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Abstract-This paper presents a PMU-based state estimation 
algorithm that considers the presence of flexible AC transmis­
sion system (FACTS). The models of FACTS devices, including 
thyristor- and converter-based devices, are developed and then 
combined with an AC network model. Considering the char­
acteristics of PMU measurements, the network model for state 
estimation is separated from the measurements. By applying 
the nonlinear weighted least squares (WLS) algorithm, a PMU­
based state estimator can estimate the states of an AC system 
and its embedded FACTS devices simultaneously. To validate the 
algorithm, simulation studies for a 9-bus system are performed. 

Index Terms-State estimation, Flexible AC transmission sys­
tem, Phasor measurement units 

I. INTRODUCTION 

A. Motivation 

The flexible AC transmission system (FACTS) concept was 
introduced in the 90s and soon was recognized as a beneficial 
technology to enhance controllability and to increase power 
transfer capability [1] [2]. FACTS have become an indis­
pensable asset to improve transmission quality and efficiency 
of existing AC grids. Therefore, FACTS devices have to be 
properly modeled and studied for power system operation and 
control. 

One important and fundamental function of power system 
operation is state estimation (SE). SE is a process used to 
determine the state of a network by using measurements and 
a model of the grid. With a proper redundancy level, it can 
eliminate the effect of bad data and produce reliable state 
estimates in order to help operators monitor the grid and to 
support other analysis functions in an energy management 
system (EMS) [3]. 

Conventional SE uses measurements provided by supervi­
sory control and data acquisition (SCADA) system with a 
rate of two to ten seconds per snapshot. This rate limits the 
speed at which SE can be executed. In this case, power system 
operation might benefit from a fast state estimator which can 
trace the dynamic behavior of power electronic devices, such 
as FACTS devices. 
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B. Previous work 

In recent years, phasor measurement units (PMUs) have 
been widely implemented to complement conventional meter­
ing devices. PMUs provide GPS time-synchronized measure­
ments at a rate of 30-50 samples per second. Hence, a PMU­
based state estimator [4]- [7] could follow the trajectory of 
the power system and should sanitize data quickly to support 
other applications. 

In addition, a conventional SE normally applies bus voltage 
magnitudes and angles as power system state variables, and 
bus voltage magnitudes, active power flows and injections, 
reactive power flows and injections as measurement variables. 
By its nature, the conventional network model and measure­
ment model of the SE will contain numerous nonlinearities 
in contrast with circuit analysis models [8]. In contrast, a 
PMU-based state estimator applies voltage phasors at buses 
and current flow phasors on lines as both state variables 
and measurement variables, whose relations are based on the 
circuit analysis model. Therefore, a PMU-based SE deals with 
far less nonlinearities, leading to a much lighter computation 
burden. 

C. Contributions 

This paper proposes simplified FACTS devices' network 
models and corresponding measurement models to facilitate 
a PMU-based SE algorithm. This algorithm is then illustrated 
though simulation studies on a 9-bus system. The remainder 
of this paper is organized as follows. First, in Section II, a 
unified AC network branch model is presented for composing 
the entire AC network model. Second, Section III introduces 
the network models of different FACTS devices, including a 
static var compensator (SVC), a static synchronous compen­
sator (STATCOM), a thyristor controlled series compensator 
(TCSC), and a static synchronous series compensator (SSSC). 
Then, Section IV briefly presents the proposed PMU-based SE 
algorithm together with its measurement model. Simulation 
results are shown in Section V, followed by conclusions in 
Section VI. 

II. AC NETWORK BR ANCH MODEL 

PMUs measure voltage phas�rs V at the buses where PMUs 
installed and current phasors I on the lines adjacent to the 



buses. Directly using V and i in the network model could 
significantly reduce the nonlinearity of network model and 
decrease the complexity of the associated Jacobian matrix. 
Based on these measured variables, a unified AC network 
branch model is proposed, which takes series impedance, shunt 
admittances, and transformers into account. Figure 1 shows its 
structure. 

Fig. 1. AC line with transformer 

The subscript f denotes the bus where current flows from 
and t is the bus where current flows to. An AC line can be 
represented by a line admittance Yi and a shunt admittance 
Yio in per unit. A transformer is represented by a tap ratio 
of a : 1. In the case of phase shifting transformers, a is a 
complex number. The model in Fig. 1 can be formulated as: 

Yi 
a* 

Yi + �YiO 1 [�: 1 
III. FACTS DEVICES' NETWORK MODEL 

(1) 

Depending on the types of power electronic components 
being used, FACTS devices can be classified as thyristor-based 
and converter-based devices. Thyristor devices have no gate 
turn-off capability while converter devices, i.e. voltage source 
converters (VSCs) and current source converters (CSCs), have 
gate turn-off capability. This characteristic results in differ­
ences, especially of control schemes, between these two types 
of FACTS devices. Thyristor-based FACTS include devices 
such as the SVC and TCSC; converter-based FACTS include 
devices such as the STATCOM and SSSc. 

Note that both a thyristor-based and a converter-based 
devices with a similar control function will have a similar 
response within their linear operating range (under steady 
state conditions). Therefore, it is possible to categorize FACTS 
devices according to their functions. In this way, FACTS can 
be categorized as shunt devices, e.g., SVC and STATCOM, 
series devices, e.g., TCSC and SSSC, and combined series­
series or series-shunt devices, e.g., UPFC. 

This section will briefly present the network models of the 
SVC, STATCOM, TCSC and SSSC for the proposed PMU­
based state estimation application. Other FACTS models can 
be easily obtained by modifying or extending these models 
with minor changes. 

A. Shunt devices 

A shunt FACTS device serves as a current source drawing 
from or injecting reactive current into the connected bus in 
order to effectively control the voltage at the bus. Voltage 

control is performed on the bus independently of the individual 
lines connected to it [IJ. In addition, since shunt devices 
are not embedded in transmission lines, they do not need 
to sustain contingencies and dynamic overloads compared to 
series devices. However, shunt FACTS devices do not have 
the advantage of controlling power flow on lines and they are 
bigger than series devices for a required MVA size. 

1) Static Var Compensator: An SVC is a variable shunt 
capacitor, which can be varied to maintain a constant voltage 
at the bus to which it is connected, as shown in Fig. 2(a). The 
firing angle (O!) controls the turn-on period of the thyristor, 
hence varying the equivalent reactance of the SVc. To simplify 
the network model and reduce the number of state variables, 
the controlled variable is assumed to be an equivalent suscep­
tance, bsvc, as shown in Fig. 2(b). 

-_- Busi 

a 

(a) (b) 

Fig. 2. SVC model schemes [1] [9] : (a) firing angle model; (b) equivalent 
susceptance model. 

This network model can be formulated as: 

0= qsvc - bsvcl�12 (2) 

{ O=I�I_V;ref 

Q�f_= 1�10 1 sin(Bi -Oi) + qsvc 
0- Ii + Li=l Iij, 

where V;ref is the constant voltage which the SVC aims to 
maintain for Bus i; qsvc is the reactive power generatzd by 
�e SVC and bsvc is the equivalent susceptance value; Vi and 
Ii represent the voltage e!:!asor and the sum of injected line 
current phasors at Bus i; Iij represents the current flow phasor 
in the direction of from Bus i to Bus j; and Q�ef is the reactive 
power reference for the load at Bus i, if Bus i has no load 
connected, Qref will be zero. 

2) Static Synchronous Compensator: STATCOMs perform 
the same function as SVCs, i.e. to maintain the voltage at the 
connected bus. It can be VSC-based, as shown in Fig. 3(a), or 
CSC-based. Its model can be simplified as a current injection 
source for state estimati� purposes, as shown in Fig. 3(b). 
The STATCQM current 1st is always in quadrature with the 
bus voltage Vi, hence only reactive power is drawn or injected 
into the connected bus. Its network model can be formulated 
as: 

(3) 
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Fig. 3. STATCOM model schemes [l] [9] : (a) VSC-based STATCOM; (b) 
equivalent current source model. 

where qst and 1st are the reactive power and the equivalent 
current phasor generated by STATCOM, respectively; other 
notations are the same with those used in SVC model. 

From Eq. (2) and (3), it can be observed that both SVCs 
and STATCOMs operate to maintain the bus voltage by ma­
nipulating the reactive power, but in different ways: SVCs are 
modeled as an equivalent susceptance bsvc while STATCOMs 
as a current source 1st. 

B. Series devices 

A series FACTS device impacts the driving voltage and 
hence the current flow directly. Therefore, it allows to ef­
fectively control the current and power flows. Series FACTS 
devices have smaller size for the same MVA rating of a shunt 
device, but they have to be designed to be able to sustain 
different contingencies and overloads. This section presents 
two series FACTS devices, namely the TCSC and SSSc. 

1) Thyristor Controlled Series Compensator: A TCSC al­
lows varying the series reactance of a transmission line to 
regulate the active power flow through the line, as shown in 
Fig. 4(a). Although firing angle (ex) is the control variable, 
an equivalent susceptance btc is used in order to simplify the 
network model and reduce the number of states variables, as 
shown in Fig. 4(b). 

a 
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Fig. 4. TCSC model schemes [1] [9] : (a) firing angle model; (b) equivalent 
susceptance model. 

This network model can be formulated as: { 0 = Pij - P;/� 
(4) 

0= Pij -IViIIVjI(Yij + btc) sin(ei - ej), 

where PJjef is the constant active power flow reference on 
which the TCSC aims to maintain; Yij is the line admittance 
without considering the TCSC and btc is the equivalent sus­
ceptance 

�
of the -ICSC; ei and ej are the angles of voltage 

phasors Vi and Vj, respectively. 
2) Static Synchronous Series Compensator: An SSSC is a 

converter-based FACTS device as shown in Fig. 5(a). Its model 
can be simplified by a series voltage source for state estimation 
purposes, as shown in Fig. 5(b). An SSSC is able to provide a 
constant compensating voltage independently of variable line 
currents:Ihis voltage Vss is always in quadrature with the line 
current Iij, hence only its magnitude is controllable. 

IT,. 8' � I 
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Fig. 5. SSSC model schemes [l] [9] : (a) VSC-based SSSC; (b) equivalent 
synchronous voltage source model. 

In some cases, the injected voltage is assigned larger than 
the voltage�iffere�e between the sending- and receiving-end, 
that is, if I Vss I > I Vi -Vj I, the power flow will reverse. This bi­
directional compensation capability distinguishes SSSCs from 
other series devices. However, in many practical applications, 
only capacitive series line compensation is required. 

Generally, an SSSC has two control modes: in voltage com­
pensation mode the SSSC can maintain the rated capacitive 
or inductive compensating voltage regardless of changing line 
current; in impedance compensation mode the SSSC is fixed 
to the maximum rated capacitive or inductive compensating 
reactance. Under constant voltage control mode, an SSSC can 
be formulated as: { 0 = (± Vss + V; - Vj) * Yij - Iij 

o = IV: I - vref ss ss 
0= ess - Oij - 7r/2, 

(5) 

where Vss is the equivalent synchronous voltage of an SSSC 
and V:sef is the constant voltage value on which the SSSC 
aims to maintain; ess and Oij � the angles of SSSC equivalent 
voltage Vss and line current Iij, respectively. Note that the ± 
symbol indicates the type of compensating voltage: a posi­
tive symbol indicates capacitive compensation and a negative 
symbol indicates inductive compensation. 



Differently from (2)-(4) that are added into the system 
network model in addition to the AC network equations, 
Equation (5) replaces the corresponding (row) equations that 
are associated with the SSSCs in the AC network model, 
hence, the number of network equations remains the same. 
As phasors in the proposed state estimator are represented by 
magnitudes and angles, (5) is thus rewritten as follows: { 0 = !VssIYijCOS(Oij + 1f/2 + .-2ij) + 1V;IYijCos(Bi + /'ij) 

-I Vj I Yij cos( Bj + /'ij) - IIij Icos( Oij) 
0= !VssIYijsin(Oij + 1f/2 + /'ij) + 1V;IYijsin(Bi + /'ij) 

-IVjIYijsin(Bj +/'ij) - IIijlsin(oij), 
(6) 

where Bi and Oij are the angles of the voltage phasor and the 
line current phasor, respectively; /,ij is the angle of the line 
admittance. 

IV. MEASUREMENT MODEL AND THE PMU-BASED STATE 

E STIM ATION ALGORITHM 

The conventional state estimation formulation for nonlinear 
systems is based on the nonlinear measurement model [3]: 

z = h(x) + e, (7) 

where z E IRm is the measurement vector, x E IRn is the 
state vector, h : IRn -+ IRm is a nonlinear function relating 
measurements to states, and e E IRm is the measurement error 
vector, which is assumed to have a normal distribution, i.e., 
e rv N(O, Rz). Rz denotes the corresponding measurement 
covariance matrix. 

However, when PMUs are used for dat� a�9uisition, the state 
variables can be measured directly, i.e. V, I phasors. A direct 
consequence is that the choice of state variables to be z in (7) 
can not be uniquely determined. Any variable chosen to be z 
in the measurement model will lose its corresponding element 
in the Jacobian matrix. In other words, the network model and 
corresponding Jacobian matrix lose their uniqueness. Based on 
above consideration, a new measurement model is needed to 
separate the measurement variables from the network model. 
The proposed measurement model is formulated as follows: 

(8) 

where h : IRn -+ IRk, k is the number of network model equa­
tions. h(x) is the pure network model without measurements 
involved. The performance index J(x) based on the proposed 
measurement model is expressed as follows: 

where the inverse of a-r is the weighting of the i-th network 
equation in the WLS, the inverse of a} is the weighting of 
j-th measurement. In order to minimize the estimation error, 
the performance index J(x) should be minimized. This can be 
achieved when CTi equals to the standard variance of the i-th 
network model equation error and CTj equals to the standard 
variance of the j-th measurement. 

Both Gauss-Netwon and Newton-Raphson methods can be 
used to solve the nonlinear WLS problem, which are described 
in the literature, e.g., [3]. 

Therefores, we directly apply the most commonly used 
iteration procedure to obtain the updated state X, as follows: 

(HT(xi)R-IH(xi))-l�xi = HT(xi)R-l�z(xi), 
(10) 

where 

H(x) is the Jacobian matrix of the first order derivatives of 
J(x), R denotes the covariance matrix with CTr and CT] on its 
diagonal. 

V. STUDY C ASES 

A 9-bus AC system, WSCC 3-generator 9-bus test system 
[10], was used to validate the proposed FACTS models and the 
SE algorithm. A one-line diagram of the test system is shown 
in Fig. 6. Synthetic measurements for off-line SE computations 
were obtained by running time-domain simulations in the 
Power System Analysis Toolbox (PSAT) [11], and 20 ms was 
selected as the step-size to mimic PMU data rate. For this test, 
all the weightings for network equations and measurements 
were assumed to be 1, and full measurement observability 
was assumed. With respect to different FACTS devices, they 
were placed in different positions according to their specific 
functions. Shunt devices were installed at bus 8, and series 
devices were installed on the line between bus 5 and bus 4. 

Bus2 Bus7 Bus8 Bus9 

Fig. 6. 9-bus test system 

A. Test for the SVC model 

Bus3 

An SVC was installed at Bus 8, where a 16.67% load 
increase (both active power and reactive power) was applied at 
t = 2 s. Fig. 7 shows the SE computation results for multiple 
snapshots. 

As shown in Fig. 7, the estimation residuals reach below 
10-13 after relatively few iterations. This high accuracy results 
from the consistency between the network model used in 
the SE and the test system in PSAT. If the measurements 
for SE were acquired from an off-line simulation in another 
simulation tool or directly from PMUs, it is expected to 
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Fig. 7. SE of the 9-bus system with an SVC for multiple snapshots 

obtain a lower accuracy as a result of uncertainties in the 
measurements and models. 

Another issue that needs to be noticed is that for some 
snapshots the residuals are missing as they are smaller than 
the machine's precision. This also applies to the following test 
cases. 

B. Test for the STATCOM model 

The same scenario in Section V-A was also applied on the 
test system with an STATCOM installed at Bus 8. Fig. 8 shows 
the SE computation results for multiple snapshots. As it can be 
seen, the residuals before the perturbation occurred are below 
10-13, which is relatively close with the results in Section 
V-A. However, after the instance when the perturbation occurs, 
the estimation residuals increase to about 10-5. 

C. Test for the TCSC model 

A TCSC was installed on the line between Bus 5 and 
Bus 4, and a fault was applied at Bus 3 from t = 2 s to 
t = 2.04 s. Figure 9 shows the SE computation results for 
multiple snapshots, where Ytc denotes the line admittance with 
considering the TCSC. The residuals increase immediately at 
the instance when the fault was applied, from around 10-13 
to 10-3. 

D. Test for the SSSC model 

The same scenario in V-C was applied on the test system 
with an SSSC installed on the line between Bus 5 and Bus 
4. Figure 10 shows the SE computation results for multiple 

,.02s1-____ .. ,. ____ 
-�1IIIII1IIIII1IIIII� � I 4 

..e, 1.02 
� 

'.O'S,L-- ,.�S ---'L.-""2.�5 __ �'===,=="=3 
time 

I Ie vmag-residual-errof 

10-20,;---;-,.,:-S ----::-----::-2.':-5 ----::-----::-3.':-S-�· 
time 

(a) Voltage magnitudes at Bus 8 for multiple snapshots 

0.2211 ____ � 
::i 0.2 
ci. ;;:: 0.18 
UJ • 

= 0.16 L_�_�_�_�--==:';':':":=CJ., 
1.5 2 2.5 

time 
3 3.5 4 

!lstl-reSidual-erro( 
10-201L- -�1.-5-�2--2�.-5 -�3--3�.5-�4 

time 

(b) 1st 

Fig. 8. SE of the 9-bus system with an STATCOM for multiple snapshots 
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Fig. 9. SE of the 9-bus system with a TCSC for multiple snapshots 

snapshots. The residuals increase immediately at the instance 
when the fault was applied, from around 10-13 to 10-3. 
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Fig. 10. SE of the 9-bus system with an SSSC for multiple snapshots 

VI. CONCLUSIONS 

A PMU-based state estimation algorithm that considers 
the presence of FACTS devices has been presented in this 
paper. Four common FACTS devices are modeled in a way 
that accommodates to the fast computation requirements of 
PMU-based SEs. In addition, the proposed algorithm sepa­
rates measurement variables from the network model so that 
missing measurements will not affect the network model. This 
algorithm together with FACTS models is validated through 
study cases on a 9-bus system, which achieves a relatively 
accurate and fast SE performance. 

Future work will focus on improving the estimation accu­
racy when the system is under large dynamic changes. Testing 
results indicate that additional modeling details may need to be 
included to obtain higher accuracy during large disturbances. 
However, for practical applications and operation within the 
linear response of the devices, the accuracy level is sufficient 
without increasing the computational burden. 
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