumination
patterns) and a linear filter (detection pattern) applied to the
boundary measurements to improve the reconstruction of sparse
fluorophore concentration maps. We show that the FDOT sensing
matrix can be expressed as a columnwise Kronecker product of
two matrices determined by the excitation and emission light
fields. We derive relationships between the incoherence of the
FDOT forward matrix and these two matrices and use these
results to reduce the incoherence of the FDOT forward matrix.
We present extensive numerical simulation and the results of
a real phantom experiment to demonstrate the improvements
in image reconstruction due to CS-based light illumination and
detection patterns in conjunction with relaxation and greedy-type
reconstruction algorithms.

I. INTRODUCTION

Fluorescence diffuse optical tomography (FDOT) is an
imaging modality that uses near infrared (NIR) light to mea-
sure the 3D fluorophore activity inside biological tissue [1]-
[6]. FDOT is minimally invasive, relatively inexpensive and
portable imaging modality. Furthermore, it provides informa-
tion that is not available in conventional imaging modalities

(11, [2].

Copyright (c) 2013 IEEE. Personal use of this material is permitted.
However, permission to use this material for any other purposes must be
obtained from the IEEE by sending a request to pubs-permissions @ieee.org.

Yazici and Jin are with the Department of Electrical, Computer and Systems
Engineering, Rensselaer Polytechnic Institute, 110 8th Street, Troy, NY 12180
USA E-mail: B. Y: yazici@ecse.rpi.edu, Phone: (518)-276 2905, Fax: (518)-
276 6261

Ntziachristos is with Institute for Biological and Medical Imaging (IBMI),
Helmholtz Zentrum Miinchen, D-85764 Neuherberg, Germany

This work was partly supported by the National Science Foundation
Engineering Research Center Censsis under the Grant No. ERC-08030672.

* Corresponding author.

The inverse problem in FDOT involves reconstruction of
the three-dimensional (3D) fluorophore distribution inside the
imaging domain using the boundary measurements obtained
at the emission and excitation wavelengths [3], [4], [6]. The
FDOT inverse problem is highly ill-posed since the number
of measurements available is typically much smaller than the
number of unknowns [7], [8].

Most optical fluorophore are “targeted probes”, in that, they
are designed to accumulate in relatively small, specific regions
in tissue such as tumors. As a result, the fluorophore distribu-
tion in the imaging domain is often very sparse. Compressive
sensing (CS) theory provides exact recovery of sparse signals
from a small number of measurements under certain condi-
tions. These conditions are given in terms of the incoherence
of the sensing matrix that maps the unknown signal of interest
to measurements [9]-[12]. In many applications, the forward
matrix can be designed to improve the recovery of sparse
signals [10]-[16].

In this paper, we design light illumination and detection
patterns for FDOT based on the CS theory to improve the
quality of reconstructed images.

A. Related Literature

In FDOT, the imaging domain is often illuminated sequen-
tially by a number of point sources placed at the boundary of
the imaging domain. However, recent work has demonstrated
that the “structured illumination” can be useful in reducing
the ill-posedness of the optical tomography inverse problem,
and to improve the spatial resolution of the reconstructed
images [17]-[23]. In [17], a method to design distribution
of light intensities over a predetermined set of locations
and modulation frequencies to maximize the detection of
heterogeneities is presented. In [18], different illumination
light patterns including line sources, Gaussian spots, and their
combination are explored to reduce the ill-posedness of the
FDOT problem. In [21] and [22], spatially modulated frequen-
cy diversity is explored to improve image reconstruction. In
[23], the superiority of wide-field patterned light sources over
point sources is demonstrated using phantom experiments. In
[24], the measurements were optimized using the same method
as in this paper, however with a different inverse problem
formulation. Randomly located point light sources were used
to maximize the rank of the forward matrix. Note that the
concept of structured illumination is similar to the coded
aperture imaging technique where predetermined temporal or
spatial masks/patterns are used to encode the illumination
sources to optimize imaging processes, including the ones in
medical imaging [25], spectral imaging [26], and others [27].
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Recently, CS theory has been applied to optical tomography
[24], [28]-[32]. In [28]—[31], I;-norm constraint regularization
methods are used in FDOT and endogenous diffuse optical
tomography (DOT) inverse problems. In [32], improvements
in DOT image reconstruction is demonstrated in numerical
simulations using a greedy-type algorithm and a small number
of measurements. In [24], a non-iterative inversion method
based on generalized MUSIC algorithm was introduced and
improvements in DOT image reconstruction are shown in 3D
numerical simulations. Although CS techniques have shown
promising results in optical tomography, it has not been
explored to design light illumination and detection patterns.

B. Our Approach

In this paper, we design light illumination and detection
patterns to improve the incoherence of the FDOT forward
matrix, and hence, to improve the reconstruction of fluo-
rophore concentration images. We assume that the endogenous
diffusion and absorption coefficients are known.

Unlike the conventional FDOT imaging where point sources
with constant intensity are time-multiplexed, i.e., turned on one
at a time, we assume that multiple spatially distributed light
sources illuminate the medium simultaneously and the cor-
responding boundary measurements are linearly filtered prior
to image reconstruction. In general the FDOT image recon-
struction is a nonlinear inverse problem. The non-linearity can
be addressed by employing an iterative perturbation approach
wherein the reconstruction of the fluorophore map perturbation
becomes a linear problem at each iteration. In this paper, under
the weak fluorophore assumption [4], we formulate the FDOT
image reconstruction as a linear inverse problem.

In CS theory, accurate recovery of a sparse signal from an
underdetermined linear system requires the underlying forward
matrix to be incoherent. We show that the FDOT forward
matrix can be expressed as a columnwise Kronecker product
of two matrices. The first one is determined by the excitation
light field which depends on the spatial configuration of light
sources, their intensities, and the Green’s function of the en-
dogenous background. The second matrix is determined by the
emission light field which depends on the spatial configuration
of the detectors and the Green’s function of the emission light
field. The incoherence of the FDOT forward sensing matrix is
related to the incoherence of these two underlying matrices.
We design two preconditioners, which we refer to as optical
and measurement masks, to reduce the coherence of these two
matrices. The optical mask is an intensity matrix, with each
of its rows being an intensity/illumination pattern applied to
the point sources. The measurement masks is a linear filter
applied to the measured data collected by the detectors in each
illumination.

We present extensive numerical simulations and a real
silicon phantom experiment to show that the application of
optical and measurement masks reduces the coherence of the
FDOT forward matrix. We use a number of sparse signal
recovery techniques, including greedy type and convex re-
laxation algorithms to demonstrate the improvements in fluo-
rophore reconstruction when optical and measurement masks
are applied.

Our approach can be used to determine not only the optimal
source intensities, but also the location of sources and detec-
tors. Given a fluorophore designed to accumulate in certain
regions and anatomical a priori information, optimal source
detector locations and source intensities can be determined
via numerical simulations assuming a large array of sources
and detectors prior to the imaging process. This may eliminate
unnecessary illumination, optimize imaging process and result
in better image quality than the conventional FDOT imaging.

While our primary interest is in FDOT imaging, similar ap-
proach can be applied to other wave based imaging problems,
such as DOT, electromagnetic and acoustic imaging.

C. The Organization of the Paper

The rest of the paper is organized as follows: Section II
presents the FDOT forward problem. Section III presents the
FDOT inverse problem formulation as a sparse signal recovery
problem and briefly reviews the CS theory from a perspective
relevant to the subsequent discussion. In Section IV, we derive
bounds on the incoherence of the FDOT forward matrix. In
V, we present the design of the optical and measurement
masks. In Sections VI and VII, we present the performance
of our approach in 3D numerical simulations and in a real
silicon phantom experiment. Finally, Section VIII concludes
the paper.

II. FDOT IMAGING PROBLEM

We use the following notational conventions throughout the
paper. The bold symbol, bold italic lower-case letters, I', y,
etc. are used to denote vector variables, italic symbol or Roman
letters are used to denote scalar variables. The calligraphic
letters, A, B, etc. are used to denote operators. The bold
Roman upper-case letters are used to denote matrices, A, B,
etc. We use E, ,, as a shorthand notation for the quantity F
at either excitation or emission wavelengths.

A. Light Propagation Model for FDOT

We model the excitation and emission light propagation in
a bounded region 2 C R3 by the following coupled diffusion
equations [3]:

- VD) + () + ) o)

= s'(r,w), reQ, (1)
. W .
VDLV + (o) + 2 ) )
1 — jwr(r)
1+ (wr(r))?’
where the subscripts x and m denote the excitation and
emission wavelengths, respectively. r € Q) denotes location; w
is the angular modulation frequency. s* denotes the i** source.
;)m denotes the photon density field due to the i*" source.
c is the speed of light in 2. D, ., is the diffusion coefficient
and fiq,m is the absorption coefficient. 114, ¢ is the absorption
coefficient of the fluorophore at the excitation wavelength; n
is the quantum yield; 7ftq.5 is the fluorophore yield; 7 is the

gb;(r,w)numf(r) r e 2)

1057-7149 (c) 2013 |EEE. Personal useis permitted, but republication/redistribution requires | EEE permission. See
http://www.ieee.org/publications_standards/publicationg/rights/index.html for more information.



This article has been accepted for publication in afuture issue of thisjournal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI

10.1109/T1P.2014.2300756, | EEE Transactions on Image Processing

fluorescence lifetime. We assume that D, ,,, = , Where

1
SHow,m
Wsg m 18 the reduced scattering coefficient. Furthermore, D, ,,,
is known, and can be spatially varying in €.

We use Robin type boundary conditions

2D, (r)i - Vol (r,w) + pol(r,w) =
2D, (Pt - V@i (r,w) + pol, (r,w) =

0, r€0Q,(3)
0, r€oQ, 4

where 02 denotes the boundary of €, 7 denotes the outward
normal of the boundary and p is the boundary mismatch
parameter due to light reflection at the boundary.

For the sake of exposition, we use a single modulation
frequency measurement model. We choose w = 0 and drop
w variable from ¢, ,, and other terms. Note that when w # 0
and 7 is known, the source term in (2) includes %
However, this modification does not change the key aspects
of our development. The subsequent problem formulation and
results can be extended in a straightforward way to include
multiple frequencies wherever 7 is known.

The absorption coefficients (i, of the medium is com-
posed of the endogenous absorption figez,m and the exogenous
absorption fiq ¢z m of the fluorophore:

,Ufa:c,m("') = lffaez,m('r) + ﬂafz,m(r)~ (5)

Since the excitation and emission wavelengths are typically
close to each other, in many applications, the absorption coef-
ficients at both wavelengths are assumed to be approximately
equal [4]. Hence, we set

Haf = Hazf = Hamf- (6)

I’La ~ /’(‘al‘ ~ Mama

B. FDOT Forward and Inverse Problems

We assume that there are Ny light sources and N; detectors
located at the boundary of the imaging domain. From (1) and
(3), the excitation light field due to the i*" source is given by

P (r) = / gz (r, ) s' (r)dr', i =1, ..., N, @)
Q

where g, is the Green’s function of (1) and (3). The exci-
tation light interacts with the fluorophore inside the imaging
domain and generates the emission light with a slightly longer
wavelength

Ph(r) = /Q gm (. 7L (P piap(v')dr’, i =1,..., N, (8)

where g, is the Green’s function of (2) and (4). Note that
®inpar acts as the light source for the photon density field at
the emission wavelength.

In general, the optical properties of tissue are wavelength
dependent. However, they are usually assumed to be approxi-
mately equal at both excitation and emission wavelengths for
many of the fluorophore probes used in practice [1]. However,
this assumption is not a limitation for our method, since
Uy = Ce*, where C is the concentration, )\ is the wavelength
and e is the wavelength independent extinction coefficient. As
aresult, 1y, = px,e 172, It is straightforward to include this
known linear relationship between the absorption coefficients
at the excitation and emission wavelengths into our model.

We write the measurement T'; ; at the j* detector due to
the i*" source as

Toy = [ b e (r)dr, i =1, N = 1o Vo

| ©)
where g/, is a shorthand notation for the Green’s function of
the emission light field evaluated at the ;" detector.

In general, (9) is nonlinear, since both g/, and ¢! depend
on /i,, which in turn, depends on . However, for the case
of weak fluorophore [4], (9) can be linearized by assuming
that the contribution of the fluorophore absorption to the total
absorption is negligible, i.e.,

Ha :Mae+ﬂaf ~ HUae- (10
Using (10), (9) can be linearized as
Loy = [ dhamo@mardr (1)
Q

where g/, is the Green’s function of (2) and (4), and ¢!,
is the excitation field when p, = pg.. We organize all the
measurements I'; ;, 1 = 1,...,N,, j = 1,..., Ny, into a vector
T of length M = Ns x Ny

=T, 1N, D20,y Nt € RM. (12)
We define the operator A: L(2) — RM as
(Ap)s; = /Q G ()1, (r)p(r)dr (13)

where © = mnp,y denotes the fluorophore yield. Note that
A linearly maps the fluorophore yield p to the measurement
vector I':

= Ap. (14)

We discretize the domain 2 into N voxels, z; = u(r;),
i =1,..., N, where r; is the center of the it" yoxel; and form
the image vector

x = [z1,T,...,25]T € RV,

Discretizing (14) by the finite element method, we obtain:

I = Az, (15)
where
r 1 1 1 1 T
gem,1¢er,1 gem,Nd)em,N
gNd 1 gNd
A= im,l Sx,l ﬁm,N SI,N c RI\/IXN (16)
gem,l(bew,l gem,N¢ez,N
Ng N Ny N
L gem,l ex,l gem,N ex,N |

is the vector-valued forward operator. me , 18 the discretized
Green’s function of (2) and (4) evaluated at the j** detector
due to the k" voxel; and gbé% . 18 the discretized excitation
light field at the k' voxel due to the i" source. Note that we
refer to A as the sensing or forward operator interchangeably
for the rest of the paper. For a detailed discussion on the
discretization of the FDOT forward and inverse problems, see

[3].
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III. FDOT INVERSE PROBLEM WITH SPARSITY
CONSTRAINT AND SPARSE SIGNAL RECONSTRUCTION

A. FDOT Inverse Problem with Sparsity Constraint

In this section, we present the FDOT inverse problem
formulation with sparsity constraint in the presence of additive
noise and briefly describe the solutions and performance
guarantees offered by sparse signal recovery techniques.

The idealized FDOT inverse problem involves the recon-
struction of the fluorophore yield p from the boundary mea-
surement I' based on the model (14) or (15). Taking into
account the measurement noise, (15) can be modified to

y=T'+e=Ax+e 17)

where y denotes the noisy measurements, € = [eq, ..., en]T S
RM is the measurement noise with ||e||o < &, for some £ > 0,
and || - ||2 denotes the lo-norm.

Since «x is sparse, the FDOT image reconstruction can be
formulated as the following constrained optimization problem:

min |z|lo such that [y — Az|s <e (18)
where ||z||g denotes the ¢o-norm of x defined as the number
of non-zero entries of «. {y-norm is a commonly used measure
of sparsity [33].

The optimization problem in (18) is NP hard. Therefore,
approximate methods are used to address (18). These methods
can be roughly categorized into two classes [33]. The first
class is based on greedy algorithms which is a group of
heuristic iterative algorithms that seek an optimal solution in
each iteration [34]. The second class is based on the relaxation
technique which replaces the [p-norm constraint in (18) with
l1-norm constraint:

min |z||1 such that [y — Ax|s <e (19)
where ||z||; is the ¢1-norm of x. The optimization problem
in (19) is also known as the basis pursuit (BP) [35]. BP is a
convex optimization problem that can be solved by a number
of linear programming techniques [35].

B. Mutual Coherence and Performance Guarantees in Sparse
Signal Reconstruction

In general, the solution of an underdetermined linear system
is non-unique. However, CS theory provides sufficient condi-
tions under which exact recovery of the sparse signals from
limited number of measurements is possible [9], [10], [33]. In
this subsection, we review some of the results on performance
guarantees in CS theory relevant to our subsequent discussion.

Many of the sufficiency conditions proposed in the literature
specify the degree to which the forward matrix is orthogonal.
One of these conditions is given in terms of the concept of
mutual coherence [33], which is defined as

max @0l
p.a.p#a [|apl2]lag|l2

M(A) = (20)

where a, and a, are two different columns in A. Note that
M(A) is the largest normalized inner product of two different

columns; and has a small value only if the columns of A are
almost orthogonal to each other.
It was shown in [9] that, if x( satisfies (17) with

1
M(A)

then, x is necessarily the unique vector that satisfies the linear
system in (17) whose number of nonzero entries satisfies (21).
Furthermore, the difference between xy and the solutions of
the sparsity constraint optimization problems in (18) and (19)
are only within a constant multiple of ¢ [9], [11].

The mutual coherence of A is determined by the two least
“incoherent” columns, which shows the worst-case analysis of
the orthogonality of the columns of A. A number of alternative
measures to quantify the “average” coherence of a sensing
matrix has been proposed [10], [15], [16], [36]. One of these
is the cumulative coherence or the Babel function, which is
defined as [10]

1
[zollo < 5(1‘*‘ ), 21

My (k,A) = max max M7 (22)
P lQI=kpe@ 2 llapllallagl2
where () is a subset of the columns in A. If
Mi(k, A) + My (k +1,A) < 1, (23)

then, the signal @y with ||zg|lo < k can be exactly recovered
using greedy algorithms or basis pursuit [10]. Note that
M (k, A) is an monotonically non-decreasing function in k,
and M;(1,A) = M(A).

More generally, a matrix with N columns have
normalized inner products between different pairs of columns.
It was observed that as the average value of the normalized
inner products between different columns decreases, the per-
formance of sparse signal recovery methods typically improves
[10]-[12], [15], [16], [33]. In particular, it was shown that a
well-designed preconditioning matrix can reduce the normal-
ized inner products between the columns of the sensing matrix,
and as a consequence, reduce the mean square error of the
reconstructed images [11]-[14].

In the following section, we present the coherence of the
FDOT forward matrix with respect to a number of measures
summarized in this section.

N(N-1)
2

IV. BOUNDS ON THE COHERENCE OF THE FDOT
FORWARD MATRIX

In this section, we present the inherent structure of the
FDOT forward matrix and show that it is the column-wise
Kronecker product of two matrices: A matrix that is composed
of the discretized excitation light fields; and another matrix
composed of the discretized Green’s function of the diffusion
equation governing the emission light field propagation. We
show that the normalized inner product between two different
columns of the FDOT forward matrix can be expressed as a
product of the normalized inner products between the columns
of these two underlying matrices. We next derive upper bounds
on the mutual coherence and cumulative coherence of the
FDOT forward matrix. These observations are essential in the
design and optimization of the FDOT forward matrix.
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Recall that the FDOT forward matrix A is given by Below we summarize two results on the coherence of the
-1 1 1 1 1 1 q FDOT forward matrix.
gem,l(rbem,l gem,2¢er,2 ce gem,N¢ez,N Observation ]1:
: : The mutual coherence of A is upper bounded by the product
N Na 41 N,
4 A N AN R AN T of the mutual coherence of G and ®.
- 1 ¢2 1 ¢2 1 ¢2 .
gem,l ex,l gem,2 er,2 - gem,N ex,N M(A) = max |TAp q| = max |T¢p ngp q| = max T’¢p ngp 4
. . g ' g ' ' P.q ' '
N, N Na N Ny N < (II;%X r¢p’q)(n;a(ulx Tgpq) = M(G)M(®).  (32)
L gem,l ex,l gem,Q er,2 - gem7N ex,N | ’

We see that the entries of the A is the product of two 0.

quantities: (1) the discretized excitation light field; and (2)

the discretized Green’s function of the emission light field. To

further analyze the structure of the FDOT forward matrix, we  M(A) < M, (k, A) < K(N, N, Ny, k)(”zi)Ti) — IN”%‘
define two new matrices. The first one is an Ny X N matrix =T = 9

with its i*" row being the excitation light field due to the i*" + G G~ InlF), fork=1,..N-1. (3

Observation 2:

source: where [|E||r = /3", ; ¢?; denotes the Frobenius norm of the
elza;,l .- iw,N matrix quantity E; K (N, Ng, Ng, k), i = 1,2 is a constant that
P = : . : c RNsXN (24) depends on N, N;,N, and k; & and G are ® and G matrices
N, N, whose columns are normalized to unity, and I denotes the
Pesn - Pein N-by-N identity matrix.
The second one is an Ny x N matrix with its 5" row being L.
the Green’s function of the emission light field corresponding See Appendix A for the derivation of (33), and an explicit
to the ;" detector: expression for K.
1 1 We summarize the implications of the results and observa-
Jem1 -+ Yem,N tions made in this section in the following list of remarks:
G := o € RNVaxN, (25) Remarks -
ggji,l gévni N o The normalized inner product 74, of the pt" and ¢t"
columns of the FDOT forward matrix is the product ry,,
Let ay, k=1, ..., N be the k*" column of the FDOT forward and o, the normalized inner product of the pt" and ¢t
matrix A; and let columns of ® and G matrices, i.e., TAy, =Td, TGy
b, = [ ¢éa: _— ¢Nsk]T e To reduce the mutual coherence and cumulative co-
L ’ C}\gfd T herence of the FDOT forward matrix A, we wish to
9 = [Yemps o gem,k} (26) minimize 74, ,, which is equivalent to minimizing r,,
and 1y, .

be the k" column of ® and G, respectively. We observe ay,

is the Kronecker product of ¢ and g,, and write e The mutual coherence of the FDOT forward matrix is

upper bounded by the product of the mutual coherence

a,=6¢,29,, k=1,..,N. 27) of ® and G, i.e., M(A) < M(®)M(G).
) ) e The mutual coherence and the cumu~1aTtiye coherence of
Thus, A is the columnwise Knocker product of ® and G: A are bounded. Thus, reducing || & & — INH%“ and
A=®+xG=[;29g;,PsRGs, -, On D gn] (28) ||C~¥T(~;'7IN||%,reduces A, ,» which in turn, reduces the
cumulative coherence, M1 (k, A), and mutual coherence,
where * denotes the columnwise Kronecker product. As a M(A), of the FDOT forward matrix.

result of (27), we have Without loss of generality for the rest of the paper, we

larls = ai-ar= (¢, ®9.) (P, 2gy) assume thzilt the columns of G and ® are normaliz'ed to unity
= Jlonl2lgLl2: (29) and drop tilde from G and @ to simplify our notation for rest
of the paper.
Furthermore,
(ap, ag) = a, Gg=(p,2g,) (m) V. THE FDOT FORWARD MATRIX OPTIMIZATION

— (b, d)(g, T0) In this section, we focus on the optimization of the FDOT
N p " Pa)\Ip 9 forward matrix using the results in the previous section. In
= {9y D9){9p 9g)- (30)  particular, we minimize ||®7® — I'y|r and |GTG — Iy |2

Let ra, ., 74, , and r,, . be the normalized inner product by designing two preconditioners on ® and G to reduce both

th th :
of the p™ and ¢ columns of A, ® and G, respectively. 'Note that since ® is composed of the excitation light field and G is

Combining (29) and (30), we obtain composed of the discretized Green’s function of the diffusion equation for
the emission light field. Therefore, every entry in ¢ and G is non-negative.
TApa = TépaTdpa (31)  As a result, Tgpq = 0and rg, > 0.
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the mutual coherence and average coherence of the FDOT
forward matrix. Our preconditioner design follows a method
similar to the one in [12].

The entries of the matrix ® represent the excitation field at
each voxel location due to light sources. They are determined
by the source function, the Green’s function of (1) and
(3) and the endogenous optical properties of the imaging
domain. Thus, ® is a source related term. We refer to the
preconditioner on ® as the optical mask. The optical mask is
an N; x N, intensity matrix, with each row being a different
intensity pattern applied to /N, point sources for Ny different
illumination patterns.

The entries of the matrix G represent the emission field
at the detectors due to a point source at each voxel location.
They are determined by the Green’s function of (2) and (4),
and the endogenous optical properties of the imaging domain.
Thus, G can be viewed as a measurement-related term. We
refer to the preconditioner on G as the measurement mask.
The measurement mask is an Ny x Ny linear filter applied to
the measured data collected by N, detectors corresponding to
each illumination pattern.

In Subsection V-A we present the design of the optical
mask; and in Subsection V-B, we present the design of mea-
surement mask. In Subsection V-C, we describe the practical,
algorithmic implementation of the FDOT imaging process with
structured illumination and detection patterns.

A. Design of the Illumination Patterns - The Optical Mask

In diffuse optical tomography, the light sources are typically
time multiplexed, i.e., operated one at a time, and the scattered
light field due to each source is measured at the detectors. In
designing the optical mask, we assume that all N sources
transmit simultaneously into the imaging domain according
to some intensity patterns designed to optimize the FDOT
forward matrix. Furthermore, we assume that the number
of illumination patterns is the same as the number of point
sources. Thus, our objective is to determine N; x N different
light intensities to precondition ®, and hence the FDOT
forward matrix.

Let M, denote the N x Ny optical mask. Let m;, denote
each row of M, i.e.,

M, =[m" my", . ompy T (34)

s

We refer to my, k= 1,..., N, as the k*" illumination pattern
for reasons that will be made clear below. Recall that the
excitation light field due to the i*” point source is given by

6i (r) = /Q gu(r, 7)1 (1)

Without loss of generality, we assume that the initial light
sources, s'(7), are unit impulse functions,

s'(r) = o(r — )

(35)

(36)

where 7; denotes the location of the i*” point source.
Let my; be the intensity of the it" source, i = 1,..., N,
for the k*" illumination pattern, i.e.,

my = M1, ME2, ... My N, |- 37

Then, if all point sources transmit simultaneously, the source
illuminating the imaging domain can be expressed as

N
Q*(r) = Z my.is'(r). (38)
i=1

Thus, the resulting excitation light field due to the A illumi-
nation pattern becomes

];re(r) /ng(ryrl>Qk<’l"/)dT/
N,
— i (7, Nst () dr'
;mk, /Qg (r,r")s" (r")dr

Ng ]
= > mridh(r).
i=1

Reexpressing (39) in matrix notation introduced in (34) and
(37), we write the new matrix composed of the excitation light
field due to sources Q* (k =1, ..., N,) as follows:

(39)

i);m“e = Msi’a (40)

where ®,,.. is now the preconditioned ® matrix. From (40),
clearly the optical mask M s can be designed to precondition
®. We design M ; to minimize the normalized inner products
between different columns of ®,,... Or equivalently, we seek
to find M, such that the Gramm matrix ‘I>pTeT<I’pT€ is as
close to identity as possible,

S, @, =" MM ®~1Iy. (41)

To find such a matrix M, we consider the following opti-
mization problem:

min |(M,®)"M,® — Iy|F. (42)
M,
Note that (42) attempts to minimize not only the greatest
normalized inner product between two columns of ®,,.., but
all the normalized inner products between different columns
of ®,.

To solve (42), we multiply (41) by ® and &7 on both sides,

"M M., 23" ~ 287, (43)
and consider the singular value decomposition of ®,
®=U;3,V,, (44)

where 3 is the Ny x N, diagonal matrix containing the
singular values of ®. Let A; = ESEST. Substituting (44) into
(43), and simplifying (43), we obtain

AUTMTMUA, ~ A, (45)
Thus, we choose M, as
M, =A;'VUT (46)

Note that if ® has poor condition number, M can be
stabilized by (A, +eI)~Y/2U7T where I is the identity matrix
and € > 0 is a suitably chosen regularization parameter.

The new ® matrix after the application of M, becomes

B, =M,®=AUTU, BV, = A2V, 47)
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The matrix M, may have negative entries. Thus directly
applying M, onto source intensities is not impossible. We
decompose M , into a linear combination of two matrices with
non-negative entries as follows:

M,=M —(-M{7)), (48)
where the entries of M Ef) and M gf) are either zero or equal
to the non-negative and negative entries of M ,, respectively.
Thus, the entries of both M gH and —M gf) are non-negative.
We then sequentially apply M (™) and (—M{™)) onto the
source intensities. Let I'*) and T'™) denote the resultant
measurements, we take the difference of the measurement

') and T(), and obtain

r — ((Mg+><1>) x Gpre) x— ((—Mg—><1>) * Gm) x
= (Ppre * Gpre)x = Aprex. (49)

Let m,g ) denote the (k, i)™ entry of M), which is the
intensity of the ! point source in the £*" illumination pattern.
Thus, the light source generated by the £*" illumination pattern
is given by

Ny
Qk(r) = > " (miY) — (—my)))si(r), (50)
=1

and the resulting excitation light field due to the k" illumi-
nation pattern becomes

N
o) (r) me )= (—mi ek (r),
1=1
k_l, N reqQ. (51)

B. Design of Detection Patterns - The Measurement Mask

In this section, our objective is to design a measurement
mask, or a linear filter, that will be applied to the measured
data to reduce the normalized inner product between the
columns of G, i.e., Tgpar

Recall from Section 2 that the measurements I'* due to the
ith light source is given as I'" = B'x where

B' = [91%1,1’92‘/521,2’ ""gN¢éw,N]'

If a linear transform is applied to the measurements, the new
set of measurements becomes:
M,B'z

Il =M, = (52)

where M4 € RN¢*Na jg the linear (not necessarily Toeplitz)

filter, which we refer to as the measurement mask. We note

that
M,B' =

[Mdgl¢i:1:,17 Md92¢éz,27 s Mdqusi:r,N]' (53)

Let

Gpre = M 4G (54)

be the preconditioned G' matrix. We choose to design M ;4 so
that the normalized inner products between different columns
of G are minimized.

Designing the measurement mask, M 4, is similar to de-
signing the optical mask. Following a step similar to the one
in (43), we obtain

GG"MIM,GG" ~ GG". (55)
Let G = U dEdvg be the singular value decomposition of
G. We choose
M, = A, PUT (56)
where Ay = zdzg. Again, if G has poor condition number,
M can be modified to (Ag + eI)~Y/2U% where I is the
identity matrix and € > 0 is a suitably chosen regularization
parameter.
The preconditioned G matrix becomes

—AVPRVa
(57)
An alternative approach in designing a measurement mask
is to directly precondition the forward sensing matrix A [37].
In this case, the measurement mask becomes

Gpre = M,G = A, ?UTU 2,V

M, = (343%) U (58)
where U 4 X AVZ; is the singular value decomposition of A.

In some applications, depending on the source-detector
geometry, number of sources, as well as the discretization
of the diffusion equations and the imaging domain, it is
favorable to precondition GG” over preconditioning AAT
to avoid noise amplification due to large condition number. It
is straightforward to show that AT A = ®7® o G G where
o denotes the Hadamard product. As a result, ||AAT|
maxnzlw,N[@T@]m||GGTH where [<I>T<I>],m denotes the
nth diagonal entry of &' ® and || - || stands for any unitarily
invariant matrix norm [38]. Hence, if max,—;__ n [<I>T‘I>],m <
1, it may be favorable to precondition GG~ over precondi-
tioning AA”T . However, max,,L:L___’N[@T'IJ]m, that is, the
maximum power of the excitation photon density field due
to all point sources among all voxels depends on the source-
detector geometry, number of sources and the discretization of
the diffusion equations and imaging domain.

C. Forward Sensing Matrix Construction

The new forward sensing matrix Ap,. composed of the
columnwise Kronocker product of ®,,.. and G ,
(59)

Apre = [¢pm,1 ® gpre,lv (X3} ¢pre,N ® gpre,N]

where ¢,,..; and g, ;, i = 1,..., N denote the columns of

®,,. and Gpy..

VI. NUMERICAL SIMULATIONS

In this section, we extensively present numerical simulations
to demonstrate the effects of the optical mask M and
measurement mask M, on the coherence of the forward
sensing matrix as well as on the quality of the reconstructed
FDOT images.
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Fig. 1. An illustration of the simulated phantom and source-detector
configuration.

A. 3D-Simulation with Single Heterogeneity

We set up a 6 x 6 x 6 cm® cubic phantom shown in
Fig.1. We set the background absorption coefficient to pg,, =
0.05cm~?, and the diffusion coefficient to we = 8cm~!
(D = 1/3(uq + 1)) at both the excitation and emission
wavelengths. The circular heterogeneity with radius r simulat-
ed the fluorophore concentration with fluorophore absorption
coefficient fi,, 5 = 0.005cm ™. 48 sources (shown in squares)
and 48 detectors (shown in triangles) are uniformly placed at
the top and bottom of the imaging domain. We discretized the
imaging domain into 20 x 20 x 20 voxels. Thus, the forward
sensing matrix is 2304 by 8000. We simulated data sets with
a single heterogeneity corresponding to 3 different values of
the radius r : 0.5, 0.75, and 1.0cm.

To simulate the measurement noise, we assume that, when
a sufficiently large number of photons are detected, the noise
at each detector can be approximated by a Gaussian random
variable with its variance proportional to the magnitude of the
detector reading. We define the signal-to-noise-ratio (SNR) of
the measurements as

T2

SNR = 20log;, el

(60)

We simulated three sets of noise contaminated measurements
with approximately 10%, 3% and 1% noise, corresponding to
the SNR value of 20dB, 30dB and 40dB, respectively.

1) Simulation Results - Coherence of the FDOT Forward
Matrix: We evaluated the coherence of the forward matrix for
five different cases: (1) no masks corresponding to the time-
multiplexed point source configuration with unit intensity; (2)
only optical mask M ¢; (3) only measurement mask M 4; (4)
both optical and measurement masks; and (5) large precon-
ditioning matrix M 4. Fig. 2(a) shows the largest 40% of all
the normalized inner products between different columns of
the forward sensing matrix, arranged in a descending order.
The remaining 60% of the normalized inner products between
different columns are close to 0. Clearly, application of M,
M, and M 4 all reduces the large correlations between
different columns of A. When A is preconditioned using M 4,
the resultant normalized inner product plot is very close to
using both M, and M ;. To quantify the improvements, we
computed the area under the curves (AUC), which we defined
as the sum of all the normalized inner products between

.. M_and M

w

a

oo

N

&

masks

Relative AUC:

O4r iy M_andM, 4759
03 M, 76.5%
02 LA 62.1%

M, 463%
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(a) Top 40% values of all the normalized inner products

Average slope: 1y

N 0.0246
M, and My 0.0169 00165
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*
(b) Cumulative coherence

Fig. 2. The normalized inner products and cumulative coherence of the
forward matrix before and after applying optical and measurement masks in
numerical simulations.

different pairs of columns:

N

>

p,1=1(p#q)

We define the relative AUC as the ratio of the AUC to that
of the no-mask case. The results of relative AUC are given in
the box in Fig. 2(a). We see that the optical and measurement
masks alone reduce the AUC to 76.5% and 62.1%, respectively
as compared to the no-mask case. When both masks are
applied, the AUC reduces to 47.5%. The application of M 4
reduces AUC to 46.3%, which is slightly smaller than the case
that both M, and M, are applied.

Fig. 2(b) shows the plot of the cumulative coherence
M, (k, A) as a function of k. As stated before, the cumulative
coherence is a nondecreasing function of k. When M (k, A)
increases slowly, the forward matrix is said to be quasi-
incoherent [10]. From Fig. 2(b), the application of M, M,
and M 4 all result in slower increase of cumulative coherence.
The average slope of each curve is provided in the box in Fig.
2(b) for a quantitative comparison.

AUC = ra, |- (61)
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The cross sections at z = 3cm of the simulated phantoms.
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Fig. 3.
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(b) ROMP (no masks) (c) CoSaMP (no masks)

(a) StOMP (no masks)

(e) ROMP (M)

(f) CoSaMP (M)

(h) ROMP (M y)

(i) CoSaMP (M y)
- . Ué‘

(k) ROMP (M5, My) (1) CoSaMP (M ,, M)

(d) StOMP (M ,)

(j) StOMP (M ., M 4)

(n) ROMP (M 4) (0) CoSaMP (M 4)

(m) StOMP (M 4)

Fig. 4. The cross sections of the reconstructed images at z = 3cm of
the phantom using greedy algorithms in numerical simulations, centered at
(3,3,3)cm, r = 0.5cm, 1% noise.

2) Simulation Results - Image Reconstruction: To recon-
struct the fluorophore concentration map, we used the for-
ward matrix without applying any masks, with either M
or M, alone, with both masks applied simultaneously, and
with M 4 to precondition A directly. We used six differ-
ent sparsity promoting reconstruction methods available in
the CS literature. Specifically, we used: stagewise orthogo-
nal matching pursuit (StOMP) [39], regularized orthogonal
matching pursuit (ROMP) [40], acrostic compressive sampling
matching pursuit (CoSaMP) [34], BP-interior [35], iterative
shrinkage/thresholding (IST) [41], and gradient projection for
sparse reconstruction (GPSR) [42]. The first three are greedy
type algorithms, and the last three are convex relaxation based
algorithms.

We reconstructed the fluorophore concentration map of a
phantom with a single heterogeneity at 3 different sparsity
levels corresponding to 3 different radii using measurements
at 3 different noise levels. We measure the accuracy of the
reconstructed images using the normalized mean square error
(NMSE) given by

| Ztrue — Trecon |2

NMSE =
# of voxels

(62)

We averaged the NMSE of the reconstructed images over 50
realizations of noise. The results are tabulated in Table 1. The
results show that, in general, the NMSE of the reconstructed
images increases as the sparsity level of the signal increases.
By applying M, M, or M 4, the NMSE can be reduced
for all reconstructions. However, applying both M, and M,

- 1 - 1 -

(b) IST (no masks) (c) GPSR (no masks)

(a) BP-interior (no masks)

-ﬂ -i

(d) BP-interior (M )

(e) IST (M)

() IST (M q)

(f) GPSR (M)

(i) GPSR (M 4)

(g) BP-interior (M 4)

-ﬂ -i -ﬂ

(j) BP-interior (M 5, M 4)

(k) IST (M, M) (1) GPSR (M, M)

(m) BP-interior (M 4) (n) IST (M 4) (0) GPSR (M 4)

Fig. 5. The cross sections of the reconstructed images at z = 3cm of
the phantom using convex relaxation algorithms in numerical simulations,
centered at (3,3, 3)cm, r = 0.5cm, 1% noise.

is more effective in reducing the noise than applying M 4,
since the large condition numbers in M 4 is likely to amplify
the measurement noise. Table I shows a greater reduction
in NMSE for greedy-type algorithms than that of convex
relaxation techniques.

Fig. 3 shows the cross sections of the reconstructed images
at the middle of the imaging domain when the radius of
the heterogeneity is » = 0.5cm. The cross sections of the
reconstructed fluorophore yield maps using greedy type algo-
rithms are shown in Fig.4, and those using convex relaxation
techniques are shown in Fig.5. For each type of algorithm,
the application of My, M4 or M 4 results in reconstructed
images that are in better agreement with the original fluo-
rophore yield map. Although applying M 4 is effective in
improving the incoherence of A, as indicated in Fig. 2, it
is less effective in improve the image reconstruction results.
The visual improvements are most obvious for the greedy
algorithms, consistent with the NMSE results. In the greedy
type algorithms, the support of the signal is determined by
selecting the columns of the forward matrix that have the
greatest correlation with the measurements. The reduction of
the normalized inner products between different columns in
the forward matrix has a direct effect on the column selection
procedure at each iteration.
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TABLE I
NMSE OF THE RECONSTRUCTED FLUOROPHORE CONCENTRATION MAP IN
NUMERICAL SIMULATIONS (10~2).

Algorithm r = 0.5cm r = 0.75cm r = 1.0cm
SNR(dB) 40 30 20 40 30 20 40 30 20
No masks 2.05| 647| 12.1] 3.87] 145] 28.0| 9.44| 31.8] 63.7
SIOMP M, 098| 2.05| 7.04| 190| 647| 13.9| 5.00| 13.2| 33.3
M, 090| 1.95| 6.41| 1.76| 5.77| 9.26| 4.37| 11.7| 33.0
Mg, Mg | 055| 1.31| 258| 093] 2.63| 555| 2.12| 7.67| 164
M 4 1.40| 4.20| 851 | 2.74| 9.65| 20.6| 6.94| 22.3| 452
SNR(dB) 40 30 20 40 30 20 40 30 20
No masks 1.66| 5.85] 13.2| 3.68] 13.0] 31.6] 8.01[ 29.0| 642
ROMP M 0.68| 245| 697| 2.19| 6.39| 19.8| 3.16| 154 38.1
M, 0.54| 2.54| 6.62| 1.89| 5.19| 169| 3.71| 13.9| 353
Mg, Mg | 035] 1.55| 2.49| 0.80| 2.58| 5.82| 1.76| 8.40| 19.9
M 4 1.26| 3.76| 8.13| 2.09| 11.8| 16.4| 5.77| 22.4| 385
SNR(dB) 40 30 20 40 30 20 40 30 20
No masks 2111 6.35] 13.0| 597] 145] 289 11.8] 34.7| 67.8
CosaMP | M 1.69| 2.11| 598| 3.69| 896| 13.4| 429| 16.1| 35.6
M, 1.13| 2.08| 6.30| 3.08| 7.37| 11.9| 535| 15.9| 32.1
Mg, Mg | 061] 1.37| 345| 1.31| 2.77| 6.08| 2.66| 8.06| 18.5
M 4 1.24| 3.28| 8.18| 3.78| 9.73| 22.0| 6.26| 23.7| 49.1
SNR(dB) 40 30 20 40 30 20 40 30 20
No masks 1.56| 3.03] 7.05| 2.44] 7.13] 153] 5.03] 20.8| 39.1
BP-interior| VI ¢ 1.18| 2.31| 4.85| 1.97| 5.07| 10.2| 4.02| 10.8| 23.4
M, 093 | 2.03| 4.50| 2.08| 4.37| 9.93| 3.68| 891 | 20.1
M., Mg | 039] 1.28| 1.98| 1.09| 2.06| 3.85| 1.84| 5.18| 9.11
M 4 1.04| 2.07| 596| 1.87| 6.09| 13.2| 4.31| 18.7| 37.2
SNR(dB) 40 30 20 40 30 20 40 30 20
No masks 1.20| 355] 7.49| 351] 6.97] 19.2] 6.38] 233 499
IST M, 0.89| 2.05| 391 | 231| 5.32| 11.8| 5.06| 11.7| 269
M, 0.92| 1.79| 3.61| 1.93| 4.19| 10.0| 4.41| 9.95| 24.3
Mg, Mg | 046] 1.19| 238| 0.81| 1.86| 4.36| 2.03| 6.28| 125
M 4 1.07| 298| 4.74| 2.43| 5.50| 11.8| 5.80| 20.7| 45.1
SNR(dB) 40 30 20 40 30 20 40 30 20
No masks 1.29| 328] 7.07| 341] 7.13] 17.1| 551| 222| 46.6
GPSR M, 097 2.27| 4.08| 2.03| 5.01| 13.5| 4.92| 11.3| 29.0
M, 0.82| 1.76| 3.26| 1.50| 3.76| 10.0| 4.83| 8.74| 24.8
Mg, Mg | 040| 1.23| 256| 0.88| 1.68| 3.82| 2.15| 545| 10.2
M 4 1.06| 2.24| 6.14| 2.10| 5.67| 13.5| 4.40| 16.4| 39.4

heart

lungs

Le- tumors
7 liver—Y
.

(a) The digital mouse phantom with the (b) The chest region of the digital mouse
source-detector configuration

Fig. 6. An illustration of the digital mouse phantom.

B. 3D-Simulations using the Digital Mouse Phantom [43],
[44]

In this subsection, we present numerical simulation results
using the digital mouse phantom reported in [43], [44]. The
digital mouse phantom was generated using coregistered CT
and cryosection images and has segmented internal tissue
structures. We assume that the tumors are located in the lungs,
and consider a 24mmx 13mm x 18mm rectangular imaging do-
main around the chest of the mouse phantom. Three tumors of
diameter 1.0mm, 1.5mm, and 2.0mm are located in the lungs
with fluorophore absorption coefficient 1o = 0.05cm™!, as
shown in Fig. 6(b). 84 point sources and 84 detectors that
are uniformly placed on the four surfaces of the rectangular
region as shown in Fig. 6(a). The optical properties of different
organ structures are tabulated in Table II, which are estimated
at wavelength 750nm [45]. We assume that the rectangular
imaging domain is filled with matching fluid having the same

10

Sy
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(i) CoSaMi’ (M )
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(m) SOMP (M 4) (n) ROMP (M 4) (0) CoSaMP (M 4)

Fig. 7. The reconstructed digital mouse phantom images using greedy
algorithms (1% noise, isosurfaces plotted at 50% of the maximum values).

optical properties as the mouse skin. The imaging domain
is discretized into 33 x 19 x 26 voxels using finite element
method. 1%, 3% and 10% Gaussian noise are added to the
measurements.

TABLE II
OPTICAL PROPERTIES OF THE MOUSE CHEST AT 750NM (CM 1) [45]

Tissue type Skin muscle bone Lung Heart | Liver
ul 19.60 3.122 21.14 | 2048 | 8.203 | 6.023
La 0.397 0.478 0.329 | 1.054 | 0.333 1.936

The NMSE of the reconstructed images are shown in Table
III, which are averaged over 30 realizations of noise. The
results show that applying the M, My or M 4 reduces
NMSE when used in conjunction with different sparse signal
recovery algorithms. However, applying M 4 is not effective
in reducing NMSE as compared to using both M, and M g4,
which is due to the large condition number of M 4. The
reconstructed images using greedy type algorithms are shown
in Fig. 7, and those using convex relaxation techniques are
shown in Fig. 8.

To check the robustness of our method with respect to
errors in the endogenous absorption coefficient estimation, we
assumed that the endogenous absorption coefficient estima-
tion piam, deviates from the true value by 1% and built G,
® and A matrices. Fig. 9 shows the reconstruction result-
s when erroneous endogenous absorption coefficients were
used along with the application of optical and measurement
masks, and with preconditioning matrix A. Visual inspection
of the images shows that the reconstruction performance
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Fig. 8.  The reconstructed digital mouse phantom images using convex
relaxation algorithms (1% noise, isosurfaces plotted at 50% of the maximum
values).
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Fig. 9. The reconstructed digital mouse phantom images with 1% deviation
of pam (1% noise, isosurfaces plotted at 50% of the maximum values).

decreases. Nevertheless, the tumors are still identifiable and
the reconstructed images are visually better than the images
reconstructed without the masks shown in Fig. 7 and Fig. 8.

TABLE III
NMSE OF THE RECONSTRUCTED FLUOROPHORE CONCENTRATION OF THE
DIGITAL MOUSE PHANTOM (10~%).

Algorithm StOMP ROMP CoSaMP
SNR(dB) 40 30 20 40 30 20 40 30 20
No masks 995 | 187 | 579 | 732 | 249 702 | 114 | 229 | 81.6
M 265 | 155 | 365 | 3.74 | 17.8 | 374 | 550 | 173 | 41.0
M, 287 | 132 288 | 3.13 | 195| 362 | 441 | 150 | 45.1
Mg, My 133 | 572 | 17.6 | 199 | 829 | 208 | 232 | 9.57 | 189
M 4 588 | 139| 30.8 | 523 | 20.1| 359 | 817 | 193 | 39.8
Algorithm BP-interior IST GPSR

SNR(dB) 40 30 20 40 30 20 40 30 20

No masks 154 | 216 | 355| 103 | 312 | 44.0| 187 ] 279 39.2
M 7.18 | 102 289 | 7.86 | 21.9| 238 | 10.6 | 17.8 | 29.0
Mg, 796 | 123 | 273 | 735| 22.1| 29.1| 139 | 168 | 272

Mg, Mgy | 401 | 692 10.1| 527 | 730 | 13.2| 407 | 8.68 | 13.3
M 4 7.07 | 17.3 | 262 | 801 | 186 | 372 | 152 | 229 | 33.7

VII. SILICON PHANTOM EXPERIMENT

In this section, we present the effect of using M, and
M ; on the coherence of the forward sensing matrix and the
reconstructed images using real data collected in a silicon
phantom experiment. The effect of preconditioning the A
as described in subsection V-B on the coherence of the
forward matrix and the reconstructed images using real data
is presented in [37].

A. Real Phantom Configuration

Fig.10(a) shows an illustration of the cylindrical phantom
used in the experiment. The phantom was made of silicone
rubber with diameter of about 2cm, and length of 4cm.
The phantom had homogeneous absorption coefficient u, =
0.2cm~! and scattering coefficient ;, = 12cm™! at both the
excitation and emission wavelengths (743nm and 767nm). The
silicon phantom contained a hollow cylindrical tube in the
middle with approximately 3mm in diameter. which was filled
with intralipid and ink to mimic the same optical properties as
the background. The intralipid and ink contained 1 micromolar
of Cy7 as the fluorophore. The cross section of the fluorophore
yield at z = 1cm is shown in Fig. 10(b).
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(b) The cross section of the fluorophore
yield at z = 1cm (middle) of the silicon
phantom

(a) The silicon phantom

Fig. 10. The configuration of the real silicon phantom and the cross section
of the fluorophore yield.

The FDOT measurements were collected using the FDOT
imaging system reported in [46]. Specifically, focused col-
limated laser beams were used as point light sources to
excite the fluorophore. We had 60 point sources in total. The
fluorescence measurements were collected by an electrically
cooled CCD camera. The reading of the detector was recorded
as the mean value of a subregion with 5 x 5 pixels around
each detector location. We selected 60 detector locations. The
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measurements due to each point sources were collected at
the detectors. Assuming that the measurements obtained for
each source-detector pair have high SNR, we approximated
the measurements due to each illumination pattern as a linear
combination of measurements due to a single source due to the
linearity of (11) and (35). We discretized the imaging domain
into 20 x 20 x 20 voxels. Thus, the forward sensing matrix is
of dimension 3600 by 8000.

B. Coherence of the FDOT Forward Matrix

= 0.5 !
T ; Relative AUC:

O4rky Moand M, 450%
744%
64.1%
39.6%

100%

] 2 4 6 8 10 12
x 10°

(a) Top 40% values of all the normalized inner products

Average slope: M 0.0305 |

M and My 00169 M, 0.0161
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k
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(b) Cumulative coherence

Fig. 11. The normalized inner products and cumulative coherence of the
forward matrix before and after applying optical and measurement masks in
real silicon phantom experiment.

We evaluated the effect of My, M ; and M 4 on the
coherence of the forward matrix and on the quality of re-
constructed images. Fig. 11(a) shows the largest 40% of all
the normalized inner products between different columns of
the forward sensing matrix, arranged in a descending order.
Note that the remaining 60% of the normalized inner products
between different columns are close to 0. M., M 4 and M 4
all decrease the normalized inner products between different
columns. The relative percentages of the AUC as compared to
the no-masks case are given in the box in Fig. 11(a).

Fig. 11(b) shows the cumulative coherence M;(k, A) of
the forward matrix. We see a reduction in the average slope
of each curve as shown in the box in Fig. 11(b).

C. Image Reconstruction

The cross section of the original phantom at z = 1
(middle) is shown in Fig. 10(b). The cross sections of the
reconstructed fluorophore concentration maps of the silicon
phantom using different greedy algorithms are shown in Fig.12
and those using convex relaxation techniques are shown in

(c) CoSaMP (no masks)

(f) CoSaMP (M )

(a) StOMP (no masks) (b) ROMP (no masks)

(d) SIOMP (M) (e) ROMP (M)

(i) CoSaMP (M z)

(1) CoSaMP (M ,, M )

(g) StOMP (M 4) (h) ROMP (M 4)

(k) ROMP (M, M 4)

() StomMP ‘(MS, My)

Fig. 12.  The cross sections of the reconstructed phantom at z = lcm

(middle) using greedy algorithms in real silicon phantom experiment.

(b) IST (no masks)

(c) GPSR (no masks)

=

(f) GPSR (M..)

(a) BP-interior (no masks)

(d) BP-interior (M) (e) IST (M)

(i) GPSR (M 4)

(1) GPSR (M M)

(k) IST (M5, M g)

(j) BP-interior (M 5, M g)

Fig. 13.  The cross sections of the phantom at z = lcm (middle) using
convex relaxation techniques in real silicon phantom experiment.

Fig.13. We observe that the application of M, and M,
improves the reconstruction results for all algorithms. Similar
to the numerical simulation results, the improvements in the
visual quality are most noticeable when the greedy algorithms
are used.

VIII. CONCLUSION

We presented a method of designing illumination and de-
tection patterns for FDOT imaging to optimize the reconstruc-
tion of sparse fluorophore concentration maps. Based on the
assumption of weak fluorophore, we formulated the FDOT
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image reconstruction as a linearized inverse problem. In CS
theory, accurate recovery of a sparse signal from an underde-
termined linear system requires the underlying forward matrix
to be incoherent. We showed that the FDOT forward matrix
can be represented as the Kronecker product of two matrices.
The first matrix is determined by the excitation light field,
and the second matrix is determined by the Green’s function
of the emission light field. We showed that the incoherence
of the FDOT forward matrix is related to the incoherence
of these two matrices and design preconditioners to reduce
the incoherence of these matrices. The preconditioners result
in a set of intensity patterns for multiple spatially distributed
sources illuminating the imaging domain simultaneously and
a linear filter applied to the corresponding measurements
collected at multiple spatially distributed detectors. To re-
construct the fluorophore concentration map, we used sparse
signal recovery techniques, including both the greedy type and
convex relaxation algorithms. We showed that the application
of intensity patterns and filtering of the measurements in
conjunction with sparse signal recovery techniques improves
the visual quality of reconstructed images and reduces the
mean square error in both numerical simulations and in a real
phantom experiment.

Our approach can be viewed as a method of determin-
ing the optimal source and detector locations and source
intensities. Given a fluorophore designed to accumulate in
certain regions and anatomical a priori information, optimal
geometry for source-detector locations and source intensities
can be determined via numerical simulations prior to the
imaging process. This may eliminate unnecessary illumination,
optimize imaging process and result in better image quality
than the conventional FDOT imaging process.

We note that the approach introduced in this work can be
easily extended to nonlinear FDOT inverse problem within
an iterative perturbation approach, and FDOT imaging with
multiple modulation frequencies.

Finally, our method is not limited to FDOT imaging, it can
be extended to other imaging reconstruction problems involv-
ing wave propagation, such as DOT [47], [48], electromagnetic
and acoustic imaging whenever sparsity is sought.

APPENDIX A
UPPER BOUNDS ON THE CUMULATIVE COHERENCE
Let
R(p, Qx) = > rap.ql, (63)
|Qr|=k,p¢QL,qEQ
and
R(po, Qr,) = Ma(k,A) = max R(p, Qr)
ke
such that |Qx| =k and p ¢ Qr.  (64)
Note that
1
pO’QkO Z r¢po qrgpo 9 — 5 Z (Tipovq +T§povq)' (65)

9E€QK, € Q1

Let ® and G denote the @ and G matrices with their columns
normalized to unity; and QQkO is the Ns x k submatrix of ®

13

composed the columns in Qk,» and GQk is the Ng X k submatrix

of G composed the columns in Qy,. Thus, we have

2 2 5T 5 2 AT 22

quQko (Tqbpo,q + Tgpo,q) = H‘I)Qko Gpoll2 + ||GQk0 Dy, lI2
S >\max¢k ||a)p0 ||§ + )\maxglc HQPO ||§ = >\max¢k + )\maxg,c (66)
where Amax,, is the maximum eigenvalue of the k£ x k matrix Hy =

@Qk @Qk s and >\max

matrix Hy = GQk GQk
)\maxgk is k. From (64) (66)

g, 18 the maximum eigenvalue of the k X k

The maximum value of Apax o and

(67)

Let Hy = "% and H g = G & denote the Gram-type matrix,
and let Ay, > Ay, > ... Apy, = 0 denote the nonzero eigenvalues
of Hy, A\g, > Agy > ... )\gN‘d > 0 denote the nonzero eigenvalues
of H,. Then, we have

NS
|Hy — In|7 =) A2,

Ng
—Nand |[Hy—In|F=> X, —
i=1 i=1
(68)
We derive the ratio, 71, between Amax,, and ||<i>T<i> —IN|% as
follows:
7,,1 _ Al’l’]aXd)k _ )\maxd,k
187® — Iy} XA, - N
)\max
SR T — (69)

N2 — N2
— N .

Ns

The first inequality holds because the squared summation of the
eigenvalues is minimum, if all the eigenvalues Ay, (i = 1,..., N)
are equal to each other (\y, = 1\%)- The second inequality holds
since Amax,, has the maximum value k.

The upper bound derived in (69) is not tight for large k& values.
In this case, we note that <I>Qk is a submatrix of ®. Thus Ay, >
Amaxg, » We have

)‘m% dmaxg, Mgy

= Ns y2
-N zibAdn_N

T R Iy T,

Agy Ns—1
= +7<NNAE%)2 N = 2(y/NsN2—NZN+N;N-N) ' 70
Using (69) and (70), we obtain
o >\max¢k _
"= < a1
| @ —In|%

Ng—1 }
NN " 2(4/NsN2—N2ZN+N;N—N)
Following similar steps as above, we derive the ratio, r2, between
=T ~ .
Amax,, and |G G — Ix||% and obtain

where 71 = min{ NZ

o — Arnaxgk <= o)
2= g — —— <72 (72)
GG —Ixn|%
kNg Ny—1

where 72 = min{ 7 NN 2(\/NdN2_A‘;5N+NdN_N)}.
From (67), (71) and (72),
maxy71, 7 =T =
Mk, 4) < T (1878 py 4 |GTG - )
(73)
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