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Abstract—This paper studies the performance difference of
joint routing and congestion control when either single-path
routes or multipath routes are used. Our performance metric
is the total utility achieved by jointly optimizing transmission
rates using congestion control and paths using source routing. In
general, this performance difference is strictly positive and hard
to determine - in fact an NP-hard problem. To better estimate
this performance gap, we develop analytical bounds to this “cost
of not splitting” in routing. We prove that the number of paths
needed for optimal multipath routing differs from that of optimal
single-path routing by no more than the number of links in
the network. We provide a general bound on the performance
loss, which is independent of the number of source-destination
pairs when the latter is larger than the number of links in
a network. We also propose a vertex projection method and
combine it with greedy branch-and-bound algorithm to provide
progressively tighter bounds on the performance loss. Numerical
examples are used to show the effectiveness of our approximation
technique and estimation algorithms.

I. I NTRODUCTION
Routing is one of the key network functions in communication networks such as the Internet. It selects paths for traffic
to flow from all the sources to their respective destinations.
Even though there are proposals to allow flexible multipath
routing in the Internet [17], the current Internet Protocol (IP)
within an Autonomous System (AS) , e.g., the Open Shortest
Path First (OSPF) protocol, primarily uses single-path routing
where one user (source-destination pair) uses only one path
from the source to the destination, with the exception that
traffic may be split evenly among equal-cost paths.
Recently, there has been an interest to consider crosslayer resource allocation, where routing paths and congestioncontrolled transmission rates by Transmission Control Protocol
(TCP) are jointly optimized ([10], [24], [25], [28]). More
specifically, assuming every user has a utility function that
depends on its total transmission rate, one seeks to maximize
the total utilities of all users subject to the link capacity
constraints.1 This problem is analytically tractable if users
can use all available paths because allowing source-based
multipath routing makes the problem convex and admits an
elegant optimality characterization. When each user optimizes
its transmission rate over only one out of all available paths,
i.e., using source-based single-path routing, this combinatorial
problem is however nonconvex and known to be NP-hard [28].
This paper focuses on a key question: as compared with
multipath routing, how is the performance affected in terms
M. Wang, W. Xu and A. Tang are with Cornell University, Ithaca, NY. C.
W. Tan is with City University HK.
Partial and preliminary results have appeared in [29].
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of the aggregate utility by restricting to single-path routing?
Or what is the “cost of not splitting”? It can guide the
decision on whether to support multipath routing with flexible
splitting which is more expensive to support, since singlepath routing has a smaller overhead. Allowing users to use all
possible paths does not necessarily increase the network utility
significantly as we show that, for any network topology, the
number of paths needed for optimal multipath routing differs
from that of optimal single-path routing by no more than the
number of links in the network. We also provide analytical
bounds as well as algorithms to estimate the performance gap
between multipath and single-path routing.
Our problem belongs to the general multicommodity flow
category [20]. Though our formulation is closely related to that
in [28], there are other formulations in the multicommodity
flow category. In particular, there has been recent study
on “unsplittable flows” [3], [7], [16], [18], [19], [26]. We
remark that even though formulations may differ, the intrinsic
difficulty is the same when they are considered as a class
of combinatorial optimization problems. Therefore, we expect
our work will also be useful to other related multicommodity
problems.
The paper is organized as follows. After introducing the
model and notations in Section II, we give graph-theoretic
characterizations of the existence of the positive performance
gap between single-path and multipath routing in Section III.
We then derive a general upper bound on the performance
loss based on the analysis of the solution set of the multipath problem in Section IV. The analysis motivates a vertex
projection method to find a near optimal single-path solution
which is discussed in Section V-A. In Section V-B, we further
refine our estimation by combining vertex projection with a
greedy branch-and-bound technique. Numerical examples are
provided in Section VI to demonstrate the effectiveness of our
estimation. We conclude the paper in Section VII.
II. M ODEL AND N OTATIONS
A network consists of a set of L uni-directional links with
finite capacities c = (cl , l = 1, ..., L), and supports a set of
N source-destination pairs or users, indexed by i. There are
K i acyclic paths for user i and is represented by a L × K i
i
matrix Ri , where Rlk
= 1 if path k of user i uses link l, and
i
Rlk = 0 otherwise. The overall routing matrix is given by
R = [ R1

R2

...

RN ].

For example, as shown in Fig.1, a seven-link network
supports two users, each of which has two possible paths to
choose from, and the corresponding routing matrices are

T
0 1 1 0 0 0 0
1
R =
,
0 0 0 1 0 1 0
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Fig. 1. A network of seven links supporting two users. User one: A to C
(red dotted line), and user two: E to B (blue dashed line).
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For every i, define a K i × 1 vector xi with the rate xik of
path k of user i as the kth entry of xi . The total rate of user
PK i
P
i is kxi k1 = k=1 xik . Let a i K i × 1 vector x represent
the complete bandwidth allocation
1 T
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T
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Each user i has a utility function U i that is a function
of its total transmission rate kxi k1 . We assume U i to be
strictly increasing and concave, which is the case for most
TCP algorithms [21]. Let U = (U i , i = 1, ..., N ). We call
(c, R, U ) a network.
The joint congestion control and multipath routing problem
is to maximize the aggregate network utility by allocating the
transmission rates for all users over all possible paths subject
to link capacity constraints. We assume fairness in the sense
that every user receives a positive rate, i.e., kxi k1 > 0 for any
user i. It can be formulated as a convex optimization problem:
P i
i
max
(1)
i U (kx k1 )
x≥0

Rx ≤ c.

s.t.

Compared with problem (1), there are additional constraints
in the joint flow control and single-path routing problem,
namely each user only uses one path out of its finite set
of possible paths. Let kxi k0 denote the number of nonzero
entries of the vector xi .2 Then the single-path problem can be
formulated as the following optimization problem:
P i
i
max
(2)
i U (kx k1 )
x≥0

s.t.

Rx ≤ c,
kx k0 = 1 ∀ i.
i

Unlike (1), (2) is nonconvex and in fact NP-hard due to the
cardinality constraints.
Let optM and optS denote the values of (1) and (2) respectively. Then, optM − optS can be interpreted as a measure
of performance loss due to the additional single-path routing
constraints, or the “cost of not splitting”. Moreover, it was
shown in [28] that the dual problem of (2) has the same
value as (1). Therefore, the duality gap of (2) is precisely the
performance loss of utilizing only one out of a finite choice
2 Our notation for the cardinality of a vector is the same as that used in the
compressed sensing literature, and is commonly known as the `0 norm .

Meaning
A feasible multipath allocation
An optimal multipath allocation
A vertex of the solution set Q of the multipath problem
A feasible single-path allocation projected from x̂
Optimizer of the fixed routing congestion control problem
using the path configuration of x0

of paths by each user. We will refer to optM − optS as the
performance gap in this paper.
P
Throughout the paper, we assume i K i > N + L, i.e., the
total number of paths that can be used by all users is greater
than the sum of the number of users and the number of links.
This is the case when the network is large and each user has
many available paths. The key notation used is summarized in
Table I.
III. S UFFICIENT C ONDITIONS FOR P OSITIVE
P ERFORMANCE G AP
A previous work in [28] focuses on the cases when the
performance gap is zero. However, one may expect the performance gap to be positive in the general case. In this section,
we quantify this intuition by providing sufficient conditions for
the existence of a positive performance gap. For many cases,
there exists a positive performance loss between an optimal
multipath allocation and an optimal single-path allocation.
This motivates the need to estimate this difference in the later
sections.
Note that the existence of the positive performance gap
implies that every optimal solution to (1) has more than N
paths and vice versa. If an optimal solution to (1) uses only
N paths, then it is also an optimal solution to (2), therefore
the performance gap is zero. Conversely, if every solution to
(1) has more than N paths, then the network utility achieved
by any single-path allocation is strictly less than the value of
(1), therefore the performance gap is positive. Based on this
observation, if under certain conditions every optimal solution
to (1) has more than N paths, then we can conclude that the
performance gap is positive.
To facilitate the presentation of Theorem 1, we order all
paths and let P i be the set of indices of paths of user i. We call
two paths disjoint if there does not exist a link that belongs
to both paths.
Theorem 1. For a given network (c, R, U ), if there exists
a set of paths P 0 with cardinality |P 0 | = N + 1 such that
P 0 ∩ P i 6= Φ for all user i, and every pair of paths in P 0 are
disjoint, then there exists a positive performance gap between
(1) and (2).
Proof: We prove the statement by arguing that for every
single-path allocation, there exists a multipath allocation that
has a strictly higher network aggregate utility than that of this
single-path allocation. Thus, no single-path allocation could
be a solution to (1) , which implies a positive performance
gap.
Let x denote a feasible single-path allocation, thus, kxi k0 =
1 for all i, and Rx ≤ c. Define 1 = min{l:(Rx)l <cl } (cl −

(Rx)l ), which is the minimum redundant link capacity on links
that are not fully utilized under x. If every link is fully utilized
under x, i.e., the set {l : (Rx)l < cl } is empty, we set 1 to
be +∞. Let H be the set of indices of paths used by x, i.e.,
xj > 0 for every j in H. Let 2 > 0 be some positive constant
that is strictly less than the transmission rate for every user
under x, i.e., 2 < minj∈H xj . Let  = min(1 , 2 ) > 0. y is
a single-path allocation obtained from x by reducing the rate
xj of every path j in H by , then for every link l, one can
check cl − (Ry)l ≥  > 0. Now we increase the rate yj of
every path j in P 0 by , and let x̃ denote the resulting rate
allocation. Since |P 0 | = N +1, x̃ is a multipath rate allocation.
Since every two paths in P 0 are disjoint, (Rx̃)l − (Ry)l ≤ 
for every link l. Therefore we have Rx̃ ≤ c. Furthermore,
from the definition of P 0 , we know that there exists exactly
one user, say user i, that has two paths in P 0 , and every other
user has only one path in P 0 . Thus, kx̃i k1 = kxi k1 + , and
kx̃j k1 = kxj k1 for every other user j. Thus, the network
aggregate utility under x̃ is strictly greater than that under x,
which completes the proof.
Note that the paths in P 0 as defined in Theorem 1 are
not necessarily used by an optimal multipath allocation, but
the existence of such a set of paths guarantees a positive
performance gap. Theorem 1 provides a sufficient condition
on paths for the existence of a positive performance gap, we
next provide another sufficient condition based on the links in
the network. We need two definitions to proceed.
Definition 1 ([6]). Given a directed graph G = (V, E), where
V is the set of nodes and E is the set of links, an s-t cut C =
(S, T ) is a partition of V such that s ∈ S and t ∈ T = V −S,
where s and t are the source and the destination of one user.
Definition 2. Given an s-t cut C = (S, T ), let OS = {(u, v) ∈
E | u ∈ S, v ∈ T } be the set of outgoing links from S, and
let IS = {(v, u) ∈ E | u ∈ S, v ∈ T } be the set of incoming
links to S, the algebraic value A(C) of cut C is the number
of outgoing links of S minus the number of incoming links of
S, i.e., A(C) = |OS | − |IS |, where | · | denotes the cardinality
of a set.
Theorem 2. Given a network represented by a directed graph
G = (V, E) which supports N users, if there exists a user i
(with si and ti as the source and the destination) such that
for every si -ti cut C = (S, T ), A(C) ≥ N + 1 holds, then
every optimal multipath allocation has positive flow rates on
at least N + 1 paths.
Proof: Suppose there exists an optimal multipath allocation x∗ which has positive flow rates on at most N paths. Let
E ∗ be the set of links that x∗ transmits positive rates on. Let
B be the set of links that are saturated by x∗ , i.e. (Rx∗ )i = ci
for every i in B. Let G0 = (V, E − B) be the reduced network
by removing the links in B from G. Define S to be a subset
of nodes in V such that for every node u ∈ S there exists a
path from si to u in the reduced network G0 , and for every
node v ∈
/ S, there does not exist a path from si to v in G0 .
We consider two possibilities: ti ∈ S and ti ∈
/ S. If
ti ∈ S, then there exists an si -ti path P in G0 on which
we can send positive flow rate. Thus we can send positive
flow rate on P besides the flow allocation x∗ and increase the

network aggregate utility, which contradicts the fact that x∗ is
an optimal allocation.
If ti ∈
/ S, C = (S, V − S) is an si -ti cut, thus A(C) ≥
N + 1 by assumption. Since x∗ uses at most N paths, then the
number of outgoing links from S that are also in E ∗ minus the
number of incoming links to S that are also in E ∗ is at most
N . Therefore, there exists an outgoing edge e = (u, v) from
S such that u ∈ S, v ∈ V −S and e ∈
/ E ∗ . Since e ∈
/ E ∗ , then
0
e ∈ G . This contradicts the fact that there is no link from S
to V − S on graph G0 .
Under the condition of Theorem 2, every optimal multipath
solution uses at least N + 1 paths, thus, no single-path allocation could achieve the optimal multipath aggregate utility.
Therefore, there always exists a positive performance gap
between (1) and (2).
Theorem 2 requires A(C) ≥ N + 1 for all si -ti cut C
for some user i. For cases where users share the same source
or the same destination, the condition of Theorem 2 can be
further relaxed as follows.
Theorem 3. A network G = (V, E) supports N users, and all
users have the same source s, and the destination of user i is
ti , i = 1, 2, ..., N . If for every set S such that s ∈ S and ti ∈
/S
for every user i, the algebraic value of cut C = (S, V − S)
satisfies A(C) ≥ N + 1, then there always exists a positive
performance loss between (1) and (2).
Similarly, if all users share the same destination t and user
i has source si , i = 1, 2, ..., N , and for every set T such that
t ∈ T and si ∈
/ T for every user i, the algebraic value of cut
C = (V − T, T ) satisfies A(C) ≥ N + 1, then there always
exists a positive performance loss between (1) and (2).
Proof: We will prove the first half of the theorem and
omit the second half, as it is the same as the first half by
simply interchanging the source and the destination.
The proof technique is similar to that of Theorem 2.
Suppose there exists an optimal multipath allocation x∗ which
has positive flow rates on at most N paths. Let E ∗ be the set
of links that x∗ transmits positive rates on. Let B be the set
of links that are saturated by x∗ . Let G0 = (V, E − B) be the
reduced network by deleting the links in B from G. Define
S to be a subset of nodes in V such that ∀u ∈ S there exists
a path from s to u in the reduced network G0 , and ∀v ∈
/ S,
there is no path from s to v in G0 . Then there is no link from
S to V − S on graph G0 .
Note that ti ∈
/ S for all i, since otherwise there would exist
an s-ti path P in G0 for some i, and we could increase the
network aggregate utility of x∗ by sending additional positive
flow rate on P without violating capacity constraints. Since
ti ∈
/ S for all i, then the cut C = (S, V − S) has an algebraic
value A(C) ≥ N + 1 from the assumption. Since x∗ uses
at most N paths, then the number of outgoing links from S
that are also in E ∗ minus the number of incoming links to S
that are also in E ∗ is at most N . Therefore, there exists an
outgoing edge e = (u, v) from S such that u ∈ S, v ∈ V − S
and e ∈
/ E ∗ . Since e ∈
/ E ∗ , then e ∈ G0 . This contradicts the
fact that there is no link from S to V − S on graph G0 .
We need to mention that one implicit assumption for both
Theorem 2 and Theorem 3 is that every user can use every
path from its source to its destination as long as the path

is on the graph. However, there may be cases when some
user is not admitted to a certain path even though the path
connects its source to its destination in the graph. For these
cases, conditions in Theorem 2 and Theorem 3 need slight
modification that we omit here. But Theorem 1 is applicable
to all the cases.
Theorem 1, 2 and 3 do not impose any constraint on the
link capacities. Note that even if none of the conditions in
these theorems hold, the performance gap can still be positive
under certain link capacity configurations.
IV. G ENERAL B OUND OF P ERFORMANCE G AP
Section III establishes the existence of a positive performance gap. In this section, we obtain a general upper bound
of the performance gap, and then show that the average cost
of not splitting goes to zero asymptotically as the number of
users goes to infinity. We start with analyzing the vertices of
the solution set of (1), which turns out to be important for
both obtaining a general bound of the performance gap and
estimating the performance gap for a given network.
A. Vertices of Optimal Multipath Solution Set
In general, the multipath problem (1) may not admit a
unique optimal solution. Among those solutions, we can find
one that uses at most L + N paths, as the following result
shows, even though the total available paths can potentially
be exponential in L or N .
Theorem 4. Given an L-link network supporting N users, for
any multipath allocation x̃, there exists a multipath allocation
x using at most L + N paths such that they both achieve the
same aggregate utility.
Proof: Given a multipath allocation x̃, consider the following nonempty and bounded polyhedron:
P

P = {x ∈ R

i

Ki

| x ≥ 0, 1T xi = 1T x̃i ∀ i, and Rx ≤ c}.

Clearly, P contains at least one
[6], denoted by x.
P vertex
i
Since x is a vertex, there are
K
linearly
independent
i
constraints that are active at x. Note that we call a constraint
active if it holds with equality. Since we already have N
active constraints from 1T xi = 1T x̃i for every i, and at
most P
L active constraints from Rx ≤ c, then there are at
least i K i − N − P
L constraints from x ≥ 0 that are active.
i
Therefore, at least
i K − N − L entries of x are zero,
indicating that x contains at most N + L positive entries.
Remark 1. We can obtain a similar result by applying
the Shapley-Folkman theorem in [5] such that the optimal
multipath utility can be achieved by a multipath allocation
using at most N + L + 1 paths. Theorem 4 is thus a slightly
stronger result than a direct application of [5].
Remark 2. Similar arguments hold for a more general class
of delay-sensitive utility
functions proposed in [27]. The
P
objective function is i U i (kxi k1 )−dT Rx where dL×1 stores
the delay of each link. An additional constraint dT Rx = dT Rx̃
exists in the set P , making the upper bound on the number of
paths N + L + 1. All later results hold accordingly.

If the multipath allocation x∗ is a solution to (1), similarly
we can define a polyhedron Q as follows,
P

Q = {x ∈ R

i

Ki

| x ≥ 0, 1T xi = 1T x∗i ∀ i, and Rx ≤ c}.

Clearly, Q is a convex polyhedron that is bounded, finite
and pointed. Every point in Q is a solution to the multipath
problem as it has the same optimal network utility. In fact, if
U i is assumed to be strictly concave for all i, one can check
that Q also contains all the optimal solutions. Thus we have
the following lemma:
Lemma 1. If U i is increasing and strictly concave, then Q is
the solution set of (1).
Proof: Suppose there exists an optimal multipath solution
y ∗ that does not belong to Q.
Since x∗ is an optimal P
multipath solution, then the opi T ∗i
timal network utility is
Since y ∗ is an
i U (1 x ). P
∗
i T ∗i
optimal
then Ry ≤ c and
i U (1 y ) =
P i Tsolution,
∗i
∗
∗
i U (1 x ). ∀λ ∈ (0, 1), let z = λx + (1 − λ)y .
∗
Clearly Rz ≤ c. Since y ∈
/ Q, then there exists some
i such that 1T y i 6= 1T x∗i . Then 1T z i 6= 1T x∗i and
1T z i 6= 1T y ∗i . Since U i is strictly concave, then U i (1T z i ) >
λU i (1T x∗i ) + (1 − λ)U i (1T y ∗i ). From concavity, we also
j
T ∗j
know UP
(1T z j ) ≥ λU j (1
(1 − λ)U j (1T y ∗j ) for all
P x i)+
i T i
T ∗i
j. Thus i U (1 z ) > i U (1 x ), which contradicts the
fact that x∗ is the optimal solution. Therefore, every optimal
multipath solution belongs to Q.
forPall x in Q, since 1T xi = 1T x∗i , then
PConversely,
i T i
i T ∗i
i U (1 x ) =
i U (1 x ), thus x is also optimal.
Similar to the proof of Theorem 4, one can also argue that
every vertex of Q is an optimal multipath allocation that uses
at most L + N paths. Since an optimal single-path allocation
uses N paths, then the difference of number of paths needed
to achieve optimal multipath routing and optimal single-path
routing can be reduced to at most L.
Our previous discussions indicate that a vertex of the
multipath solution set Q is guaranteed to use at most L + N
paths. In fact, there are other useful properties of the vertices
of Q that we examine next.
Theorem 5. Let Pmin = minx∈Q kxk0 be the minimum
number of paths needed to achieve the optimal multipath
aggregate utility, then there exists a vertex x̂ of Q such that
kx̂k0 = Pmin .
To prove Theorem 5, we first state a more general result in
Lemma 2. Please refer to the Appendix A for its proof.
Lemma 2. Let G = {x ∈ Rn | Ax ≤ b, x ≥ 0} be a nonempty
polyhedron and let Pmin = minx∈G kxk0 , then there exists a
vertex x̂ of G such that kx̂k0 = Pmin .
Proof: (Theorem 5) Since 1T xi = 1T x∗i can be represented by two inequalities 1T xi ≤ 1T x∗i and −1T xi ≤
−1T x∗i , then Q can be expressed in the form {x | Ax ≤
b, x ≥ 0}. The result follows by applying lemma 2.
Theorem 5 implies that there exists a vertex of Q using the
minimum number of paths among all the optimal multipath
solutions. However, we need to clarify that not every optimal
multipath solution that uses the minimum number of paths is a
vertex of Q. For example, consider a simple network in Fig. 2

optimal multipath routing. In the remaining sections, we will
exploit the properties of the vertices of Q to provide a bound
to the performance gap in the general case, and propose
algorithms to give a good estimate of the duality gap for a
given network.
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Fig. 2. An example of a simple network supporting one user with two paths
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Theorem 4 implies that to achieve optimal network utility,
at most L users (assuming L < N ) need to use multiple paths,
while every other user only uses one path. We next use this
property to upper bound the performance gap.
Theorem 7. Given an L-link network supporting N users, the
performance gap of (1) and (2) is upper bounded by

Q

min(L, N ) max ρi ,
i
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(b) c1 = c2 = 10, c3 = 8

The optimal multipath solution set Q to the network in Fig. 2.

supporting one user with two paths. If c1 = 10, c2 = c3 = 8,
the optimal multipath solution set Q of (1) is
Q = {x1 + x2 = 10; 0 ≤ x1 , x2 ≤ 8},
as shown in Fig. 3(a). Now, kxk0 = 2 for every x in Q, but
Q only has two vertices.
Though in general the statement is not necessarily true
that an optimal multipath solution that uses the minimum
number of paths is a vertex of Q, it is actually the case if the
performance gap is zero. More formally, we have the following
theorem.
Theorem 6. If the performance gap is zero, i.e., there exists
a single-path solution in Q, then every optimal single-path
solution corresponds to a vertex of Q.
Proof: Let z ∗ denote an optimal single-path solution.
Then 1T z ∗i = 1T x∗i > 0, ∀ i = 1, 2, ..., N are N constraints
that are active at z ∗ . And z ∗iPhas K i − 1 entries that equal to
zero. Thus there are at least i K i constraints
that are active
P
at z ∗ , and it is easy to check that these i K i constraints are
linearly independent. Therefore, z ∗ is a vertex.
When the performance gap is zero, an optimal single-path
solution must be a vertex of Q. However, in this case not
every vertex of Q needs to be an optimal single-path solution.
Consider the example in Fig. 2. If c1 = c2 = 10, c3 = 8, then
the optimal solution set Q of (1) is
Q = {x1 + x2 = 10; 0 ≤ x1 ≤ 10, 0 ≤ x2 ≤ 8}.
Q has two vertices (10, 0)T and (2, 8)T , as shown in Fig. 3(b)
and the former one is an optimal single-path solution while
the latter one is not.
The above three theorems indicate that although many
optimal multipath allocations may use a large number of paths,
there exist optimal multipath allocations, i.e., the vertices of
the solution set Q, which only use at most L + N paths.
Moreover, the smallest number of paths used by these vertices
is indeed the smallest number of paths needed to achieve

(3)

where
ρi = max{U i (kxi k1 ) − U i (kxi k∞ ) | xi ≥ 0, Ri xi ≤ c}. (4)
Proof: Let x∗ be an optimal solution to (1). Following
Theorem 4, there exists an optimal allocation x̂ and a set S
(|S| ≤ min(L, N )) of indices such that 1T x̂i = 1T x∗i for
every i, Rx̂ ≤ c, kx̂i k0 > 1 for every i ∈ S, and kx̂i k0 = 1
for every i ∈
/ S. Note that if S is empty, then the performance
gap is zero.
Next, we project x̂ to a feasible single-path solution x0 by
picking the maximum-rate path for each user. More formally,
for any i ∈ S, let d(i) be the index of the largest entry of x̂i ,
i.e.,
x̂id(i) = kx̂i k∞ ∀ i ∈ S.
Then, we define a K i × 1 vector x0i such that
i
0i
x0i
d(i) = x̂d(i) , and xk = 0, ∀ k 6= d(i).

For any i ∈
/ S, let x0i = x̂i . Then, one can check that kx0i k0 =
1, ∀ i, and Rx0 ≤ Rx̂ ≤ c, thus x0 is a feasible single-path
allocation. Since x̂ is an optimal solution to (1), we have
P i
P i
i
0i
i U (kx̂ k1 ) −
i U (kx k1 )
P
P
i
i
U i (kx̂i k1 ) + i∈S
/ U (kx̂ k1 )
Pi∈S i
P
i
0i
− i∈S U (kx0i k1 ) − i∈S
/ U (kx k1 )

P
i
i
i
i
=
i∈S U (kx̂ k1 ) − U (kx̂ k∞ )
P
i
i
≤
i∈S ρ ≤ min(L, N ) maxi ρ ,

optM − optS ≤
=

where ρi is given by (4).
Note that ρi measures the performance loss of user i by
restricting itself to single-path routing in our problem setup,
and it was first proposed in [1]. Moreover, it can be upper
bounded as follows.
Theorem 8.
ρi ≤ max i (U i (y) − U i (y/K i )),
y∈[0,M ]

(5)

where M i is the maximum total transmission rate of user i
that can be supported by a network (c, R, U ), i.e.,
M i = max{kxi k1 |xi ≥ 0, Ri xi ≤ c}.

c1
a
c2
Fig. 4.

b

A network supporting N users

Proof: For any xi such that xi ≥ 0, Ri xi ≤ c, we have
kx k∞ ≥ kxi k1 /K i . Since U i is strictly increasing, then
i

U (kxi k1 ) − U (kxi k∞ ) ≤ U (kxi k1 ) − U (kxi k1 /K i ).
The inequality still holds if we maximize over all feasible xi ,
thus
ρi

≤ max{U (kxi k1 ) − U (kxi k1 /K i ) |xi ≥ 0, Ri xi ≤ c}
=
max i (U (y) − U (y/K i )).
y∈[0,M ]

Now, (5) is easy to calculate for a given network. Also,
since M i is always finite, it implies that ρi is finite for any
user i. For the logarithm utility function, we indeed have an
exact formula of ρi as follows.
Corollary 1. If U i (·) = αi log(·) where αi > 0 is some
constant, then
ρi = αi log(K i ).
(6)
Proof: By Theorem 8, we have ρi ≤ αi log(K i ). Also,
there always exists some  > 0 such that xi = [, , ..., ]T
satisfies Ri xi ≤ c, thus, from (4), ρi ≥ αi log(K i ). This
proves (6).
Both the TCP Vegas protocol in [22] and the FAST TCP
protocol in [30] implicitly solve (2) using the logarithm utility
function. Thus, (6) gives a simple formula of ρi , which only
depends on the number of paths of user i regardless of the
network topology and c.
The significance of Theorem 7 is that when N ≥ L,
the upper bound of the performance gap depends on L and
maxi ρi , but not on N . Therefore when the number of users
N goes to infinity, the performance gap is always upper
bounded by L maxi ρi , which is finite. Note that optM can
grow to infinity as N grows even the network topology and
c is fixed. For example, consider a network with two nodes
a and b and two links connecting them, as show in Fig. 4.
Let c1 = c2 = 0.5. The network supports N users, and each
user wants√ to transmit from a to b. The utility function is
U i (x) = x for all i. Then the optimal multipath utility is
achieved when each
p user has
√ a total transmission rate 1/N ,
and optM = N 1/N = N , which goes to infinity as N
goes to infinity. In fact, one can check that in this simple
network, as long as U i (x) = xp for some p ∈ (0, 1) and for
all i, we have optM = N 1−p , which goes to infinity with N .
Therefore, even though optM can grow to infinity as N goes
to infinity, the performance loss optM − optS is always finite.
V. E STIMATION OF THE P ERFORMANCE G AP
A. Vertex projection
In general, (3) may not be a tight upper bound of the
performance gap. However, for a given network, if we can

find an optimal solution x̂ of (1) and its corresponding index
set S of the users which use more than one path, a better upper
bound to the performance gap than that given by (3) can be
obtained as follows.
Suppose we have a vertex x̂ of the solution set Q of (1). We
will discuss how to obtain such a vertex x̂ in a minute. Since
x̂ is a vertex of Q, then it has positive flow rates on at most
L + N paths. Like the arguments in the proof of Theorem 7,
we can find a feasible single-path allocation x0 by keeping the
largest path rate of each x̂i and setting other path rates to zero.
In this case, an improved upper bound to the performance gap
is given by
X

optM − optS ≤
U i (kx̂i k1 ) − U i (kx̂i k∞ ) .
(7)
i∈S
0

However, x may not achieve the maximum utility for this
particular fixed single-path configuration. By solving a fixed
routing congestion control problem using the path configuration of x0 , we obtain
allocation x̄ such that
P
P i a single-path
i
i
0i
U
(kx̄
k
)
≥
U
(kx
k
).
Thus,
a better upper bound
1
1
i
i
of the performance gap than (7) is
X
X
optM − optS ≤
U i (kx̂i k1 ) −
U i (kx̄i k1 ). (8)
i

i

Therefore, we first solve (1) to obtain a multipath optimizer
x∗ (in polynomial time as (1) is convex). We then check
whether x∗ satisfies kx∗i k0 = 1 for all i = 1, ..., N , or not. If
so, (2) has the same optimal value as (1) and the performance
gap is zero. Otherwise, we want to find an optimal multipath
solution x̂ which corresponds to a vertex of Q. Then by the
arguments above we obtain an improved upper bound of the
performance gap in (8). Then the question is which vertex
we should choose if there is more than one vertex in Q.
Ideally, we want to find an optimal multipath solution that uses
the smallest number of paths, i.e. a solution to the following
problem,
Pmin = min kxk0 .
x∈Q

(9)

There are several reasons why we are interested in solving
(9). First, if Pmin = N , then there is no duality gap,
and (9) returns an optimal single-path solution. Second, if
Pmin > N , then performance gap is strictly positive. Since
Pmin is the minimum number of paths needed to achieve
optimal multipath utility, it gives another way to characterize
the “cost of not splitting” in terms of the number of paths
needed to achieve optimality. Moreover, the solution of (9)
can be used to estimate the performance gap via (8). Since it
uses the smallest number of paths for all solutions in Q, the
number of paths needed to delete in order to obtain a singlepath solution is also minimized.
However, (9) is NP-hard [23] and solving it requires a
combinatorial search. Since we know (9) has a solution that is
a vertex of Q, instead of solving it directly as an optimization
problem, we can enumerate all the vertices of Q. Then, the
vertex using the minimum number of paths is guaranteed to
be a solution to (9). A practical pivot-based algorithm has
been proposed in [2] to find v vertices of a polyhedron in
Rd defined by a non-degenerate system of n inequalities in
O(ndv) time and O(nd) space. In some cases, the number

of vertices of Q can be exponential in the number of users
(see Appendix B for an example of such a network), thus
vertex enumeration is not practical especially in large network
scenarios.
Given a nonconvex problem (9), one naturally considers its
convexified problem. Q is a convex set and the nonconvexity
c
of (9) comes from the nonconvex function f (x). Define fQ
(x)
as the convex envelope [14] of f (x) = kxk0 over Q, which
is equivalent to the biconjugate function of kxk0 as defined
by Fenchel [15]. According to the definition of the convex
c
c
envelope, fQ
is a convex function on Q, and fQ
(x) ≤ f (x) for
every x in Q. Moreover, for any convex function g on Q such
c
that g(x) ≤ f (x) for every x in Q, we have g(x) ≤ fQ
(x)
for every x in Q. Then the convexified problem of (9) is,
c
min fQ
(x).

A--1
B--4

x∈Q

In general, the convex envelope of a function is hard to
compute
analytically. However, notice that f (x) = kxk0 =
P
1
, where 1 is the indicator function. Therefore the
{x
=
6
i 0}
i
objective function
P f (x) is separable in the decision variables
xi ’s. Define a i K i × 1 vector u such that |xk | ≤ uk for all
k and all x in Q. Define Q := {x | |xk | ≤ uk , ∀k}, clearly
Q ⊆ Q. The convex envelope of kxk0 over Q in fact is very
easy to compute [13][14], which is
X |xk |
c
fQ
(x) =
.
(11)
uk
k

Clearly, for every x in Q, we have
c
c
fQ
(x) ≤ fQ
(x) ≤ f (x).

Thus, (9) can be further relaxed as
(12)

x∈Q

whose value servers as a lower bound of (9). Since here we
also have the constraint
P that x is nonnegative, then (11) is
c
simplified as fQ
(x) = k xk /uk , and (12) is simplified as
P
min
(13)
k xk /uk ,
x∈Q

which is an LP. The solution of (13), denoted by y ∗ , is a vertex
of Q. In general, y ∗ may not be the optimal solution of (9),
however, since y ∗ is a vertex of Q, the cardinality of y ∗ is no
greater than L + N (cf. Theorem 4). Thus we have
N ≤ Pmin ≤ ky ∗ k0 ≤ L + N.
Clearly y ∗ depends on the choice of region Q. With a good
choice of Q, ky ∗ k0 can be very small, even as small as Pmin .
In other words, y ∗ could also be the solution of (9) if Q is
smartly chosen. Then how to choose such Q?
One simple way to choose Q is as follows. As Rx ≤ c,
T
c
then 1T Rx ≤ 1T c. Since x ≥ 0, then we have xk ≤ (R1T 1)
k
T

c
, ∀k}. We have
for all k. Let Q = {x | 0 ≤ xk ≤ (R1T 1)
k
1
c
T
fQ (x) = 1T c 1 Rx. Then (13) is equivalent to
x∈Q

A--2
Bpicks a path
from45
,.

A--3
Bpicks a path
from4,5.

Level2

c
min fQ
(x) ≤ min f (x) = Pmin .

c
(x),
min fQ

Root

Level1
A--1
Bpicks a path
from45
,.

And we have

min 1T Rx.

Apicks a path
from12
, and3.
Bpicks a path
from45
,.

(10)

x∈Q

x∈Q

Algorithm 1 Vertex Projection
1 Solve (2) to obtain an optimal multipath solution x∗ and
Q.
2 Solve (14) to obtain a vertex x̂ of Q using at most L + N
paths.
3 Project x̂ to a single-path configuration by picking the
current largest-rate-path for each user.
4 Maximize the network utility over the chosen single-path
configuration.

(14)

A--1
B--5

A--2
B--4

A--2
B--5

A--3
B--4

A--3
B--5

Fig. 5. The feasible path sets of two users (user A has three paths 1,2 and
3, user B has two paths 4 and 5)

Note that 1T Rx can be interpreted as the total usage of
link capacities. Thus by minimizing the total usage of link
capacities among all the optimal multipath solutions, (14)
returns a multipath solution which is a vertex of Q.
In summary, we first solve (1) to obtain an optimal multipath
solution x∗ and the solution set Q. We then obtain a vertex
of Q through solving (14), project the vertex to a single-path
configuration by picking the maximum-rate path for each user,
and lastly maximize the network utility over this particular
single-path configuration. We refer to this method as the vertex
projection method as described in Algorithm 1. It gives a lower
bound of optS and a feasible single-path configuration. As
the set S of users that use multiple paths is small for a vertex
solution (|S| ≤ min(L, N )), we expect the performance loss to
be small after the optimal multipath configuration is projected
to a single-path configuration. Therefore, the vertex projection
method can give a relatively “good” lower bound of optS , and
also upper-bound the performance gap by (8).
We should remark here that if Q is chosen to be Q =
{x | 0 ≤ x ≤ α} for some α, then (13) is equivalent to
min kxk1 .
x∈Q

(15)

The objective function of problem (15) is the `1 norm of a
vector, which is closely studied in the area of compressed
sensing [4], [9], [11], [12] . In fact, both (9) and (15) are
closely related to the sparse recovery problem in compressed
sensing (we omit the comparison here). However, `1 norm
is not a good candidate for the objective function here, as
1T x = 1T x∗ is a constant for all x in Q.
B. Refined vertex projection via greedy branch-and-bound
The vertex projection in Section V-A gives a single-path
allocation with its corresponding network aggregate utility
serving as a lower bound of (2). In this section, we show

how to integrate it with a greedy branch-and-bound algorithm
to give a better estimate of optS . An N -level tree is introduced
to represent a progressively finer partition of the set of paths
that each user considers. In particular, the tree has at its root
node the original single-path problem (2). The intermediate
nodes correspond to problems where some users fix their path
choices while every other user can still choose its path from
several paths. At each tree node, one user that has not fixed its
path choice, say user n, partitions its setQof paths producing
N
K n different subtree nodes. The tree has i=1 K i leaf nodes,
and each leaf node corresponds to a utility maximization
problem over a specific single-path configuration. Figure 5
illustrates the feasible path sets in a two-user case.
We first state how to find optS via branch-and-bound. The
algorithm starts from the root and branches from the current
tree node into several subproblems at each step. For each newfound tree node, we find an upper bound and a lower bound
of the maximum utility of (2) over the reduced feasible set
for this subproblem. The upper bound is given by the value
of its dual problem, which is equivalent to the value of its
corresponding multipath problem, and the lower bound can
be found by the vertex projection in Section V-A. Let mb be
the maximum lower bound that has been found till the current
step. If the upper bound for some tree node H is smaller than
mb , then H and all its offspring can be safely pruned from
future considering. After pruning, we pick a tree node that has
the maximum lower bound among the remaining tree nodes
(not including leaf nodes) to branch from for the next step. The
algorithm stops when there is no more tree nodes to branch
from. It always finds optS , which is attained at the leaf node
that has the maximum value. However, there is no guarantee
that the algorithm will terminate in polynomial time.
To get a polynomial-time approximation algorithm, we
propose to do greedy pruning at each step. Specifically, at
each level of the tree, we only keep the node that has the
maximum lower bound among all the nodes at the same level,
and delete all its peers. Then, we branch from this node but
also only keep one of its offspring, and so on. Thus, we get
a path from the root to a leaf node. Though this leaf node
may not solve (2) optimally as we greedily prune all but one
node at each step, it gives a good lower bound of optS . This
algorithm terminates in at most N steps as we fix the path
choice for one user at each step.
Another issue is which user to branch from at each level. Let
W be the set of users that have already fixed their single-path
choices until the current step. Let x be a vertex of the optimal
sets of the sub multipath problem in the last step. First, we
find the user n that solves
n = arg max U i (kxi k1 ) − U i (kxi k∞ ),
i∈W
/

and tentatively branch from n. We solve K n subproblems and
find a lower bound mk of optS in the kth subproblem where
user n only uses its kth path. Let mk∗ = maxk mk . If mk∗ ≥
mb , we update mb with mk∗ , make this branch permanent and
fix user n’s path choice to be its k ∗ th path. Otherwise, as mb
cannot be improved in this step by branching from user n, we
discard this tentative branch, find the user that has the second
largest value of U i (kxi k1 ) − U i (kxi k∞ ) and make another
tentative branch from it. The algorithm stops if all users have

Algorithm 2 Refined vertex projection via greedy branch-andbound (MP: multipath; SP: single-path)
Initial: W = ∅ /* users that have fixed SP choice */
Isp = 0, Iend = 0
1 Solve the MP problem, find a vertex x of Q, obtain a
lower bound mb of optS via vertex projection.
2 while |W | < N , Isp = 0 and Iend = 0 do
3
if kxi k1 = kxi k∞ , ∀ i then
4
Isp = 1 /* x is also a SP solution. */
5
else
6
B = {1, 2, ...N }\W , Ipt = 0
7
while Ipt = 0, Iend = 0 do
8
n = arg max(U i (kxi k1 ) − U i (kxi k∞ )), i ∈ B
/* pick a tentative user to branch */
9
for each path k of user n do
10
Solve a sub MP problem and obtain a lower
bound mk of the sub SP problem via vertex
projection.
11
end for
12
if maxk mk ≥ mb then
13
Ipt = 1, /* make this branch permanent */
14
mb = maxk mk ,
15
k ∗ = arg max mk , fix path k ∗ for user n
16
W ← W ∪ {n},
17
x ← the vertex found in the k ∗ th subproblem
18
else
19
B ← B\{n}
20
if B = ∅ then
21
Iend = 1
22
end if
23
end if
24
end while
25
end if
26 end while
27 return x, mb

made their path choices or if we cannot make any tentative
branch permanent at some step. Clearly, the algorithm gives a
better estimate of optS in each step and thus produces a tighter
lower bound of optS than the vertex projection in Section V-A.
The algorithm is summarized in Algorithm 2.
C. Extension to convex-cardinality problems
Our techniques in the previous sections and Algorithms 1
and 2 can be extended to other constrained routing problems,
similar to that of (2), as a convex-cardinality problem. A
convex-cardinality problem is one that would be convex,
except for the appearance of the cardinality constraint in the
objective or the constraints [8]. For example, the number of
paths used by each user can be generalized from a single
path to an arbitrarily subset of the possible paths. The utility
maximization can then be stated in the following optimization
problem:
P i
i
max
(16)
i U (kx k1 )
x≥0

s.t.
i

kx k0 ≤ ki ,

Rx ≤ c,
ki ∈ {1, . . . , K i },

∀ i.

TABLE II
V ERTICES OF THE OPTIMAL SOLUTION SET Q

140
Optimal multi−path utility
Single−path utility via algorithm 2
Single−path utility via vertex projection
Random single−path utility

120

x1

x2

x3
x4

x5

Vertex 1
2.7352
0.0000
21.8216
0.0000
0.0000
0.0000
14.3455
0.0000
5.0526
29.8307
28.2867
0.0000
32.4964
0.0000
28.1851
18.6865
22.7468
0.0000
0.0000
5.5335

Vertex 2
0.0000
0.0000
21.8216
0.0000
2.7352
0.0000
14.3455
0.0000
5.0526
29.8307
28.2867
0.0000
32.4964
0.0000
28.1851
18.6865
22.7468
0.0000
0.0000
5.5335

Vertex 3
2.7352
0.0000
21.8216
0.0000
0.0000
0.0000
9.2929
0.0000
0.0000
39.9359
28.2867
0.0000
22.3912
0.0000
33.2378
23.7392
22.7468
0.0000
0.0000
5.5335

Vertex 4
0.0000
0.0000
21.8216
0.0000
2.7352
0.0000
9.2929
0.0000
0.0000
39.9359
28.2867
0.0000
22.3912
0.0000
33.2378
23.7392
22.7468
0.0000
0.0000
5.5335
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Fig. 6. Comparison of optM , two lower bounds of optS found by algorithms
1 and 2, and a random single-path utility as N increases
7
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Obviously, when ki = 1 for all i, then (16) is reduced to
the single-path problem (2); when ki = K i for all i, (16) is
equivalent to the convex problem (1). In general, (16) is hard
to solve. As in the previous, (1) can be viewed as a convex
relaxation to (16) by removing the cardinality constraints.
When viewed as a convex-cardinality heuristic, Algorithm 1
can be adapted to find a feasible solution to (16) by first
solving (14) to obtain a vertex, fixing the sparsity pattern
of routing by keeping at most ki paths for user i, and resolving the utility maximization problem with fixed routes.
Likewise, Algorithm 2 can be easily adapted to find a nearoptimal solution to (16). Finding the conditions under which
(1) solves (16) exactly is an interesting open question.
VI. N UMERICAL E XAMPLES
In this section, we describe our numerical evaluation on a
random network of L links supporting N users. Every user can
use multiple paths. The link capacities are uniformly chosen
from the interval [50,100]. A path uses a link with probability
p = 2 ln(L)/L. We vary N , L, and the number of paths that
each user can use in different simulation setups.
A. Vertices of the optimal solution set of the multipath problem
We fix N = 5, L = 10, and generate one realization of the
network. The five users use 5,5,1,5, and 4 paths respectively.
We use the same utility function U (x) = ln(1 + x) for all the
users, and optM is 18.2982 in this case. We also calculate
that optS is 17.8609 by exhaustive search. Using a vertex
enumeration algorithm [2], we explicitly find all four vertices
of the optimal polyhedron Q as listed in Table II.
Though lying in R20 , the optimal set Q contains only 4
vertices. Moreover, after projecting the solutions to single-path
configurations by choosing the maximum-rate paths, there are
only two different configurations, and their maximum utilities
are 16.6122 and 16.9176 respectively. Then, the upper bounds
of the performance gap are 1.686 and 1.3806 respectively,
while the actual performance gap is 0.4374.

2
1
0

Fig. 7.
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We observe that the number of paths used by these optimal
solutions are 11,11,10 and 10 respectively, while L+N equals
15 in this case. Therefore, the conclusion from Theorem 4 that
optimal multipath routing can be achieved with at most L + N
paths is a relatively conservative estimate, while it is likely that
an optimal multipath configuration requires far fewer paths.
B. Estimation of performance gap via two algorithms
We fix L = 100 and let N change from 3 to 40.
Each user has 8 available paths. We let the utility function
U (x) = ln x for all the users. All the results are averaged
over 100 realizations. For each N , we calculate optM and
find lower bounds of optS by both Algorithm 1, i.e., the
vertex projection method, and the improved version, Algorithm
2, that combines vertex projection with greedy branch-andbound. Note that the difference of optM and a lower bound
of optS serves as an upper bound to the performance gap.
We also randomly choose one single-path configuration and
calculate its maximum utility. As shown in Fig. 6, all four
curves monotonically increase as the number of users increases. The two lower bounds of optS are always near optM ,
while the utility of a randomly chosen single-path routing
gradually deviates from optM . Thus, although optS is always
near optM , and the performance gap or, equivalently, “the
cost of not splitting” is not large, the utility of a randomly
chosen single-path configuration can be significantly less than
optM . This demonstrates the need for a routing algorithm
to find a near optimal single-path configuration. The singlepath configuration found by Algorithm 2 always has a higher
utility than that of a single-path configuration found by vertex

projection method, as Algorithm 2 can be viewed as a finer
sequential application of vertex projection.
Fig. 7 shows an upper bound of the performance gap,
which is optM minus the lower bound of optS obtained from
Algorithm 2, and an upper bound of the average cost of not
splitting over the number of users. Note that, from Theorem
7 and Lemma 1, the general upper bound of the performance
gap for this network is (3 ln 2) min(L, N ), which is a loose
upper bound compared with the bound in Fig. 7. Although
both curves in Fig. 7 are just upper bounds, they give good
estimates of the actual values. So we use them to study the
trend of the total and the average cost of not splitting. When
the number of users is small (N < 20) and the network is
partially utilized, users can benefit from using multiple paths,
thus the cost of not splitting increases rapidly as the network
supports more users. As the number of users increases, users
begin to compete for link capacities with one another, and the
benefit of multipath routing is no longer apparent. Thus, the
cost of not splitting does not increase too much after N = 20.
Also, note that the average cost of not splitting monotonically
decreases and is near 0 when N = 40.
VII. C ONCLUSION
We studied the performance difference in utility maximization when either single-path routes or multipath routes are
used. We gave a graph-theoretic characterization of the existence of this “cost of not splitting” based on network topology.
We showed that the total number of paths needed to achieve
optimal multipath utility and that required to achieve the
optimal single-path utility differs by no more than the number
of links in the network. We provided general bounds of this
performance loss which is independent of the number of users.
We showed that the performance loss remains finite as the
number of users tends to infinity. To provide a good estimate of
the performance gap, we proposed a vertex projection method
that can also be combined with a branch-and-bound technique
to obtain a single-path configuration which can achieve near
optimal single-path network utility. The cardinality constraint
here appears in many other contexts of combinatorial resource
allocation problems. For future work, we plan to use similar
techniques to study related convex-cardinality multicommodity
flow problems.
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A PPENDIX
A. Proof of Lemma 2
Proof: Since G is nonempty and contains no line, it
contains at least one vertex [6]. Let z 1 , ..., z k (k ≥ 1) denote
the vertices of G. Let x∗ be a vector in G with the smallest
cardinality, i.e. kx∗ k0 = Pmin = minx∈G kxk0 . Since G is the
convex hull of z 1 ,..., z k , then
∗

x =

k
X

λi z i ,
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(17)

i=1

P
for some λi ≥ 0, ∀i and i λi = 1. Note that there exists at
least one i such that λi > 0. We can assume λ1 > 0 without
loss of generality.
We claim that for every j such that x∗j = 0, zj1 is also zero.
To see this, note that λi ≥ 0 for all i and zji ≥ 0 for all i,
then by (17) we know that x∗j = 0 if and only if λi zji = 0
for all i. Since λ1 > 0, then zj1 must be zero. Thus, the claim
follows. Therefore we have kz 1 k0 ≤ kx∗ k0 .
Since we also have kx∗ k0 = minx∈G kxk0 ≤ kz 1 k0 , then
we can conclude that kz 1 k0 = kx∗ k0 = Pmin , and Lemma 2
follows.
B. Exponential number of vertices in Q
Consider a network in Figure 8 with N sources at the
root, K relay nodes, and N receives, one at each of the N
leaves. Each link has capacity c. All users have the same
utility function, U (·), which is increasing and strictly concave.
The optimal multipath utility is achieved when each user is
allocated with a total rate Kc
N , and this optimal utility is
N
N U ( Kc
).
The
performance
gap is zero if and only if K
N
is an integer. In this case, every vertex of Q corresponds
to an optimal single-path solution and vice versa. Q can be
represented as follows.
Q = {x ∈ RKN | x ≥ 0,
and

1T xi = Kc
N ∀i ∈ {1, 2, . . . , N },
PN i
i=1 xk = c ∀k ∈ {1, 2, . . . , K}}.

The number of vertices of Q is
N

 
−1 
K
Y
N − iN
N−
N
K
=
N
N
N
i=0

K

K

=

N
K

K

N 
···

K
N
K

1−K
K
N!
≈ K 2 (2πN ) 2 K N ,
N K
( K !)

which grows exponentially as N increases.
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