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Abstract—This article presents a PMU-based state estimator
algorithm that considers the presence of classic HVDC links.
A hybrid AC/DC network model is developed to combine the
AC network and DC links. The algorithm assumes that DC link
measurements can be sampled synchronously, are time-stamped
and reported at the same rate as PMU measurements. Then,
by applying the weighted least squares algorithm, a linear state
estimator can solve for both AC and DC states simultaneously.
To validate the algorithm, a state estimation model is built for
a 9-bus and the KTH-Nordic 32 systems, for both AC-only and
hybrid AC/DC networks. In addition, the influence of losing DC
measurements and effects of measurement noise on the state
estimator are briefly discussed.

Index Terms—State estimation, Classic HVDC link, PMU,
Hybrid AC and DC state estimation

I. INTRODUCTION

Power system state estimation (SE) is a process used to
determine the state of a network by using measurements and
a model of the grid. With a proper measurement redundancy
level, SE can eliminate the effect of bad data and produce
reliable state estimates of the grid in order to help operators
monitor the power system and to support other analysis func-
tions in Energy Management Systems (EMS) [1]. However, as
electrical power systems continue to be expanded into larger
interconnected networks spanning vast geographical areas [2]
and are being developed to accommodate significant amounts
of intermittent generation sources through conventional AC
and new DC transmission technologies [3]; conventional SE
will face the following challenges: (i) proper modeling [4]
to take into account the models of point-to-point and even
meshed DC networks embedded within a large AC grid; and
(ii) to provide fast and accurate estimates that are capable
of tracking a system’s dynamic performance, specially over
widespread geographical regions [5], considering both AC and
DC networks simultaneously.

Traditionally, conventional SE is performed using a combi-
nation of measurements and pseudo-measurements including
bus voltage magnitudes, active power flow and injection,
reactive power flow and injection, current flow, etc.; taken at
an asynchronous and low-sampling rate (2-4 seconds) [1]. In
contrast, PMUs offer time-synchronized voltage and current
phasor measurements over widespread geographical regions,
which may allow new SE methods to trace the trajectories of
the power system’s response high higher granularity [2] (i.e.
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with time-synchonized measurements at a rate of 30, 50, 100
or 120 samples per second [6]).

As for the network model, conventional SE is performed
on a bus/branch model similar to that used in power flow
calculations [1]. These models contain a large amount of
nonlinear relationships. Although conventional SEs including
classic HVDC links have been developed [7][8], the use
of conventional measurements makes these SEs complex. In
contrast, PMU-only SEs [5], [9], [10] use Kirchhoff’s laws
with voltage and current phasors, which significantly reduce
the nonlinearities in the model compared to the power flow
network equations, as well as reducing the computation burden
of the numerical solution algorithms. On the other hand, both
of them may apply a similar optimization algorithm to obtain
an SE solution, namely the weighted least squares method.

This article presents an SE algorithm that takes DC links
into consideration so that a PMU-based SE for hybrid AC/DC
networks becomes feasible. The algorithm uses PMU measure-
ments from the AC network, and DC voltage and DC current
measurements sampled synchronously, time-stamped by GPS
and at the same rate as PMU data. The network model utilized
builds on the work in [10] and extends it to include classic
HVDC links.

The reminder of article is organized as follows: First, in
Section II, the model of both AC and DC power system
components and network interfaces are introduced, which will
help to build up the network model for hybrid SE. Second,
in Section III, Phadke’s and Thorp’s linear state estimator
(PTLSE) is extended to include classic HVDC links. This LSE
is validated through simulations in two different test systems
in Section IV. Additionally, issues regarding DC measurement
loss and the influence of measurement noises on the SE
are addressed. Conclusions and future work are discussed in
Section V.

II. HYBRID AC/DC NETWORK MODEL

A. AC Network

Similarly to [5], [9], the AC network model is comprised of
a line with series admittance and shunt admittance, as well as
transformers. All these components are enough to formulate
the AC network model, which describes the relation between
complex voltages on buses and complex currents flowing
through the lines connected to these buses. This approach
is similar to [11][12], but taking the shunt admittances and
transformers into consideration. As shown in Fig. 1, the
subscript f denotes the bus where current flows from and t is
the bus where current flows to. The i-th line is represented by
a series admittance yi and shunt admittance yi0 in per unit.
An ideal transformer is represented by the off-nominal tap
ratio a : 1. In the case of phase shifting transformers, a is
a complex number. Consider a fictitious bus x between the
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Fig. 1. An AC network model in consideration of transformer [11][12]

ideal transformer and the line series admittance, thus, for the
assumed current directions, we have

Ṽx =
1

a
Ṽf , Ĩx = a∗Ĩf .

The current Ĩx and Ĩt are given by

Ĩx = −yiṼt + (yi +
1

2
yi0)Ṽx, Ĩt = (yi +

1

2
yi0)Ṽt − yiṼx.

Substituting for Ĩx and Ṽx, we have

a∗Ĩf = −yiṼt +
1

a
(yi +

1

2
yi0)Ṽf

Ĩt = (yi +
1

2
yi0)Ṽt −

1

a
yiṼf .

Writing the above equations in matrix form results in[
Ĩf
Ĩt

]
=

[
yi+

1
2yi0
a2 − yi

a∗

−yia yi +
1
2yi0

]
︸ ︷︷ ︸

YAC

[
Ṽi
Ṽj

]
(1)

B. DC Link Model
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Fig. 2. A simplified DC link model [12][14]

A simplified DC link model is shown in Fig. 2. The
subscript r refers to the rectifier side of the DC link and i
refers to the inverter. For this classic HVDC link, the network
equations are given by [12][13][14]:

Vrdc = 0.995 ∗ 3
√
2

π ar|Ṽr| cosα− 3
πXrIdc

Vidc = 0.995 ∗ 3
√
2

π ai|Ṽi| cos δ − 3
πXiIdc

Idc =
1
Rdc

(Vrdc − Vidc)
(2)

where ar and ai are the tap ratios of the rectifier and inverter
sides; α and δ are the firing angle and extinction angle; Xr

and Xi are the transformer reactances of rectifier and inverter
sides, respectively.

For hybrid AC/DC SE, in addition to the AC bus voltage
phasors, the rectifier side DC voltages, inverter side DC
voltages, DC currents and products |Ṽr| cosα and |Ṽi| cos δ are
also state variables. As shown in (2), the voltage magnitudes

on the AC sides of the DC links may vary in time—especially
when the system is subject to a disturbance. If we consider |Ṽr|
and |Ṽi| as states, the DC network model will be nonlinear.

The proposed solution is to take |Ṽr| cosα and |Ṽi| cos δ as
state variables of the DC link model. With this choice, a linear
model of (2) is obtained as follows

00
0

 =

Kar −1 − 3
πXr

Kai −1 − 3
πXi

1
Rdc
− 1
Rdc

−1


︸ ︷︷ ︸

YDC


|Ṽr| cosα
|Ṽi| cos δ
Vrdc
Vidc
Idc

 (3)

where K = 0.995∗ 3
√
2

π . Since Ṽr and Ṽi are state variables of
AC network, Ṽr and Ṽi will be known after each SE snapshot.
Then, cosα and cos δ can be derived.

III. HYBRID AC/DC MEASUREMENT MODEL AND
LINEAR STATE ESTIMATION ALGORITHM

A. Linear State Estimation Algorithm

Phadke’s and Thorp’s linear state estimator (PTLSE) [10]
applies the Weighted Linear Least Squares (WLLS) method
by using complex bus voltage and line current phasors in
rectangular coordinates. In order to use WLLS, a linear
function has to be defined first. In PTLSE, the state x is a
vector of complex bus voltage phasors, and measurements
y are both complex bus voltages and line currents phasors.
Hence the linear function of the AC network is given by[

Vm

Im

]
=

[
U
Y

]
x = Ax (4)

where the state vector x is comprised by complex voltage
phasors, U is an identity matrix with rows corresponding
to metered buses, and Y indicates the relation between line
currents and bus voltages on both ends of the line. Substituting
the network model into the measurement model, we obtain[

rV
rI

]
=

[
U
Y

]
x−

[
Vm

Im

]
= Ax−

[
Vm

Im

]
(5)

B. Measurements Model and Linear State Estimation for AC
Networks

For the AC SE, a vector of complex voltage phasors
is chosen as state variables while the measurements vector
considers both current and voltage phasors. In order to obtain
the relation between current and voltage for each line, namely
Y, the AC network model is used. Substituting (1) into (5),
the linear relation between measurements and state vector of
the AC network is given by

[
rV
rI

]
=


1

. . .
1

YAC


Ṽ1...
Ṽn

− [Vm

Im

]
(6)



C. Measurements Model and Linear State Estimation for
hybrid AC/DC systems

For the hybrid AC/DC SE, the AC network model and DC
link model are combined together. Thus, the linear relation
between measurements and the state vector of a hybrid AC/DC
system can be written as

rV
r|Vr| cosα
r|Vi| cos δ
rVrdc

rVidc

rIdc
rI

rDC1

rDC2

rDC3


︸ ︷︷ ︸
Residuals

=



I
1
1

1
1
1

YAC

YDC


︸ ︷︷ ︸

A


V

|Vr| cosα
|Vi| cos δ
Vrdc

Vidc

Idc


︸ ︷︷ ︸

States

−



Vm

|Vrm| cosαm

|Vim| cos δm
Vrdcm
Vidcm
Idcm
Im
0
0
0


︸ ︷︷ ︸
Measurements

(7)
In the following sections, it is assumed that PMU measure-
ments (Vrdcm, Vidcm, Idcm, cosαm and cos δm) are available
at all buses and that all DC measurements are available at
the same reporting rate as the PMU data. Therefore, if all
measurements can be obtained at each time instant (e.g. every
20 ms), it is feasible to use a fast “static” SE to “recover” the
dynamic changes of the system by obtaining an SE solution
at each time instant.

IV. CASE STUDIES

A 9-bus system [14] and the KTH-Nordic 32 system [15]
are used to illustrate both AC-only and hybrid AC/DC SE
results. Given space restrictions, the one-line diagrams of the
original AC test systems will not be shown. The reader is
referred to [14] for the 9-bus system and to [15] for the KTH-
Nordic 32 system. Synthetic measurements used for off-line
SE computations are obtained by running the models using
the Power System Analysis Toolbox (PSAT) [13]. In the 9-
bus hybrid AC/DC test system a DC link between bus 7
and bus 8 replaces an AC line of the original AC system.
Other parameters are unchanged. In the KTH-Nordic 32 hybrid
AC/DC test system a the DC link between bus 38 and 40
replaces the original AC line. More details on the KTH-Nordic
32 system can be found [15].

A. Simulation results for the 9-bus system

The state vector for the 9-bus AC system is organized as
follows

xAC = [Ṽ1 Ṽ2 Ṽ3 Ṽ4 Ṽ5 Ṽ6 Ṽ7 Ṽ8 Ṽ9]
T .

Synthetic measurements were obtained by performing time
domain simulations in PSAT, where 0.02 s is selected as step-
size and a 0.1 pu (10%) load increase is applied at bus 8 at
t = 2 s. Fig. 3 and Fig. 4 show the SE results for a single
time instant (snapshot) and for multiple time instants. The SE
residuals for the 9-bus AC system is lower than 10−13p.u. (or
deg).
B. Simulation results for the 9-bus hybrid AC/DC system

The state vector for the 9-bus hybrid AC/DC system is
organized as follows

xAC/DC =
[
xAC |Ṽ7| cosα |Ṽ8| cos δ V7dc V8dc Idc

]T
.
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Fig. 3. LSE for the 9-bus AC system for a single snapshot

0 50 100 150 200 250 300 350 400 450 500

1.0135

1.014

1.0145

1.015

1.0155

time step

|V
| (

p
.u

.)

 

 
Vmag−true
Vm−mag
Vmag−est

0 50 100 150 200 250 300 350 400 450 500
0

0.5

1

1.5
x 10

−15

time step

|V
| (

p
.u

.)

 

 
Vmag−residual−error

(a) Voltage magnitude at bus 8

0 50 100 150 200 250 300 350 400 450 500
−3.3

−3.2

−3.1

−3

−2.9

time step

θ 
(d

eg
)

 

 
Vang−true
Vm−ang
Vang−est

0 50 100 150 200 250 300 350 400 450 500
−3

−2

−1

0

1
x 10

−13

time step

θ 
(d

eg
)

 

 
Vang−residual−error

(b) Voltage angle at bus 8 (bus 7 is
set as reference)

Fig. 4. LSE for the 9-bus AC system for multiple snapshots

The same test scenario as in Section IV-A is implemented.
Fig. 5 and Fig. 6 show the computation results. In Fig. 5(b),
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Fig. 5. LSE for the 9-bus hybrid AC/DC system for a single snapshot

the DC states are computed before applying the perturbation,
and estimated states have a small residual of 7 × 10−14p.u..
However, as shown in Fig. 6(b) 6(c) 6(d), when the system
is subject to a perturbation, the SE residuals for DC states
increase due to the limitation of static SE model. The static
state estimator does not implement the dynamic DC link model
and all the states are updated at the same rate of measurements,
thus it is difficult to capture all the DC link dynamic response,
especially when control schemes are active. This can also be
confirmed by noting that the SE residuals decrease as the
system oscillations decay. Regardless, the static SE residuals
for DC states are still within acceptable values, except for the
high peaks at the instant when the perturbation occurs. The
hybrid AC/DC SE for AC states are as accurate as those in
AC-only SE.

C. Simulation results for the KTH-Nordic 32 system

The state vector for the KTH-Nordic 32 system is organized
as follows

xAC = [Ṽ1 Ṽ2 . . . Ṽ51 Ṽ52]
T .
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Fig. 6. LSE for the 9-bus hybrid AC/DC system for multiple snapshots

Synthetic measurements are obtained with a step-size of 0.02
s, and a 0.5 pu (10%) load increase is applied at bus 40 at
t = 2 s. Fig. 7 and Fig. 8 show the SE computation results.
The SE remain the same accuracy as that in the 9-bus AC
system, which indicates that the proposed SE is not affected
by the scale of system.
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Fig. 7. LSE for the KTH-Nordic 32 system for a single snapshot
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Fig. 8. LSE for the KTH-Nordic 32 system for multiple snapshots

D. Simulation results for the KTH-Nordic 32 hybrid AC/DC
system

The state vector for the KTH-Nordic 32 hybrid AC/DC
system is organized as follows

xAC/DC = [xAC Ṽ51 Ṽ52 |Ṽ38| cosα |Ṽ40| cos δ V38dc V40dc Idc]
T .

The same test scenario in Section IV-C is applied here. Fig.
9 and Fig. 10 show the SE computation results. Fig. 10(d)
shows the true values of cosα which is assumed constant
(i.e. not measured). Observe that the estimated values have
a small variation. This is due to the lack of DC link dynamics
representation as explained in Section IV-B.
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Fig. 9. LSE for the KTH-Nordic 32 hybrid AC/DC system for a single
snapshot
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Fig. 10. LSE for the KTH-Nordic 32 hybrid AC/DC system for multiple
snapshots

E. Effect of losing DC measurements

1) AC/DC Measurement Redundancy Analysis: From (7)
it can be shown that as long as two of five DC state
measurements (Vrdcm, Vidcm, Idcm, cosαm and cos δm) and
the AC side voltage magnitudes |Ṽr| and |Ṽi| are provided,
the three remaining DC states can be computed. In addition,
normally cosα and cos δ remain relatively constant as in
Sections IV-B and IV-D, thus Vrdc, Vidc and Idc can be
computed assuming constant values for cosα and cos δ. This
brings a great advantage since AC measurements can be
obtained using PMUs, and during normal operation only few
DC measurements are needed.

When a DC measurement is lost, the corresponding rows in
the residual matrix (A), and the measurement matrix need to
be removed. As long as the amount of rows is equal or larger
than that of the number of columns in A, all the states can
be solved out by using the WLLS algorithm. The more rows
that A has, the higher the redundancy that the SE can offer.



2) State Estimation with Reduced Number of DC Mea-
surements: The same test scenario as in Section IV-B is
applied here. Only cosαm and cos δm are provided as DC
measurements. As shown in Fig. 11, the residuals of the DC
voltages and DC current increase while the residual of cosα
decreases. This is because cosα is measured compared to
previous case in Section IV-B. Nevertheless, observe that even
with a limited number of DC measurements is is still possible
to obtain acceptable state estimates for the whole AC/DC grid.
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Fig. 11. LSE for the 9-bus hybrid AC/DC system (without DC measurement
redundancy)

F. Effect of measurement noise

Next, Gaussian white noise is added to the simulation results
and considered in the SE process. The signal-to-noise ratio
per sample is 75 dB. The same test scenario of Section IV-C
is applied on the KTH-Nordic 32 system. Fig. 12 shows the
SE computation results, where the residual increases to 10−4

in comparison with 10−15 in the previous case. The state
estimates are acceptable for the signal-to-noise ratio applied.
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Fig. 12. LSE for the KTH-Nordic 32 system (with measurement noise)

V. CONCLUSION AND FUTURE WORK

A PMU-only state estimator for hybrid AC/DC systems has
been introduced. By applying Kirchhoff’s laws, the proposed
network model simplifies the nonlinearities of the typical
power flow network model used in conventional SEs. All the

AC and DC states are considered simultaneously to solve the
LLS problem. After posing the network model and measure-
ment model for this state estimator, simulation results for two
power systems (both AC and hybrid AC/DC cases) are pre-
sented. In addition, it is feasible to estimate DC states with two
of five DC measurements or even without DC measurements
as long as cosα and cos δ are relatively constant. At last, the
influence of measurement noise is discussed and it is shown
that the SE algorithm can produce acceptable estimates under
these conditions.

Future work will focus on measurement redundancy analy-
sis, the inclusion of smoothing reactors in the classic HVDC
link model, and the development of a VSC-HVDC link model
including DC link capacitor dynamics. Both classic and VSC-
HVDC links will be included in the Phasor State Estimator
(PSE) approach [5], [9] and contrasted with the algorithm
presented in this paper.
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