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Sammanfattning

I detta examensarbete presenteras en algoritm för att finna de mi-
nimala avbrottskostnaderna för lasterna i elkraftssystem.

Elkraftssystem kallas de system som har till uppgift att möjliggöra
överföring av elektrisk energi från producenter till konsumenter. Des-
sa system är icke-linjära och kan under vissa förhållanden bli instabila
och göra hela eller delar av elnätet strömlöst, vilket medför stor sam-
hällelig påverkan i form av försämrad levnadsstandard och kostnader
för produktionsbortfall. Dock är det inte alltid ekonomiskt lönsamt att
lägga betydande resurser på att förhindra att systemet blir instabilt,
om sannolikheten för att detta händer är låg.

Att koppla bort last vid kritiska situationer, till exempel vid fel på
viktiga kraftledningar, kan därför i vissa fall vara det mest ekonomiska
alternativet för att undvika att systemet blir instabilt. En ökande andel
förnybar energi i ett elkraftssystem gör produktion av elektrisk energi
mer svårprognosticerad och svårstyrd. Därför bör man ta hänsyn till ett
bredare urval situationer än tidigare för att kunna bedöma stabiliteten
hos systemet. Detta ställer krav på snabba metoder för att bedöma
systemets stabilitet och beräkna vilka lastbortkopplingar som krävs.

Denna rapport utnyttjar andragradsapproximationer till stabilitets-
gränserna för systemet utvecklade och beräknade av Magnus Perninge
och Camille Hamon för att kunna bestämma var och hur mycket last
som ska kopplas bort, så att systemet återfår sin stabilitet för en så
liten mängd last bortkopplad som möjligt. Genom simuleringar beräk-
nas därefter hur mycket marginal till stabilitetsgränserna som krävs för
att återge systemet transienta stabilitet.

Två fallstudier, ett för IEEEs 9-nods system och ett för IEEEs 39-
nods system, illustrerar metoden och jämför den med två andra meto-
der, för att undersöka metodens prestanda. Resultaten visar hur den fö-
reslagna algoritmen minimerar lastbortkopplingen jämfört med de and-
ra metoderna, och att mängden last som blir bortkopplad minskar be-
tydligt. Simuleringar av systemet behövdes för att undersöka systemets
stabilitet och bestämma hur mycket marginal till ytorna som krävs.

Metoderna och approximationerna som utnyttjades i denna rapport
skulle kunna användas i verkliga elkraftssystem, en tillämpning vore att
minimera kostnaderna för systemet genom att ranka hur allvarliga fel
i systemet är, vilket kan utnyttjas för att minimera kostnader för drift
och investeringar. En annan möjlig tillämpling är automatisk lastbort-
koppling för att minimera de kostnader som uppstår om systemet blir
instabilt.
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Abstract

This thesis presents an algorithm for finding the minimal interrup-
tion cost associated with the loads.

Electric power systems are necessary to transfer electric energy from
producers to consumers. The power system may lose stability as these
nonlinear systems are subject to contingencies. The loss of stability
may result in large costs for the society, by the loss of productivity
and worsening standard of living. If the likelihood of instability is low,
then it may be that it is not economically motivated to allocate costly
resources necessary to prevent this from happening. For some cases
load shedding is the alternative with best economical performance, to
restore the stability and ensure that delivery of power is not interrupted.

With increasing amounts of renewables in a power system, the plan-
ning and scheduling of the electric power production will get more dif-
ficult to forecast and control. Therefore the system operators will need
to be able to handle more diverse situations than before. Thus there
is a need to find computationally efficient methods to predict system
stability and the minimal load shedding needed.

This report uses second-order approximations to the stability bound-
aries of the system, developed and calculated by Magnus Perninge and
Camille Hamon to determine how much and where the load shedding
should be done to shed the minimal amount of load that restores the
stability of the system.

Two cases, the IEEE 9-bus system and the IEEE 39-bus system,
illustrates the proposed method and compares three different methods
used to determine the load shedding. The results show that the ap-
proximations can be used to minimize the load shedding, and that the
amount of load shed is significantly reduced. Time-domain simulations
of the system were necessary to ensure the stability of the system and
determine of much margin that is needed to the approximations.

The methods and approximations used in this report could in the
future be applied to real power systems, a possible application is to
calculate the severity of contingencies and use the information to min-
imize the total costs of the system when considering operation and
investments. Another possible application is to design automatic load
shedding controllers using wide-area monitoring to increase the system
reliability.
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Chapter 1

Introduction

1.1 Background

Electric power is a prerequisite for the modern society, and power system
security is therefore an important subject of research in which considerable
effort has been invested. It is the responsibility of transmission system op-
erators to ensure that power can be transmitted over the transmission grid,
thus enabling the generation and consumption of electric power. Disturbances
to the power system, such as loss of transmission or generation facilities can
make the system lose stability. The loss of stability will lead to a disruption
of service in parts or the whole of the system, if no countermeasure is taken [3].

The economic performance of the modern deregulated transmission system
is of great importance to the system operators, both in the planning phase,
as well as in the day-to-day operation phase. As a result of this considera-
tion, a state of intensive use of existing lines and equipment is often necessary.
Therefore power systems are more often than in the past in such operation
conditions which can be characterized as heavily stressed, which most often
can be attributed to heavier loading of transmission corridors than they were
designed for, due to increased demand. Increased power demand for, cou-
pled with changing consumption patterns, was deemed to be the cause of two
voltage instability incidents in the Hellenic system in 1996 and 2004 which
resulted in blackouts [4], [5].

Another challenge for power system operators is the increasing amount of
intermittent generation, such as wind power and photovoltaic elements, which
makes the planning and operation of power systems more difficult. This is
due to the fact that these kinds of renewables cannot be scheduled using a
classical economic dispatch, but has to be treated as uncertain and variable

1



2 CHAPTER 1. INTRODUCTION

injections of power into the system. The result is a variability in the power
flow patterns, which is greater than in power systems with only small amounts
of renewable generation and needs to be taken into account [6].

The goal of an electric power system is to provide energy to the end-users.
The cost associated with not fulfilling this goal is called the interruption cost.
The interruption cost can be an aggregate of different components, a non
exclusive list of example is: the number of end-users which have their service
interrupted, the duration of the interruption, and the amount of energy not
produced or consumed. We will only consider the part of the interruption cost
which is due to the reduction of consumption, the load interruption cost.

We will simplify the problem by only considering the component of the
load interruption cost which is directly proportional the Energy Not Served
(ENS) of the system. ENS is a product of electric power which is not consumed
in every loads in every instant and the duration of the interrupted service for
each load. By not consumed we mean the, from an initial level, involuntary
reduction of power consumption of the loads due to a disturbance. Since
ENS contribute to the interruption cost we want to minimize the ENS by
implementing some countermeasure. If the stability of the system is lost then
ENS will be high, since the energy delivering service will be impaired or halted.
Therefore we want to implement countermeasures which minimizes ENS. We
note that it can be economically beneficial to disconnect some of the loads of
the system to restore the stability of the system for a disturbance.

Schemes for countermeasures can be classified as either preventive or cor-
rective, and carries implementation costs which are varying between the differ-
ent types of schemes considered. As a result of the economical considerations
of grid operator, the protection system should be economically efficient. This
economical efficiency depends on the implementation cost, the cost of the
interruption of service and the likelihoods and severities of contingencies.

Less severe contingencies which have relatively high likelihoods to occur
are typically met with preventive actions. Preventive actions in general carries
comparatively low interruption costs but requires large investments. Examples
of preventive actions are adding extra generation capacity, constructing new
power lines or installing Static VAR Compensators (SVCs). For more severe,
but less likely, contingencies corrective actions may have the best economical
performance.

Contingencies can be, for example, failure of important transmission equip-
ment for electric power, such as bus bars, or a less severe failure when the
system is already heavily stressed. Schemes for corrective actions should typ-
ically be used for contingencies with low probability, since the relatively small
investment and operation costs offsets the comparatively large interruption
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costs. Examples of corrective actions are the disconnection and reconnection
of generators and lines, and the shedding of loads. Load shedding carries a
relatively large load interruption cost, since the users of the grid, in general,
has to be compensated for their disconnections, but load shedding can be eco-
nomically justified since the total cost may be lower compared to alternatives,
in view of the low probability of occurrence. Thus, there is a need to find the
optimal solution to stability problems, which let the system operate with a
sufficient degree of security, for a minimal cost.

1.2 Problem Statement
Stability is necessary for the operation of a power system and it is of great
importance that the system can handle severe contingencies without losing
stability. However, there are also incentives to find the most cost-effective
implementations that prevent the loss of stability. Therefore system operators
need to compare the economical performance of different countermeasures,
both preventive and corrective, to the kinds of stability problems that the
system might experience. We are in this thesis considering three types of
stability: small-signal stability, voltage stability and transient stability, as
well as limitations on the active power that can be transmitted on the power
lines of the system.

The operation of the transmission grid near its limits, due to heavy loading,
makes the system stressed and more prone to voltage collapse. With larger
amounts of intermittent generation the number of possible states of the system
also grows larger, some of which are stressed. The large number of nodes in
large power systems and the many possible stressed states, make simulations
of the possible contingencies and their countermeasures demanding in terms
of computational resources and time.

We consider the problem of shedding an amount of load to restore the stability
of the system. We assume that the load interruption cost is directly propor-
tional to the ENS and thus, if the time of the interruption is assumed to be
constant, directly proportional to the reduction of power consumption due to
a disturbance. We assume that no power consumption can take place if the
stability is not maintained or restored after a disturbance. If a load shedding
action can restore the stability of the system, then it follows that the amount
of load shed carries a smaller load interruption cost than if no load shedding
was done.
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This thesis is concerned with finding, given a contingency and the state of
the power system, the load shedding action which results in the minimal
cost. If load shedding is not necessary to avoid voltage instability then the
amount of load shed should be zero to obtain the least cost solution to the
problem. A successful load shedding will require automatic control due to
the short time available. The short time available to successful countermea-
sures, combined with the many possible states and contingencies, makes a
pre-calculated database of decisions necessary to execute a minimal cost load
shedding scheme.

The load shed as a result of the algorithm can be used for different purposes.
For different contingencies and loadings it can be used to design a system pro-
tection scheme for automatic load shedding which sheds the required amount
of load in each bus. The required load shed to obtain stability is a measure
of the severity of each contingency, which can be used in security analysis of
the different loading scenarios.

This thesis compares the minimal load shedding solutions when the minimiza-
tion is done using two different metrics, the Euclidean distance, also known as
the L2-distance, and the L1-distance. L2-minimization means that the magni-
tude of a vector is minimized, while the L1-minimization seeks to minimize the
sum of the absolute values of the components. Additionally an approximative
method is investigated, which may be a suitable alternative to the previously
mentioned two in applications using Monte Carlo methods.

1.3 Objectives
An algorithm to find the minimal load interruption cost has been developed
and is presented in this report.

The algorithm consider three types of stability: small-signal stability, voltage
stability and transient stability, as well as thermal limits on the power lines
of the system. The system is considered to be stable after post-contingency if
it will have the three types of stability and is not violating the thermal limits
on the lines. The algorithm will find the amount of shed load in every con-
trollable bus, to obtain the load shedding solution which results in the least
cost:

1. If the post-contingency system is stable without load shedding, then the
algorithm should give the amount of load shed as zero in all buses and
the post-contingency system as stable.



1.3. OBJECTIVES 5

2. If load shedding cannot restore system stability, then there is no single
minimal cost solution, and the algorithm should give the amount of load
to be shed as zero, and the post-contingency as unstable.

3. If the system can be restored to stability, then the minimal cost solution
for every bus should be returned, and the post-contingency system will
be determined as stable.

The minimal cost load shedding algorithm will be compared to two other al-
gorithms presented in this report: the first seeks to minimize the Euclidean
norm of the shed load, and the second minimizes the Euclidean norm of the
load shed along an approximated direction.

A database will be constructed to store the least cost solutions obtained by
the proposed algorithm. The entries will, for each of the given states and con-
tingencies, contain the amount of load shed in each node and if the solution
is stable or not.

A case study will be carried out by applying the proposed algorithm for two
power systems and compare it with the two other algorithms. First for IEEE
9-bus power system, also known as the Western Systems Coordinating Council
(WSCC) system [7], and then for the IEEE 39-bus system[8], which is also
called the New England 39-bus test system.

The output when the proposed algorithm is applied will be a database of
the minimal load shedding solutions, for every tested combination of system
states and contingencies.

The report will investigate and discuss the feasibility and the impact of
simplifications and approximations used, when applying the algorithm to real
power systems.
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1.4 Overview of the Report
This technical report is divided into five chapters:

Chapter 1: Introduction gives an introduction to the subject and states
the objectives of the project.

Chapter 2: Presentation of the field provides a presentation of the field
of power system stability analysis.

Chapter 3: Methods and models presents the equations which was used
to model the power system and how second-order approximations of the
loadability surfaces can be used to model the loadability limits of the
system and how to find the distance to the surfaces.
Using these loadability surfaces, a minimal load shedding algorithm is
presented for both of the two norms considered in this report, as well as
an approximative method for comparison purposes.

Chapter 4: Case studies presents and discusses the inputs and the results
obtained when the minimal load shedding algorithm is applied for con-
tingencies in the IEEE 9-bus power system and the IEEE 39-bus power
system.
The minimal load shedding algorithm is compared with two other load
shedding methods.

Chapter 5: Closure presents a discussion of the results obtained in this
work and conclusions that can be drawn from it.
Finally, it presents some topics that could be the subject of future work
in this field.



Chapter 2

Presentation of the Field

A power system must have stability to operate in a desired way. In this chapter
some basic concepts used in the field of stability studies are introduced.

2.1 Relationship Between Stability, Reliability
and Security

This report uses the terminology of reliability, stability, security and their
related terms as was presented in [9]. In the list below these terms are briefly
introduced and defined:

Reliability is one of the key goals of power system operators. It means that
the system should deliver its power, “nearly always“, which imposes
requirements on the power system’s security over time and the
adequacy of generation to meet the demand of electricity consumption.

Security of a power system is the degree of risk to the intact operation of
the system, for the given operation conditions and the set of
contingencies which the system might experience. To evaluate the
security of a power system, for a contingency and a given operation
condition, it is necessary to investigate the stability of the system.

Stability of a power system was defined in [9] as:
“Power system stability is the ability of an electric power system, for a
given initial operating condition, to regain a state of operating
equilibrium after being subjected to a physical disturbance, with most
system variables bounded so that practically the entire system remains
intact”.

7
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Contingencies can be defined as disturbances to the system that are not
intended, and that have a non-zero probability of occurrence, but can
not, deterministically, be predicted to happen. As such the possible
contingencies can be viewed as risks, which should be mitigated, so
that the security of the power system is within an acceptable limit.
What is deemed as an acceptable security limit may be a legal, or an
economical issue, or a combination of both.

Disturbances are classified into two categories: small disturbances and
large disturbances. Small disturbances can, for example, be random
perturbations of the power consumptions in the loads or of the
parameters of transmission lines. A large disturbance to the system
operation can be the unintended disconnection of a generator, or an
electrical fault in a line or bus bar, forcing the disconnection of one or
more lines or nodes. The disturbance can be a topological change of
the system, disconnections of components, or a change in system
parameters or a combination of both. In this report, only large
disturbances in the form of disconnections of power lines of a single
transmission corridor are considered.

The goal of this thesis is to minimize the interruption costs associated with
the interruption of the electric power served to the loads of the system. This
can be explained in the following manner:

The means by which the system operators can try prevent the loss of
loads are either preventive actions or corrective actions. Preventive actions
are taken beforehand, to increase the margin to the loadability limits, when
the system operators identify that the system might be or become vulnerable
to contingencies. Some examples of preventive actions are:

• Changing of the set points for generators and the turbines which are
driving the shafts.

• Re-dispatching of generators to reduce the loadings on heavily loaded
lines.

• Blocking or changing the dynamics of transformers with variable ratios,
called load tap changers.

• Activation of banks of Static VAR Compensators (SVCs), or other means
to produce more reactive power locally at buses.

Corrective actions are taken when the contingencies are detected by direct or
indirect information gathered from the system. An indirect information can
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be, for example, the measured voltage at a bus falling below a threshold and
an example of a direct information is the control signals from breakers dis-
connecting a line. Corrective actions can be taken manually or automatically.
However, since the effectiveness of corrective actions are dependent on timely
application, automatic control is often necessary to ensure stable operation
[5].

2.2 Types of Power System Stability
The stability of a power system can be investigated and classified according
to what types of physical devices and in which of the variables and processes
the loss of stability can be observed. A further classification can be according
to the timescale of the observed dynamics which determine how the system
evolves after being subjected to a disturbance.

Rotor angle stability is the ability of the synchronous machines of a power
system to maintain synchronism after being subjected to a disturbance.
The rotor angle stability can further be classified by considering the mag-
nitude of the disturbance; the ability to withstand large disturbances can
be categorized as Transient stability and Small-signal stability for small
disturbances.

Frequency stability is the ability of the system to maintain a steady fre-
quency after a disturbance, by maintaining and/or restoring the equi-
librium between generation and load consumed. The timescale of the
processes which influence the frequency stability can be both in short
term and long term. The short term is in the time period within a few
seconds after a disturbance while long term can be up to several minutes.

Voltage stability is defined by the IEEE/CIGRE Joint Task Force in [9] as,

“the ability of a power system to maintain steady voltages at
all buses in the system after being subjected to a disturbance
from a given initial operating condition.“

Voltage stability depends on the ability to restore and/or maintain the
balance between load demand and the power supplied from the gen-
erators of the power system. The disturbances considered can be both
large and small. In [9], voltage stability is classified by the type of distur-
bance, and the length of time during which the bus voltages are affected
by the dynamics of the system. Voltage instability can be observed in
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the increasing or decreasing bus voltage magnitudes, or in the increasing
voltage oscillations in some buses of the system.
The short term voltage stability problems are typically a result of dy-
namical loads, such as induction motors, trying to restore the power
consumed and stalling. In the long term timescale the dynamics is usu-
ally due to load tap changers, which regulates the voltage of a trans-
former, or other types of load self restoration schemes, which both seeks
to restore the power consumed by the system.
A third case is identified in [3], where long term dynamics leads to short
term voltage instability, which can be seen as a combination of the first
two cases.

2.3 Review of Corrective Actions Against
Voltage Instability

In [10], a number of different corrective actions against voltage instability were
compared and some were combined, to achieve better performance. In general
there are two categories of load shedding methods; the first type measure
observable quantities of the system to detect situations when load shedding
might be necessary. The most common quantities to be measured are the bus
voltages of the system, and the load shedding can be done in several stages if
the desired results cannot be observed.
The second type reacts on information on the actual disturbances themselves
to shed predetermined amounts of load and will, in general, not take into
account if the system stability is still not restored after the load shedding
action.

In [11], a method using distributed controllers, which uses the voltages of
the system to control the load shedding, was described. Each controller, in this
method, monitors the voltage at their respective bus, and when the voltage
falls below a threshold for a certain length of time the controller will repeatedly
shed rule-calculated amounts of load, until an acceptable voltage magnitude
is reached. In [12], the distributed controllers proposed in [11] were tested
in a system with induction motor loads, and additional measurements from
the generators’ overexcitation limiters were included to improve the selectivity
and dependability of the controllers. Selectivity in this case means the ability
of the controllers to only shed as much load as is needed to restore stability.
Dependability is the ability of the controllers to always shed as much load as
needed if the system has lost its stability.
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A large number of different methods to determine the optimal load shed-
ding solution, which determines the minimal amount of load to be shed, has
been presented by researchers. These methods include optimization methods
and sensitivity analysis-based approaches [13]. In [14], a genetic algorithm
was applied to extract rules for undervoltage load shedding and the resulting
rules were tested using simulations.

In [15], the sensitivity of the margin to the loadability limit µ was used to
design and compare several different control schemes for the Hellenic power
system. Common for sensitivity-based load shedding methods is that they
identify the bus whose load has the largest influence on the margin, or an
identified critical bus voltage, and shed load at that location until a desired
voltage level is restored. In [16], a multi-stage sensitivity-based load shedding
method was proposed, after challenging the validity of linear and constant
sensitivities for load shedding purposes. The method will for each stage obtain
a base case and calculate the sensitivities at this point, for which it will perform
load shedding in the load associated with the largest sensitivity. By repeating
this procedure, new base cases are calculated, and when the desired margin is
reached, the solution is given as the total load that was shed by all the stages.

References [17] and [18] show how the amount of load shed needed is de-
pending on the delay from the disturbance until the load shedding action is
initiated.

The only corrective action that this report considers is load shedding. Ad-
ditionally, to reduce the complexity of the problem, it will only consider load
shedding after a fixed time tdelay. This report presents algorithms for calcu-
lating the minimal load shedding for a list of contingencies and a state, using
geometric information from second-order approximations, instead of directly
using sensitivities or identifying critical voltages. As seen from the references
above, the implementation on how the load shedding is done can vary. Ei-
ther, the minimal load shedding solution is used for a centralized, wide-area
measurement system, or for distributed systems, by extracting rules for local
criteria, used for identification of load shedding. The implementation aspects
is not considered in this thesis.

2.4 Power Flow
An operation point of a power system is obtained by determining the currents,
the voltages and the active and reactive power flow at every bus of the system
by solving a power flow problem [19]. Since the relationship between the
different electrical quantities in a power system is in general nonlinear; the
power flow problem requires solving nonlinear equations.
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For a system with n independent buses the relationship between currents
and voltages at the buses is defined by the complex admittance matrix Ȳ of
size n× n 

Ȳ11 Ȳ12 . . . Ȳ1n
Ȳ21 Ȳ22 . . . Ȳ2n
... ... . . . ...
Ȳn1 Ȳn2 . . . Ȳnn



V̄ 1

V̄ 2

...
V̄ n

 =


Ī1

Ī2

...
Īn

 (2.1)

where the diagonal element Ȳii = Gii + jBii is the self-admittance of bus i
and contains the sum of all the branch admittances and shunt admittances
connected to bus i. The off-diagonal element Ȳij = Gij + jBij is the negative
branch admittance between bus i and bus j. If there is no line between bus i
and bus j then Ȳijbecomes zero. If the voltages at the buses are expressed as
a column vector V̄ and Ī is a column vector containing the currents injected
at each bus then (2.1) can be written as Ȳ V̄ = Ī.

For an initial distribution of power generation and demand, let the active
and reactive power loads connected to bus i be PD

i , Q
D
i , respectively, and the

generated active and reactive power at bus i be PG
i , Q

G
i , respectively. By using

Kirchoff’s laws, it can be shown that the power injection in each node must
be equal to the sum of the power flows on the lines connected to that node

P i
G − P i

D = Re
{
V̄ i

n∑
j=1

ȲijV̄
j
}
, i = 1, 2, . . . , n (2.2)

Qi
G −Qi

D = Im
{
V̄ i

n∑
j=1

ȲijV̄
j
}
, i = 1, 2, . . . , n (2.3)

Using polar coordinates we get

V̄ i = V i
(

cos(δi) + j cos(δi)
)
, (2.4)

and that Ȳ = G+ jB the power flow equations become, for each node i

0 = P i
D − P i

G + V i
n∑
j=1

V j
(
Gij cos(θij) +Bij sin(θij)

)
(2.5)

0 = Qi
D −Qi

G + V i
n∑
j=1

V j(Gij sin(θij)−Bij cos(θij)) (2.6)

Thus, there are 2n equations with four variables P,Q, V, δ. To solve the power
flow equations two of the variables must be known in each bus.

Based on the known variables in each bus , three types of buses can be
identified:
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PV bus has as the known variables the real power injection P at the bus
and the magnitude of the bus voltage V , and as unknown variables the
bus reactive power injection Q and the angle of the bus voltage δ. In
general, the buses which have generators connected to them, will be PV
buses.

PQ bus has as the known variables the real power injection P at the bus
and the bus reactive power injection Q, and as unknown variables the
magnitude and angle of the bus voltage V , δ. In general, PQ buses
will be buses with loads or generators that are held to produce constant
active and reactive power. This is sometimes due to that generators will
have reached their limits, so that they no longer can adjust their reactive
power generations.

Slack bus has as the known variables the magnitude and the angle of the
bus voltage V ,δ, and as unknown variables the real power injection P
at the bus and the bus reactive power injection Q. The angle is known
since it is defined to be the reference angle, from which all other bus
voltage angles deviate. If a single slack bus is used then that bus by
itself will balance the systems active and reactive power which are not
supplied by other generators, so that network losses are compensated.
Distributed slack buses which uses participation factors can also be used.

The power flow problem can be solved with Newton’s method, which is re-
viewed in the next section, or other methods.

2.5 Newton’s Method
This method is also known as Newton-Raphson’s method. The method is
used to try to find local roots (zeroes) of functions. This is done iteratively by
solving for the first-order Taylor expansion in each iteration and taking a step
in this direction. The functions can be either a single equation or a system of
equations.

Let function be F : Rm → Rm then the roots of the system is given by

F (x) = 0. (2.7)

If for an x = x∗ we have that (2.7) holds true, then x∗ is called the solution
to the system in (2.7). Newton’s method seeks to find x∗ from a starting
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point x0 by approximating F in each iteration. If F is differentiable, then the
first-order Taylor expansion of F around a point xi in a generic iteration i is

F (xi + ∆x) ≈ F (xi) +∇F (xi)∆x. (2.8)

Here ∇F (xi) is the Jacobian matrix of F at xi:

∇F (xi) =



∂f1
∂x1

∣∣∣
xi

∂f1
∂x2

∣∣∣
xi

. . . ∂f1
∂xn

∣∣∣
xi

∂f2
∂x1

∣∣∣
xi

∂f2
∂x2

∣∣∣
xi

. . . ∂f2
∂xn

∣∣∣
xi... ... . . . ...

∂fn

∂x1

∣∣∣
xi

∂fn

∂x1

∣∣∣
xi

. . . ∂fn

∂xn

∣∣∣
xi

 , (2.9)

where f1, f2, . . . , fn are the n functions in F .
If we solve for ∆x by inserting (2.8) in (2.7) and assuming that ∇F (xi) is

non-singular, we get
∆x = −∇F (xi)−1F (xi), (2.10)

and the new approximation to the roots of (2.7) is

xi+1 = xi + ∆x. (2.11)

The process of solving the equations (2.9)-(2.11) is initialized with a starting
guess x0 and is repeated until a root is found within a tolerance ε, if the
algorithm does converge. The convergence is not guaranteed. But with a good
initial guess x0 and sufficiently smooth functions, then Newton’s method will
typically converge at a quadratic rate [20],[21].

2.6 Definitions of Stability
2.6.1 Lyapunov Definition of Stability
Consider the non-linear system of ordinary differential equations

ẋ = ϕ(x), (2.12)

with ϕ : Rm → Rm. Let x∗ be a solution to

0 = ϕ(x∗), (2.13)

then x∗ will be an equilibrium point.
The Lyapunov definitions [3] of stability of the system in (2.12) operating

at an equilibrium point x∗ can be formulated as:



2.6. DEFINITIONS OF STABILITY 15

1. An equilibrium point x∗ of (2.12) is called stable if for every neighbor-
hood V ⊂ Rm of x∗, a neighborhood V1 ⊂ Rm of x∗ can be found so
that for all initial points x0 ∈ V1 the solution x(t) exist and lies in V
for all time t > 0. The criterion can be formulated by using positive
constants δ, ε, each defining the radius of open balls in Rm, describing
the neighborhoods V1 and V respectively. Using these constants, the
criterion for a equilibrium point to be stable is

∀ε ∃ δ = δ(ε) > 0 such that, if (2.14a)
‖x(0)− x∗‖ < δ then ‖x(t)− x∗‖ < ε, ∀t > 0. (2.14b)

2. An equilibrium point x∗ is called asymptotically stable, if x∗ is stable,
using (2.14a)-(2.14b), and if every x(t), in a neighborhood V of x∗,
converge to x∗ as time goes to positive infinity. Thus, the following
criterion must hold

∃ δ > 0 such that, if (2.15a)
‖x(0)− x∗‖ < δ then lim

t→∞
‖x(t)− x∗‖ = 0. (2.15b)

The criterion for x∗ to be asymptotically stable will then be the fulfill-
ment of the conditions (2.14a)-(2.15b).

3. An equilibrium point x∗ which is not stable is called unstable.

2.6.2 Small-signal Stability
A linear system of ODEs of the form

ẋ = Ax, (2.16)

where A is a m×m matrix, called the state matrix. The system in (2.16) has
only one equilibrium point x0 if A is of full row rank, i.e.

det(A) 6= 0. (2.17)

The stability of this equilibrium point is determined by the eigenvalues of the
state matrix A.

If the eigenvalues all have real parts which are negative or zero, the system’s
equilibrium is stable, if all eigenvalues are strictly negative, then the system’s
equilibrium is asymptotically stable and have a region of attraction which
consists of the whole state space. If one or more eigenvalues have positive real
parts then the system equilibrium is unstable [3].
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In contrast to linear systems, nonlinear systems may have zero, one or
more equilibrium points, and the region of attraction for stable equilibria may
be limited, such is the case when there are unstable equilibria for the system.

If the system in (2.12) is linearized around a equilibrium point x∗, at which
the Jacobian ϕx is evaluated, we have that

A = ∂ϕ(x)
∂x

∣∣∣∣x=x∗
= ϕx(x∗). (2.18)

Using the variable substitution ∆x = x−x∗, the following system is obtained:

∆ẋ = A∆x. (2.19)

Since this linearization, in general, is only valid for small deviations ∆x the
linearized system in (2.19) can only be used to investigate the small-signal
stability. To determine the small-signal stability of the equilibrium point x∗
for the system in (2.12), the eigenvalues of the state matrix A can be used in
the same way as for the linear system of ODEs:

• The equilibrium x∗ is small-signal stable if all eigenvalues to ϕx(x∗)
have negative real parts.

• The equilibrium x∗ is unstable if one or more eigenvalues to ϕx(x∗) have
positive real parts.

• If one or more eigenvalues to ϕx(x∗) have a zero real part, the stability
of x∗ cannot be determined by this method.

2.7 Short Description of Bifurcations
Suppose that we have a system of non-linear ordinary differential equations
on the form

ż = ϕ(z, λ) (2.20)
where λ is a parameter to be varied.

To investigate the system under different conditions, and z ∈ Rn are the
vector of variables. The equilibrium points of the system (2.20), for every
value of λ, given as the solution to

ϕ(z0, λ) = 0, (2.21)

since ż0 = 0 is an equilibrium point.
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We calculate the dynamic Jacobian of the system at an equilibrium (2.21)
as described in the previous section (2.18),(2.19). Then we can calculate the
column vector χ which contain the eigenvalues of the dynamic Jacobian of
the system (2.20), as the solution to

det
(
A(z, λ)− (I)(χ)

)
= 0, (2.22)

for z = z0. A bifurcation is a point where the number of eigenvalues that
have positive real parts will change. Therefore, also the number of eigenvalues
with negative real parts change. We then have as the following definitions [1]:

• A Saddle-Node Bifurcation (SNB) is a bifurcation where a single eigen-
value χ̄ with Im(χ̄) = 0 of the dynamic Jacobian A becomes zero.

• A Hopf Bifurcation (HB) is a bifurcation where a single pair of complex
conjugated eigenvalues χ̄1, χ̄2 with Im(χ̄1) = −Im(χ̄2) 6= 0 gets zero real
parts.

If we use the formula for calculating the determinant of a matrix by summing
the k eigenvalues of A, that is

det A(z, λ) =
k∏
i=1

χi, (2.23)

then we see that

• At an SNB the dynamic Jacobian A will become singular, since a single
eigenvalue in (2.23) becomes zero, which implies that the determinant
of A is zero.

• At an HB the dynamic Jacobian A will not necessarily become singular,
since the square of a complex number with non-zero imaginary part is
non-zero and therefore (2.23) will not become zero, which implies that
the determinant of A is not zero.

2.8 Continuation Power Flow
When the power consumed by the loads is increased from a given operating
point in load space, the system will have a sequence of stable operation points
until the system becomes unstable at a critical point where no stable equilib-
rium can be found. This point is called a loadability limit [22].
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By increasing the load power along different trajectories from a stable op-
eration point, it is possible to find the loadability limits bounding the region
where feasible operation points exist. This can be done by running a succes-
sion of power flows as described in section 2.4, using for example Newton’s
method from section 2.5. If the loadability limit is an SNB, then the Jacobian
of the system is singular at the loadability limit. Since an eigenvalue of the
Jacobian will have zero real part at the SNB, then the Jacobian will have
determinant equal to zero. When we find an SNB by increasing the loading of
the system, then we can no longer find more points on the loadability surface,
since we cannot invert a singular Jacobian in (2.10).

Continuation Power Flow (CPF) methods can be used to find points which
are at the bifurcation surface, by using a predictor-corrector method [23] and
taking steps along a PV curve. The points on the PV curve corresponds to
equilibrium points given by the relationship between the power consumed and
the bus voltage at a node. The predictor step for an equilibrium point at the
PV curve is usually [24] taken at a tangent to the PV curve. The correction
step is then taken to ensure that the next point lies on the PV curve, i.e. so
that it is an equilibrium point. If the correction step is taken perpendicular to
the prediction step, then the new point is given as the solution of an equation
system which describe the intersection of this perpendicular hyperplane and
the PV curve [23]. If the correction step is taken with local parametrization,
then the parameter can be changed from the loading of the system to one
of the state variables. A common substitution is to let a critical bus voltage
be the parameter in the CPF, the critical bus voltage can be determined as
the bus voltage which experiences the largest amount of change for a load
variation.

A common use for CPF methods is to construct PV curves for the buses
of the system with loads, also known as nose curves [3]. These curves show
how much the active power loading in a node can increase before the system
loses stability through an SNB or an SLL.



Chapter 3

Methods and Models

3.1 Modeling the Power System’s Components
In this section we present the differential and algebraical equations used to
model the behavior of the electrical equipment and machines of the power
system. For a more in-depth treatment we refer the reader to [7] and [3].

3.1.1 Synchronous Machines
The synchronous machines are in this thesis modeled by a non-constant elec-
tromotive force E ′q behind a transient reactance x′d. This representation of a
synchronous machine is called the one-axis or flux-decay model [7].

The synchronous generators of the system are assumed to be running in
balanced operation, i.e. the negative sequence current is zero, and near the
synchronous speed. The generators are modeled by the one-axis model, ne-
glecting stator resistances and stator transients. Additionally, the rotor tran-
sient saliency is neglected, so that the transient reactances become x′q,i = x′d,i,
for each generator i. Assuming that there is no windings on the q-axis of the
rotor implies that xq,i = x′q,i, which gives xq,i = x′d,i.

Using these assumptions, the equation for the electric power produced by
a synchronous generator can be written as

P i
e = V i

q I
i
q + V i

d I
i
d = E ′q,iI

i
q + (x′d,i − xq,i)︸ ︷︷ ︸

=0

I iq · I id =
E ′q,iV

i

x′d,i
sin(δi − θi), (3.1)

where δi is the rotor angle, Ui, θi are the bus voltage magnitude and angle, of
the bus to which the generator is connected.

The swing equations of the one-axis model can then be written as
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δ̇i = ωi

ω̇i = 1
Mi

(P i
m − P i

e −Diωi) (3.2)

Ė ′q,i = 1
T ′d0,i

(
Ei
f −

xd,i
x′d,i

+
xd,i − x′d,i

x′d,i
V icos(δi − θi)

)
,

where P i
e is defined in (3.1), Ei

f is the field excitation electromagnetic force,
and ωi is the deviation from synchronous frequency ωs = 1 [p.u.]. It can be
noted that for some computer simulation software packages, e.g the Power
Systems Analysis Toolbox (PSAT) [25], have a nearest equivalent to this type
of one-axis model which does not have the synchronous reactance d-axis as
xq,i = x′q,i = x′d,i.

3.1.2 Automatic Voltage Regulators
The Automatic Voltage Regulators (AVRs) of the system are modeled with
a simple proportional controller, that has the difference between the voltage
reference V i

ref and the measured voltage V i, as the input, for each generator
i.

Ėi
f = 1

TE,i
(−Ei

f +Ki
A(V i

ref − V i)) (3.3)

In practice, the output of AVRs will be the field voltage V i
f , and not the

electromotive force Ei
f of generator i. The field voltage generates a current in

the field winding I if with an inductance Lff . This results in an electromagnetic
field Ei

f , which in turn controls the generated power and voltage output, by
the equations (3.1) and (3.2). We assume that the linkage flux between Ei

f

and V i
f is constant so that

Ei
f = ωiMf

rf
V i
f , (3.4)

where rf is the resistance of the field winding andMf is the mutual inductance
between the damper winding and the field winding [7]. We then assume that
the constant flux linkage in (3.4) is included in the proportional gainKA of the
AVR and omit V i

f from (3.3). In some cases, an additional delay block is added,
as seen in Figure 3.1, representing the delay Tr affecting the measurement
of the voltage V i. The delay is assumed to be very small compared to TE
which is the time constant of the field circuit. When determining the second-
order approximations this block was omitted. When running time-domain
simulations, this block cannot be always be omitted, but the time constant T ir
can be made very small.
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f

Figure 3.1: Model of a simple Automatic Voltage Regulator (AVR).

3.1.3 Overexcitation Limiters
OvereXcitation Limiters (OXLs) are used to protect the field windings of a
synchronous machine from overheating by not allowing the current through
this winding to exceed a maximum limit. This limit may be dynamic, so that
temporary over-currents are allowed, or static. In this report we will use a
static limit on the electromotive force Ei

f for each generator i. In practice and
simulation, the enforcement of this limit when combined with AVRs, such as
the one described by the equations (3.3), can be different. The OXLs can be
categorized into two different types [7]:

1. The “takeover” type: the OXL will bypass the normal voltage regulation
loop, so that the AVR will not have control over the generator when the
OXL limits the emf Ef .

2. The OXL adds a signal to the reference voltage U i
ref which is zero when

the field emf is within its limits, and a negative signal when the emf is
over its limits. By doing so, the OXL adds a negative feedback when
the emf is too high and forces it back within its limits.

We will, in this report, use a OXL model of type 1, which will choose the
minimum of Ei

f and Ei
f,lim for each generator i. Then, the OXLs of the system
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can be described by the inequality

Ei
f ≤ Ei

f,lim =
Ei

f , if Ei
f ≤ Ei

f,lim,

Ei
f,lim, if Ei

f > Ei
f,lim.

(3.5)

for each generator i equipped with an OXL.

3.1.4 Transmission Lines
The standard lumped π-model is used to model the lines of the system. Let
line i − j be a line connecting bus i and bus k as shown in figure 3.2. The
line in figure 3.2 has an impedance Z̄ik consisting a real component, the re-
sistance Rik, and an imaginary component, the reactance Xik. There is also
an susceptance Bik connected to the line. The line model is assumed to be
symmetrical which means that the two susceptances of the π-model will have
the same magnitude Bik = Bki

2 + Bik

2 .

jBik

2
jBki

2

Z̄ik = Rik + jX ik

Vi Vk

Figure 3.2: The π-model for a line between bus i and bus k

3.1.5 Loads
Many different load models are used in stability studies of power systems. In
general, the loads can be dynamic or static. Common static loads are:

PQ loads which consume constant power, P0, Q0 regardless of the voltage at
the bus.
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Voltage dependant loads which consumes power depending on the voltage
level at the bus. Nominal power P0, Q0 is consumed when the voltage
level is at nominal voltage V0.

ZIP loads are a combination between PQ loads and voltage dependent loads,
in which the active and reactive power consumption has three compo-
nents each. One components correspond to constant power consumption,
as in the PQ load, the second consumes constant current, and the third
acts as a constant impedance.

Dynamic loads are, for example, frequency dependent loads, exponential re-
covery loads, and Voltage Dependant Loads with an LTC regulating the bus
voltage. In stability studies, these dynamic loads are often used to model the
behavior of loads after a contingency, when the loads try to restore the pre-
contingency consumed power. Although PQ-loads are unreasonable as voltage
dependant load with a very fast LTC can be viewed as restoring consumed
power instantaneous, and hence, as a PQ-load. This will allow the time do-
main simulations to be carried out in a shorter time frame. In this report the
only loads considered are PQ-loads.

3.2 System for Loadability Surface Calculations

3.2.1 Introduction
This section provides an introduction to the components of the power system
model used for the approximations of loadability surfaces and is adopted from
[3], [2].

We want to model the power system by a set of n differential-algebraical
equations:

ẋ = f(x,y,λ), (3.6a)
0 = g(x,y,λ), (3.6b)

where x ∈ Rnx are the state variables, y ∈ Rny are the algebraic variables,
and λ ∈ Rm are the parameters of the system.

The set of state and algebraic variables will vary with the conditions un-
der which the power system is studied, for example the power system can be
fmodeled in different time scales by imposing short-term or long-term equi-
librium conditions. The parameters of this model will contain quantities such
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as the supply of active power or the demand of power in the loads of the
system. By varying these parameters it is possible to model and study the
influence of each parameter on the behavior of the system. We will in this
report only consider the active power consumed by the PQ-loads of the system.

Furthermore, in this report the algebraic variables will correspond to short-
term equilibrium conditions, with the long-term variables held constant. The
long term variables represents slow processes, such as load tap changers or
other forms of load self-restoration.
The equilibria of the system are given by

F (z,λ) = 0,⇐⇒
0 = f(x,y,λ),

0 = g(x,y,λ),
(3.7)

where z ∈ Rnz , and nz = nx + ny.

Additionally, we would like to include limits on the reactive output of the
generators of the system, in the form of OXLs acting on the field voltage.
When an OXL for the generator i is active, then the differential equation for
the electromotive force Ei

f become an algebraic equation, and therefore the set
of equations f and g will vary. To model this behavior we introduce switching
functions.

3.2.2 The Switching Functions
Switching functions are introduced to model limits on output variables for
devices in the system. The power systems studied in this report will have
all their generators equipped with Automatic Voltage Regulators (AVR) and
Over-eXcitation Limiters (OXL) controlling the field excitation voltage Ei

f .

We assume that power system model in equilibrium is written as (3.7), let
ψ : Rn × Rm → R(n−ns) contain all the steady state equilibrium equations
except the ns devices which are to be modeled by switching functions

ψ(z,λ) = 0, (3.8)

where the vector z ∈ Rn contains n variables and the vector λ ∈ Rm contains
m parameters of the system. The vector z contains variables which describe
the state of the power system and the loads and generation units connected
to it.
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If the system has k generators which are all equipped with both AVRs and
OXLs we get, in addition to (3.8), the following equations and inequalities:

f iAV R(z) · f iOXL(z) = 0, i = 1, . . . , ns, (3.9)
f iAV R(z) ≥ 0 = 0, i = 1, . . . , ns, (3.10)
f iOXL(z) ≥ 0 = 0, i = 1, . . . , ns. (3.11)

Using the equations (3.3) for a simple AVR model and (3.5) for the OXL, the
inequalities (3.10),(3.11) become:

f iAV R(z) = −Ei
f +Ki

A(V i
ref − V i) ≥ 0, i = 1, . . . , ns, (3.12)

f iOXL(z) = −Ei
f + Ei

f,lim ≥ 0, i = 1, . . . , ns. (3.13)

If the field excitation voltage Ei
f , in the generator i, becomes limited by its

OXL, the inequality (3.13) constraint becomes an equality

f iOXL(z) = −Ei
f + Ei

f,lim = 0. (3.14)

If the field excitation voltage Ei
f is not limited by the OXL in generator i, but

is controlled by the AVR, then

f iAV R(z) = −Ei
f +Ki

A(V i
ref − V i) = 0. (3.15)

Let iAV R ⊆ {1, . . . , ns} be the set containing indices of AVR-controlled gen-
erators, iOXL ⊆ {1, . . . , ns} be the set containing indices of OXL-controlled
generatorsFor the ns generators the following holds:

iAV R ∪ iOXL = {1, . . . , ns}. (3.16)

If, for any of the ns generators, the two switching functions, f iAV R and f iOXL,
are both zero, the following inequality

iAV R ∩ iOXL 6= ∅, (3.17)

then the system is at a breaking point [26].

We then consider the operational limits of the system. We here impose a
constraint on the active power flow over the transmission lines:

hi(z) = P i
lim − P i

f (z) ≥ 0, i = 1, . . . , nl. (3.18)
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P i
lim is the limit on active power on line i of the nl lines with constraints.

It should be noted that active power flow on a line P i
f may be defined as pos-

itive if the power is transmitted in one direction, and negative if transmitted
in the opposite direction. Therefore, care must be taken when modeling the
transfer limits on the lines, so that, for example, thermal limits on the lines
are correctly accounted for, by introducing a lower limit P i

lim2 = −P i
lim.

The calculation of the active power flow on a line between bus j and bus
k, with no shunt susceptance B, can be done by taking the average value of
the power transmitted from both ends

P i
f (z) = 1

2Re
(V̄ j + V̄ k

)( V̄ j − V̄ k

Z̄jk

)∗, i = 1, . . . , nl, (3.19)

which is used to calculate if any thermal limit on the lines has been violated.

When the active power transfer limit is reached, the inequality (3.18) be-
comes:

hi(z) = P i
lim − P i

f (z) = 0, i = 1, . . . , nl. (3.20)

3.2.3 The Power System Model
Let ψ denote the vector of functions describing the network equations and
generator equations which are not governed by the switching functions. We
extend ψ the functions described by the equations (3.9)-(3.11) and (3.20).
The system model can then be written as

ψ(z,λ) = 0, z ∈ Rn,λ ∈ Rm (3.21a)
f iAV R(z) · f iOXL(z) = 0, i = 1, . . . , ns, (3.21b)

f iAV R(z) ≥ 0, i = 1, . . . , ns, (3.21c)
f iOXL(z) ≥ 0, i = 1, . . . , ns, (3.21d)

hi(z) ≥ 0, i = 1, . . . , nl, (3.21e)

where ψ contain all equations except the ns switching devices of the sys-
tem. Let F (z,λ) = 0 describe the system of equations for which the equations
and inequalities of the system model (3.21)-(3.21) are equal to zero when in a
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steady-state for some combination of z,λ. We may then write this system of
equations as

F (z,λ) = 0,⇔
{

0 = f(x,y,λ), (3.22a)
0 = g(x,y,λ). (3.22b)

The equations g(x,y,λ) will represent the algebraical equations of the sys-
tem, which in this thesis are assumed to be equal to zero. The equations
f(x,y,λ) will represent the differential equations of the system, equating f
to zero corresponds to a short-term equilibrium.

In the following we will use two different Jacobians: the system Jacobian
and the dynamic Jacobian. The system Jacobian F z is

F z =
[
fx fy
gx gy

]
. (3.23)

The small-signal stability of an equilibrium can then be determined by evaluat-
ing the dynamic Jacobian A. If gy is nonsingular, then the dynamic Jacobian
can be determined by linearizing the system Jacobian F z with (2.18)-(2.19)
in subsection 2.6.2, which gives

A = fx − fyg−1
y gx. (3.24)

The stability region in load space is bounded by the loadability surface Σ ⊂
Rm, which consist of all the loadability points of the system. The loadability
points are points in load space where the system loses its stability. Different
types of loadability limit points will define different parts of the loadability
surface.

By varying one or more of the m parameters of λ = {λ1, . . . , λm} from a
given initial operating point (zp,λp) it is possible to explore the whole stability
boundary. The loss of stability by slowly varying parameters is the subject in
bifurcation theory.

3.3 Types of Loadability Limits
To obtain approximations of the loadability surfaces of the system, we must
first obtain a point λc, from here and onwards called the most important point,
around which the second order Taylor expansions can be calculated. These
points must be selected with care, so as to minimize the difference between the



28 CHAPTER 3. METHODS AND MODELS

approximated surface and the real surfaces. The real stability boundary of the
system will consist of different smooth parts, each smooth part will correspond
to one type of loadability limits. In figure 3.3 the different smooth parts of the
stability boundary is shown. It is necessary to characterize the different surface
parts, so that the approximations can be derived for each part of the surface.
The most important point can be found by maximizing some goal function
ρ, such as maximizing the negative Euclidean distance from a loading point
which is in the feasibility region. This can be done by running a number of
prediction-correction steps, in a manner similar to the continuation power flow,
on the loadability surface until ρ is maximized [2]. In the following subsections,
the four types of loadability surfaces considered are briefly reviewed, and the
system of equations which can be used to characterize the different parts are
given. Additionally, the handling of intersections between different surface
parts is briefly discussed.

3.3.1 Saddle-Node Bifurcations
As motivated in section 2.7 and (2.23) for the dynamic Jacobian, the system
Jacobian F z will become singular at a saddle-node bifurcation:

det
(
Fz(z,λ)

)
= det

(
∂

∂z
F (z,λ)

)
= 0. (3.25)

Using this property the system of equations that needs to be fulfilled [23] for
each point on the SNB surface can be written as

ΨSNB(z,λ,v) =


F (z,λ) = 0, (3.26a)
F z(z,λ)v = 0, (3.26b)
vTv − 1 = 0, (3.26c)

where is v the right eigenvector corresponding to a zero eigenvalue of the sys-
tem Jacobian F z(z,λ). If the loading parameters are such that the point λ
fulfills the equations (3.26), then the point λ will be on a saddle-node bifur-
cation.

3.3.2 Switching Loadability Limits
A Switching Loadability Limit (SLL) is a breaking point for which the system
becomes immediately unstable. A breaking point is a point for which the set
of active constraints changes. In subsection 3.2.2 we defined the switching
functions which are used to model the changes of active constraints for an Au-
tomatic Voltage Regulator (AVR) equipped with an OvereXcitation Limiter
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Figure 3.3: Types of loadability surfaces of the IEEE 9 node system from [1],
HB are dark and light blue, SLL is green, and TL are red, orange and yellow.

(OXL). A breaking point would in this case correspond to point where the
equality constraints both AVR and the OXL are active for one or more gener-
ator. It is important to point out that SLL points is a subset of all breaking
points and that not all breaking points are SLL-points.

When the system is at a breaking point we have that for some generator
i ∈ {1, . . . ns} the switching functions f iAV R(z) and f iOXL(z) are both zero.
Thus, from the generator i we will have that two of the inequalities from
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(3.22)-(3.22) will be equalities for the breaking point. This means that system
will have nz + 1 equations for nz variables in the system model [2]. When the
system is not at a breaking point the number of equations will be nz since
there is, for each i ∈ {1, . . . , ns}, only one equality in (3.22)-(3.22).

ΨSLL(z,λ) = F (z,λ) = 0, (3.27)

where F (z,λ) is given by (3.22), is enough to characterize the surface [2],
since F will have nz + 1 equations.

3.3.3 Hopf Bifurcations
A Hopf Bifurcation occurs when one of the complex eigenvalue pairs of the
dynamic Jacobian A(z,λ) crosses the imaginary axis. The dynamic Jacobian
can be formed from the system Jacobian F z by (3.24). At the imaginary
axis the complex conjugated eigenvalue pair changes from having a negative
real parts, to having positive real parts, or the reverse [27]. Let the dynamic
Jacobian A of have a pair of complex-conjugated eigenvalues χ̄1,2, so that
χ̄1 = χ̄∗2. If this pair of eigenvalues has positive real parts, Re(χ̄1) = Re(χ̄2) ≥
0, then the system is not small-signal stable.

This can be used to characterize the surface. If the following equations are
satisfied

ΨHB(z,λ, r) =


F (z,λ) = 0, (3.28a)
Re{χ̄} = 0, (3.28b)
Im{χ̄} 6= 0, (3.28c)

where χ̄ is one of the complex conjugated eigenvalues with the largest real
part of A, then the system is at a Hopf bifurcation [1].

3.3.4 Operational Limits
Operational Limits (OLs) are limits which are not directly associated with
the stability of the system but rather with the safe operation of the system.
Violation of these limits means that the system is operated in an unacceptable
way, which may lead to damages to electrical equipment or disconnections.
However, as a result of these disconnections or damages; stability problems
may occur, which further motivates the use of these limits. Examples of OLs
are the maximum and minimum allowed voltages at buses, the maximum and
minimum generation of generating units, and thermal limits on power lines.
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In this thesis, the only considered operational limit is the thermal limits on
power lines.

One of the limits of transmission lines are determined by the highest al-
lowed operating temperature of the conductors in the lines. The limitation
on the temperature of the conductor in over-head lines is due to unacceptable
amounts of line-sags or loss of tensile strength.

High temperatures of the conductors caused by the electrical losses a large
current flows through the power line. The heating of the conductor is also
affected by the weather conditions, such as the ambient temperature and the
wind speed. Thus, it is possible to transmit larger currents, if the weather
conditions are favorable, without experiencing unacceptable amounts of line-
sag or loss of tensile strength [6].

Since the heating of the conductors of the power lines are not instantaneous
due to the thermal capacity, it is also possible to allow temporary violations
of the thermal limits of the lines. In this thesis we allow temporary over cur-
rents, so that corrective load shedding actions can be performed to restore the
transient stability of the system.

We assume that a thermal limit is modeled as a constant maximum active
power that can be transferred for each line during a time period which does
not include the transient time scale after a disturbance has occurred. Thus
we might allow temporary over-currents for a time period up to a few seconds
after the disturbance has occurred.

To determine if a given equilibrium point, as a combination of λ and z, which
is on the boundary to the stable operation domain D is an operational limit,
we have the following condition

ΨOL(z,λ,v) =
F (z,λ) = 0,
hi(z) = 0.

(3.29)

If (3.29) holds for a i ∈ {1, . . . , nOL}, which is a set of indexes to the devices
subjected to operational limits, then λ is at the loadability limit [1]. If we
consider limits on lines we have that (3.29) must hold for some i ∈ {1, . . . , nl},
where nl is the number of lines and hi(z) is given by (3.20).

3.3.5 Corner Points
A corner point is a point where two or more different parts of the smooth
loadability surface intersects. At the smooth parts of the loadability surface,
the codimension is 1; an intersection between two different parts will then
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result in a manifold of codimension 2 [26]. Thus, the codimension of a corner
point will always be 2 or higher. The search for a most important point must
take into account that at a corner point the loadability limits of the stability
boundary changes. If the search were to continue in the same direction as
before we would then be on the wrong surface. This can be done by search-
ing along the intersection manifold as described in [2]. A special case is the
intersection between a SNB- and a SLL-surface, which most often intersect
tangentially [28].

3.4 Method for Calculating Second-Order
Surface Approximations

In this section we give a brief overview of some of the most important formulas
used to describe the approximated second-order surface. Using second-order
Taylor approximations to approximate the loadability surface of power sys-
tems for a stochastic optimal power flow problem was presented in [2]. The
types of loadability limits considered were those mentioned in section 3.3. The
method for obtaining loadability surface approximations is briefly in this sec-
tion.

To find an expression for the second-order Taylor approximations of the load-
ability surfaces in load space, we first differentiate the characterization equa-
tions (3.26), (3.27), (3.28) and (3.29) of each type of loadability limit respec-
tively, given in section 3.3, with respect to λ. Suppose now that a point
λc ∈ Σ has been found on the loadability limit, this can be done by running
a continuation power flow. By evaluating the first- and second-order partial
derivatives of (3.26), (3.27), (3.28) and (3.29) at the point λc it is possible to
find a second-order approximation around this point.

The methods for calculating the partial derivatives are not presented in this
thesis due to their complexity and length. The interested reader is referred to
[2] and [1] which present the methods used.

Consider a m× (m− 1) basis matrix C = [c1, . . . , cm−1], where the columns
of C are containing the basis vectors c1, . . . , cm−1. Let C in the following be
the basis matrix for the tangent hyperplane TλcΣ to the surface at a point on
the surface λc ∈.
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Let Γλc(xc) : TλΣ → Rm, be the map of a second-order Taylor expansion
of Σ, around a point λc ∈ Σj. This map can be written as

Γλc(xc) = λc +Cxc + 1
2IIλc(xc)nΣ(λc), (3.30)

where IIλc : TλΣ→ R is called the second fundamental form of Σ at λc, and
nΣ(λc) is the normal to the surface Σ at a point λc on the surface. The
(m − 1) × 1 column vector xc ∈ TλΣ is the projection of λ on the tangent
hyperplane TλΣ as a displacement from the most important point λc and can
be calculated by

xc = CT (λ− λc). (3.31)

The second fundamental form in (3.30) can be expressed using the Wein-
garten map dNλc : TλcΣ → TλcΣ, which is the derivative of the Gauss map
Nλc : Σ→ Sm−1, where Sm−1 is a unit hypersphere, and Σ is in the space Rm

of dimension m. The Gauss map of Σ will assign a normal to every point
on the surface λ ∈ Σ and Weingarten map will therefore measure how the
unit direction normal changes, for displacements on a hyperplane TλcΣ ∈ Rm

around a point λc ∈ Σ.
The second fundamental form of Σ at a point λc ∈ Σ can be written as the

scalar product of the negative Weingarten map of the displacement xc and
the displacement itself. This displacement will be on the tangent hyperplane
xc ∈ TλcΣ. We can write this scalar product as:

IIλc(xc) = −〈dNλc(xc),xc〉. (3.32)

By representing the Weingarten map dNλc(xc) with the curvature tensor
dNλc , which is a (m− 1)× (m− 1) matrix, so that

dNλc(xc) = dNλcxc, (3.33)

then the scalar product in (3.32) can be written as

IIλc(xc) = −xTc dNλcxc. (3.34)



34 CHAPTER 3. METHODS AND MODELS

3.5 The Distance Function
The distance to a closest point on the boundary of the stable operation domain
D can be used to calculate how much margin the system has until it will
become unstable. Another application is to try to restore stability after some
disturbance has removed the loading point from the set of stable operation
points. This case will be considered in this thesis. There are several ways of
defining what we mean by a closest point, since the distance can be measured
by using different norms. In this section we will use an approximated distance
to find a point on Σ. This distance function presented in this section will
be used to find points on Σ which is then used by the methods in sections
3.8 and 3.9 to find points on Σ while minimizing the L2-norm and L1-norm
respectively.

The distance to the point on the loadability surface λ∗ ∈ Σ from a loading
point λ can be time-consuming to calculate if using direct methods. In this
section, the second-order approximations presented in section 3.4 are used to
derive the equation which calculates the approximated distance from λ to the
loadability limit in load space. This equation is then used in a distance func-
tion which operates on one of the second-order approximation surfaces, and
will be used for stability studies. The criteria used for selecting the surface is
found in section 3.6.

The distance d(λ) to the surface Σ from a point λ ∈ Rm in a direction nΣ(λc)
can be estimated as

dλc(λ) =
(
Γλc

(
CT (λ− λc)

)
− λ

)
· nΣ(λc). (3.35)

Inserting (3.30) into (3.35), and rearranging the terms gives the distance as

dλc(λ) = (λc − λ) · nΣ(λc) + 1
2IIλc

(
CT (λ− λc)

)
. (3.36)

From (3.34) we have that the second fundamental form IIλc can be expressed
using dNλc , called the curvature tensor, and the displacement vector xc which
is given by (3.31). Inserting (3.34) into (3.36) gives the distance function as

dλc(λ) = (λc − λ) · nΣ(λc)− 1
2(λ− λc)TCdNλcC

T (λ− λc). (3.37)

This signed scalar distance can then be multiplied with the outward normal
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Figure 3.4: The distance dij(λ) = dλc(λ) to Σa
ij along the normal vector

nij = n(λc) using the distance function (3.36), from [1].

of unit length at the most important point nΣ(λc) to give the vector from λ
to an approximatively closest point λc(λ) ∈ Σ which lies on the second-order
approximation:

dλc(λ) = dλc(λ)nΣ(λc). (3.38)

Thus, to calculate the distance dλc(λ) using (3.37), the curvature ten-
sor dNλc , the basis matrix C, the most important point λc and the normal
nΣ(λc) is needed.

It should be noted that this distance dλc is along the normal nΣ(λc) at the
most important point λc, and not along the normal at the closest point λ∗,
nΣ(λ∗). Therefore, the most important point λc must be carefully selected to
get an accurate approximation of the distance. This approximated distance
can be seen in figure 3.4 for a second-order approximation surface Σij. The
index j correspond to the possibly many different second-order approxima-
tions which are found in a system, each corresponding to a smooth part of
the stability boundary which bounds the domain D in which stable operation
points can be found. The index i is used to differentiate between the different
states of the system, for example the stable operation domain may shrink be-
cause of a disturbance to the system, and therefore we need to calculate new
second-order approximations for the post-disturbance system.
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The calculation of the basis matrix C can be done by using Gram-Schmidt
process, described in [1], using the normal nΣ(λc). The calculation of the
normal and the Weingarten map for a surface consisting of either saddle-node
bifurcations or switching loadability limits is described in [29] and [30]. These
calculations were extended in [2], by giving formulas for calculating normals
and Weingarten maps also for loadability limits consisting of Hopf bifurcations
and operational limits.

Figure 3.5: The distance between the approximations and the real surfaces
from [1].

In figure 3.5, the distance between the parts of the approximation surfaces
and the real loadability limits for the IEEE 9-bus power system is shown. In
figure it can be seen that the distance between the approximations and the
real loadability limits is very short for most parts of the surfaces, which would
indicate that the second-order Taylor expansion are accurate approximations.
The network data for the IEEE 9-bus power system can be found in [7] and
is presented in appendix A. The axes of the figures are in spherical coordi-
nates, obtained from a transformation of the Euclidean three-dimensional load
space. Therefore the x- and y-axis of the figure are the spherical angles φ and
θ from an initial loading point. The z-axis correspond to the unsigned distance
between points on the real surface, obtained by running 10000 continuation
power flows and the approximated surfaces shown in figure 3.3. The maximum
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distance was found to be approximately 0.06 [p.u.] with a base power of the
per-unit system of 100 MW.

3.6 Criteria for Choosing The Most Important
Loadability Surface

Consider the stable operation domain D, which we define as the set which
contains the stable operation points of the system. We here define a stable
operation point as a point which is both voltage stable and small-signal sta-
ble according to (2.14a)-(2.14b), and is not violating any operational limits.
As seen in figure 3.3 the stable operation domain D is bounded by different
smooth parts, each smooth part corresponds to a hypersurface of loadability
limit points of a certain type.

Let np be the number of different smooth parts Σi, i ∈ 1, . . . , np which bounds
the post-contingency stable operation domain Dpost. Assume that we have de-
rived an approximation to each part Σi, i ∈ 1, . . . , np for the post-contingency
system. The problem is now to find the signed scalar distance and the vector
to the post-contingency stable operation domain boundary from a point in
load space λ.

By using the distance function (3.37) we can find the signed distance diλc
(λ)

in the direction of nΣi
(λi,c) to each of the second-order approximation sur-

faces. By using (3.38) this distance can be expressed as a vector, which is the
outward normal nΣi

(λi,c) vector scaled by the signed scalar distance diλc
(λ).

Now, we will present some criteria which are to be used to choose which of the
np approximated surfaces Σ1,Σ2, . . . ,Σnp that will be used to approximate the
boundary of the stable operation domain for load shedding purposes. From a
considered surface Σi, we will later in this chapter use some of the geometrical
properties of the surface for the load shedding algorithms. For example, the
distance from some λ to the surface, which can be used to assess the stability
of λ, and the normal at a closest point nΣi

(λi,c) which can be related to the
optimal direction for load shedding when minimizing some objectives.

We will only choose one surface for each contingency. The selection of is
a limitation of the proposed method. For example if we change the loading
point λi after a load shedding step, it may be that we will that another smooth
part of the loadability surface has become the closest one, which could have
implications on how the optimal load shedding should be done.

Let diλc
(λ) be the approximative distance from λ to the approximatively
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nearest point λi,∗ ∈ Σi and let nΣi
(λi,c) be the normal at the most important

point of Σi. We present five possible criteria to choose one of the approximated
loadability surfaces which will be used to describe the boundary to the stable
operation domain.

Three different criteria were initially considered for the distance function:

1. Select as the approximation to the stability boundary the surface Σi, for
which the distance diλc,i

(λ) from the loading point λ to the approxima-
tively closest point λ∗(λ) ∈ Σi is minimum. Thus we will find the index
of the surface Σi as the i which minimizes the optimization problem

min
i
|diλc,i

(λ)|, i = 1, . . . , np. (3.39)

2. Select as the approximation to the stability boundary the surface Σi,
for which the distance diλc,i

(λ) from λ to the approximatively closest
point λ∗(λ) ∈ Σi is minimum. Here i is in the set of surfaces for which
the Euclidean distance between the most important point λc,i and λ is
smaller than a positive scalar α.
Thus we will find the index of the surface Σi as the i which minimizes
the optimization problem

min
i
|diλc

(λ)|, i = 1, . . . , np, (3.40a)
s.t. ‖λc,i − λ‖ ≤ α. (3.40b)

The constraint on the maximum distance to the most important point,
at which the second-order Taylor expansion was calculated, serves to ex-
clude approximation which may become inaccurate in the approximating
the real loadability limit surface. The lack of precision can be explained
by observing that the second-order Taylor expansion is a local approx-
imation which evaluates the Jacobian and Hessian matrices around an
approximation point. Therefore the selection of a most important point
for each smooth loadability surface must be done carefully to obtain
good approximations at the parts of the surfaces where the system is
most likely to lose stability [1].

3. Select as the approximation to the stability boundary the surface Σi, for
which the distance to the most important point λc,i ∈ Σi is closest in a
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Euclidean sense to the loading pointλ. Thus we will find the index of
the surface Σi as the i which minimizes the optimization problem

min
i
‖λc,i − λ‖, i = 1, . . . , np (3.41)

Thus, the criterion will select the surface for which the most important
point λc, which was found when the second-order approximation Σi, is
nearest to the loading point of the system.

Two additional criteria were added during the work of the thesis to take into
account that the closest loadability surface may not always be the one which
separates the stable operation domain from the unstable. They are briefly
presented below:

4. Select the surface Σi for which the signed distance diλc,i
(λ) from λ to

the approximatively closest point λ∗(λ) ∈ Σi is minimum, which gives
the following problem

min
i

diλc,i
(λ), i = 1, . . . , np. (3.42)

By applying this criteria we find the approximated loadability surface
which can be considered to bound real the stability region. There may
still remain loadability limit surfaces which are inside λ∗(λ). This could
be avoided by forming new distances diλc,i

(λ∗(λ), and repeating the pro-
cess until all distances are positive.

5. Select the surface Σi for which the signed distance diλc,i
(λ) from λ to

the approximatively closest point λ∗(λ) ∈ Σi is minimum. Here i is in
the set of surfaces for which the Euclidean distance between the most
important point λc,i and λ is smaller than a positive scalar α.
Thus we will find the index of the surface Σi as the i which minimizes
the optimization problem

min
i

diλc,i
, i = 1, . . . , np, (3.43a)

s.t. ‖λc,i − λ‖ ≤ α. (3.43b)
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The methods 4 and 5, given by (3.42)-(3.43), were not implemented in the
case studies of this thesis. They are suggested as future work in section 5.5.

A limitation of the criteria presented in this section is that they do not take
into account that the load shedding done by L2-minimizing and L1-minimizing
algorithms may result in that we find a different closest surface Σb than the
one considered when load shedding Σa. This may affect the performance of the
methods proposed. Either we would have to start the load shedding algorithm
from the beginning and consider Σb, which means an increase in iterations, or
we could consider the closest surface in each iteration, which could affect the
cost of the load shedding solution. This could be a topic for future work.

3.7 Methods for Calculating Minimal Cost Load
Shedding

3.7.1 Problem Statement
When the power system is subjected to a large disturbance the pre-contingency
operation point λ0 may lose stability. In order to restore stability, the correc-
tive action of shedding load in a number of buses, could be performed. Figure
3.6 shows two stability surfaces and illustrates how the stability region shrinks
for the post-contingency system compared to the pre-contingency system. For
small disturbances Point 1 would be stable and Point 2 would be unstable,
after a contingency, but for large disturbances, it may be necessary to perform
load shedding for both these points, and the transient stability of the system
would need to be verified by simulations.

The objective of the method is to minimize the active load shedding ∆P .
We are assuming that ratio between active and reactive effect tan(φ) of the
controllable loads can be held constant and thus reduce the dimensionality
of the problem. The minimal load shedding solution may be different for
different Lp-norms used to calculate the distance, which is to be minimized,
while keeping the system transiently stable. Thus the general problem might
be formulated for each contingency as the following minimization problem:

min ‖∆P ‖p, (3.44a)
s.t. ∆P = λpost − λ0, (3.44b)

∆Pi ≤ 0, i = 1, . . . , nc, (3.44c)
while keeping the system transiently stable, (3.44d)

where is λpost ∈ D, where Dpost ∈ Rm is called the stable operation domain,
which is the set containing the stable post-contingency operation points of the
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Point 1

Point 2

Figure 3.6: A post-contingency and a pre-contingency loadability surface and
two different loading points for the IEEE 9-bus power system [1].

system, and m is the number of parameters of the system.

This report considers two different metrics which are used in the minimization
problem (3.44d), minimizing the Euclidean distance of load shedding, which
is L2-minimization, and the minimizing the total load to be shed, which is
L1-minimization.

Additionally, an approximative method, which minimizes the load to be
shed along a direction, which is in general sub-optimal, is investigated and
compared against the other methods. The approximative method can be seen
as a benchmark for the L2-minimization, since the minimal Euclidean distance
to a point on the loadability limit will be equal or less to the approximated
distance used.

If the margin needed to restore the transient stability of the system is de-
pending on the Euclidean distance to the closest loadability limit, we would
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expect that the L2-minimization would also result in less load shed than the
approximative method. This is under condition that only one smooth part of
the stability boundary is closest.

Thus, the approximative method is used both to investigate if a security mar-
gin to the loadability surface gives useful information about the stability of a
load shedding solution, and to investigate if the L2-minimizing method does
experience convergence problems. The L2-minimizing method is used to in-
vestigate how the L1-minimizing load shedding method performs in terms of
amount of load shed.

3.7.2 Outline of the Proposed Method
First, the method calculates the distance to a base case loadability surface, to
check whether or not the loading point of the system is in the domain bounded
by the constraints of the pre-contingency system. If the system is outside this
domain, then the loading of the system should be decreased, until a stable
operation point can be found.

Second, the method calculates the distance to the post-contingency surface
and runs a time-domain simulation to determine if the system is stable or not.
If the system is not stable, then for each iteration, the amount of load to be
shed will be calculated and the load shedding simulated. This will be done
until a minimal load shedding solution can be found, with a given tolerance,
which bring the system back to stability.

In figure 3.7 the outline of the method is shown, and the algorithm which
calculates the new load shedding action is described in figure 3.8.

If we can separately control the reactive and active load in each of the nc
buses with controllable load, the parameter space Rm would be of dimension
m = 2nc. In order to reduce the number of dimensions, we assume that the
active and reactive power can not be changed separately. Thus we have that
the power factor, cos(φi), for each load i = 1, . . . , nc, must be constant. The
symbol φi is the phase angle between the voltage V̄ i and current Ī i at the
load. In load parameter space we denote the initial operating point as

λ0 = P pre = Spre cos(φ). (3.45)

A post-contingency operation point found after the load shedding routine has
stopped after n iterations is denoted

λ(n) = λpost = P post. (3.46)
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Figure 3.7: Flowchart outlining the method for calculating minimal load shed-
ding.
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Figure 3.8: Flowchart outlining the sub-process “Calculate the load shedding
action” in Figure 3.7.
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Then the amount of load that will be shed for every load i = 1, . . . , nc can be
expressed as

∆Pi = (P post
i − P pre

i ) = (λ0 − λi) (3.47)
∆Qi = (Qpost

i −Qpre
i ) = (P post

i tan(φi)− P pre
i tan(φi)) (3.48)

arctan(φi) = Qpre
i

P pre
i

= ∆Qi

∆Pi
. (3.49)

That φi remains unchanged for all i = 1, . . . , nc, between the pre-contingency
system and the post-contingency system is assumed from here on.

The amount of reactive load shed will then be given by

∆Qi = ∆P i · tan(φi)︸ ︷︷ ︸
= constant

, i = 1, . . . , nc. (3.50)

Thus, we will only consider the amount of active load shed in the system.
Therefore the load space Rnc will be of dimension nc.
We will then propose the load shedding methods described in sections 3.8-3.10,
which will use load shedding with incrementing amounts of load in each step
i to find a stable solution. The determination of the stability of the operation
point obtained after shedding load is an external input to the methods in
sections 3.8-3.10.

After a stable load shedding solution has been found after i load shedding
steps, we get the unstable solution λu and the stable solution λs as

λu = λ0 + ∆P (i−1), (3.51a)
λs = λ0 + ∆P (i). (3.51b)

Then a search algorithm, such as the binary search described in section 3.11, is
repeatedly used on the interval between λu and λs to find the stable solution
λs with the smallest ‖λs − λ0‖p for a considered norm Lp. The interval is
updated with new λu and λs after each iteration. The determination of the
stability of the operation point obtained after shedding an amount of load is
treated as an external input to the binary search algorithm.

When the Euclidean norm of the interval ‖λs−λu‖ is less than the tolerance ε,
then λs should be returned as the minimal solution for a certain combination
of the contingency, the loading point and the load shedding method which was
used.
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We will in the following sections present methods which increases the load
shedding, to obtain a stable solution. The first step is to get to the second-
order approximated boundary of stable operation domain Dpost. The second
step is to increase the margin, if needed, to this approximated surface until the
system will be transiently stable. The third step is to use the binary search
to see if we can find a smaller load shedding action than the one found, and
still ensure that the system is stable.

3.8 L2-minimizing Method for Minimal Load
Shedding

Using L2-norm for the distance between two points x and y, where x,y ∈ Rm

gives
‖x− y‖2 =

√
(x− y)T (x− y). (3.52)

Let the load shed be ∆P = λs − λ0, and let λs be the set of all post-
contingency loading points which keeps the system stable, then the minimal
load shedding problem can be written as

min ‖λs − λ0‖2, (3.53a)
s.t. ∆Pi ≤ 0, i = 1, . . . , nc, (3.53b)

where nc is the number of controllable loads.

The optimal direction of margin increase to avoid voltage collapse was intro-
duced in [31], and was shown in [32] to be anti-parallel to the outward normal
at the nearest point λ∗ for loadability limit surfaces consisting of saddle-node
bifurcations or switching loadability limit points. In [27], the optimal direc-
tion to avoid a Hopf bifurcation was shown to be anti-parallel to the outward
normal, using a similar proof.

Let the margin for a stable operating point λ0 to a nearest point λ∗ on the
loadability surface Σ be the Euclidean distance

µ = ‖λ∗ − λ0‖, (3.54)
then the sensitivity of the margin µ to the operation point can be written [33]
as

Sµ,λ0 = − nΣ(λ∗)
|nΣ(λ∗)|

, (3.55)
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and it follows that the optimal direction for margin increase is parallel to
nΣ(λ∗).

If Σ is a m−1 hypersurface, approximated by the second order Taylor expan-
sion to the system of equations F , then the two normal vectors of Σ(λ)

n1
Σ(λ),n2

Σ(λ) = ± ∇F (λ)
‖∇F (λ)‖ , (3.56)

for all λ ∈ Σ, and where the outward normal is chosen as to point outward
from the stable domain. The determination of the outward normal can be
done by using a stable operating point λs near the loadability limit, and then
successively increasing the loading along the normal for the cases i = 1, 2 until
a maximum ki is reached

max
k

k (3.57a)

s.t λ = λs + k · niΣ(λ), k ≥ 0, (3.57b)
equations (3.21) hold and the system small-signal stable. (3.57c)

The outward normal is then chosen as the normal for which the maximal ki
is the smallest positive scalar of the two.

If the outward normal nΣ(λc) is already found we can obtain any normal
to Σ by taking the derivative of the distance function (3.37), which gives

nΣ(λ) = ∇λdλc(λ) = −nΣ(λc)−CdNλcC
T (λ− λc). (3.58)

The proposed iterative method is using the estimated distance dλc(λ0) and
the normal at the most important point n(λc). In Figure 3.9 the method used
for finding the normal n(λ∗) at the nearest point λ∗ is shown. The method in
figure 3.9 is an adaption of the method proposed in [34]. However, the normal
nΣ(λ) is not calculated by evaluating the system’s Jacobians and the eigen-
vectors at a point λ ∈ Σ, but instead is obtained by calculating the gradient
in (3.58) of the second-order approximation at a succession of points found
with distance function of (3.37).

Since nΣ(λ) points in the direction outwards from the approximated sta-
bility region and is perpendicular to the surface Σ, the direction for maximum
margin increase is anti-parallel to the outward normal.
The minimal Euclidean distance d∗(λ) has a positive sign if the point λ is
in the stable domain bounded by the nearest loadability surface Σ∗, to which
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Figure 3.9: An iterative method to find the normal n(λ∗) at the nearest point
λ∗ and the distance d∗ to λ∗, from a point λ0 in load space.
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this distance is calculated. If it lies outside this domain, then the distance will
have a negative sign.

Let λ(i) = P (i) be the load after load shedding, for each iteration i. Then
the load shed, for each iteration step may be written as:

For iteration i = 0:
∆P (0) = 0 (3.59)

For iteration i = 1:

∆P (1) = λ(1) − λ0 = −|d∗(λ0)| · nΣ(λ∗) (3.60)

and if d∗(λ0) ≥ 0, set ∆P (1) = 0.

For iteration i:

∆P (i) = λ(i) − λ0 = ∆P (1) −
(
kstep · nΣ(λ∗)

)
, (3.61)

where kstep is the scalar step length.

The L2-minimizing method will be iterated for indices i = 0, 1, . . . , nmax
until a stable solution has been found or it can be determined that load shed-
ding is unfeasible, that is up until i = nmax, to restore the system’s tranisent
stability.
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3.9 L1-minimizing Method for Minimal Load
Shedding

Using L1 as the norm for the distance between two points x and y, where
x,y ∈ Rm gives

‖x− y‖1 =
m∑
i=1
|xi − yi|, (3.62)

which can be expanded as

‖x− y‖1 =
m∑
i=1

√
(xi − yi)2. (3.63)

The load shed can be written as ∆P = λs − λ0, and let λs be the set of
all post-contingency loading points which keeps the system stable, then the
minimal load shedding problem can be written as

min
λs

‖λs − λ0‖1, (3.64a)

s.t. λsi − λ0
i ≤ 0, i = 1, . . . , nl, (3.64b)

where nc is the number of controllable loads.

We divide the problem of minimal load shed into two parts. The first part
is while minimizing the L1-norm bring the operation point λ(1), obtained in
the first iteration, onto one of the loadability surface Σi, which approximates
a loadability limit of the stable operation domain D. The second part which
will increase the margin µ to the loadability surface Σi while minimizing the
L1-norm.

We choose Σ by one of the five the equations (3.39)-(3.43) presented in
section 3.6, each defining a different criteria, and drop the subscripts in Σ.

3.9.1 Sequential Quadratic Programming Method for
Finding the L1-closest Loadability Limit

In this part part, we will determine the load shedding vector ∆P (1), which
will take a loading point λ onto the loadability surface Σ, while minimizing
the L1-norm.

min ‖λ− λ0‖1, (3.65a)
s.t. dλc(λ) = 0. (3.65b)
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We propose to use the Lagrange function to transform this nonlinear con-
strained minimization problem to an unconstrained nonlinear minimization
problem. We will in this section use Newton’s method to solve (3.65) as a
linear system of equations representing the first order optimality conditions.
Using the Lagrange function and Newton’s method together to solve a mini-
mization with nonlinear constraints is called Sequential Quadratic Program-
ming (SQP) [20].

Since the equality constraint in (3.65) only considers one of the approxi-
mation surfaces of the stability boundary, we can equate (3.37) to zero, which
gives the equality constraint as

dλc(λ) = (λc − λ) · nΣ(λc)− 1
2(λ− λc)TCdNλcC

T (λ− λc) = 0.
(3.66)

Then we try to write (3.66) on the form

dλc(λ) = λTAλ+ bTλ+ C = 0 (3.67)

By expanding (3.66) and writing on the form (3.67), we can determine the
matrices A, the column vector b, and the constant C as

A = −1
2CdNλcC

T , (3.68)
b = CdNλcC

Tλc − nΣ(λc), (3.69)
C = λc · nΣ(λc)− 1

2λ
T
c CdNλcC

Tλc. (3.70)

In (3.69) the m×1 column vector b is given by the expansion of the first order
terms of (3.66) and the commutative property of scalar products, so that

bTλ = 1
2(λCdNλcC

Tλc + λcCdNλcC
Tλ) + (nΣ(λc))Tλ. (3.71)

Suppose that we have found an orthonormal basis matrix C which is a ba-
sis for the tangent plane TλΣ by using the Gram-Schmidt process [1]. The
orthonormality condition means that CCT = I holds. The curvature tensor
dNλc is a symmetric matrix for second-order approximations, and we have
that CdNλcC

T is also a symmetric matrix.Using matrix algebra it is possible
to show that for an m×m symmetric matrix A, the following holds

xTAy = (Ax)Ty, (3.72)
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where x and y are m × 1 column vectors. By using (3.72) and elementary
matrix algebra we then get the following equation for bT :

bT = λTc CdNλcC
T + (nΣ(λc))T . (3.73)

We use the Lagrangian function L, and (3.67)-(3.70) to rewrite the problem
(3.65) as

L(λ(1), ζ(1)) = ‖λ(1) − λ0‖1 − (ζ(1))T (λTAλ+ bTλ+ C), (3.74)

where ζ(1) is a 1× 1 column vector of Lagrange multipliers, since there is
only a single constraint function. Let λ(1) be a point satisfying dλc(λ(1)) = 0
and let Z(λ(1)) be a basis for the null space of ∇dλc(λ(1))T . Suppose there
exists a vector of Lagrange multipliers ζ(1) such that λ(1) satisfies the following
conditions

∇λL(λ(1), ζ(1)) = 0, (3.75)
Z(λ(1)))T∇2

λλL(λ(1), ζ(1))Z(λ(1)) is positive definite, (3.76)

then λ(1) is a strict local minimizer of ∆P (1) [20].

Using that the m×m matrix A is symmetric we get that

∇dλc(λ(1))T = 2(λ(1))TA+ b, (3.77)

which is a 1 ×m row vector. Then the nullspace basis matrix Z(λ(1)) is the
m× (m− 1) matrix with m− 1 linearly independent m× 1 column vectors x
which satisfy

(2(λ(1))TA+ b)x = 0. (3.78)

We then take the derivate of the L1-distance in (3.63), which gives, since λ0

is a constant, a vector p(λ(1)) with the elements

pi = d
dλi

√
(λ(1)

i − λ0
i ) = (λ(1)

i − λ0
i )√

(λ(1)
i − λ0

i )(λ
(1)
i − λ0

i )
, (3.79)

which can be evaluated as

pi =


1, if λ(1)

i − λ0
i > 0,

−1, if λ(1)
i − λ0

i < 0,
0, if λ(1)

i − λ0
i = 0.

(3.80)
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In (3.64) we force the load shedding to only shed positive amounts of load,
which gives that p only have pi = −1 or pi = 0 elements. The Jacobian with
respect to λ of the Lagrange function ∇λL(λ(1), ζ(1)) is calculated as

∇λL(λ(1), ζ(1)) = p(λ(1))− (ζ(1))T (2Aλ(1) + b). (3.81)

Finally, the Hessian column vector ∇2
λλL(λ(1), ζ(1)) is calculated as

∇2
λλL(λ(1), ζ(1)) = −(2ζ(1))TA (3.82)

since the derivative of p is zero.

We then have the sufficient conditions to find an optimal point λ(1) ∈ Σ.
This can be done by direct methods or continuation methods. One way to
obtain the optimal point λ(1) is to apply Newton’s method, presented in sec-
tion 2.5 to the system of nonlinear equations given by the Jacobian of the
Lagrange function

∇L(λ(1), ζ(1)) = 0, (3.83)

with the gradient taken with respect to both λ(1), ζ(1).For each iteration k in
Newton’s method we obtain new candidate values to λ(1) and ζ(1) as[

λ(k+1)

ζ(k+1)

]
=
[
λ(k)

ζ(k)

]
+
[
y(k)

z(k)

]
, (3.84)

where the column vectors y(k) and z(k) are obtained as the solution to the
linear system[

∇2
λλL(λ(k), ζ(k)) −∇dλc(λ(k))
−∇dλc(λ(k))T 0

] [
y(k)

z(k)

]
=
[
−∇λL(λ(k), ζ(k))

dλc(λ)

]
, (3.85)

which, using (3.67), (3.77), (3.81), (3.82) and that ζ(k) is a scalar, becomes[
−2ζ(k)A −2ATλ(k) − b

−2(λ(k))TA− bT 0

] [
y(k)

z(k)

]
=
[
ζ(k)(2Aλ(k) + b)− p(λ(k))
(λ(k))TAλ(k) + bλ(k) + C

]
.

(3.86)

Newton’s method needs to be initialized with good starting values λ(1)(1), ζ(1)(1)
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to ensure that the method converges. To improve the behavior of the algo-
rithm, it is possible to extend the basic variant of SQP with a line search to
determine the step-length which minimizes the Lagrangian function in every
step, or to introduce inequalities corresponding to that we are only allowed
to decrease the power consumed by the loads. When the method has con-
verged to a solution with a specified tolerance, then (3.75) and (3.76) should
be checked to verify that the solution is optimal.

Since the transient stability of λ(1) is not guaranteed, in some cases more
optimal loading points λ(i) will have to be found, to increase the margin µ to
the nearest loadability limit. One way is to change the equality condition in
(3.65), so that

dλc(λ(i)) = µ
(i)
λc
, (3.87)

which can be expanded as

dλc(λ) = λTAλ+ bTλ+ C − µ(i)
λc

= 0. (3.88)

The real margin µ(i) is the distance to a point λ∗(λ(i)) ∈ Σ which is nearest
in an Euclidean sense, while µ(i)

λc
is the margin to a point λλc(λ(i)) ∈ Σ which

is in the direction of nΣ(λc). Thus, this method will not determine the L1-
optimal direction to increase the margin µ.

Another way to solve the problem described in (3.64) for iterations i > 1
is by approximating Σ as the tangent hyperplane Tλ∗Σ of the point λ∗(λ(i))
which is nearest to the loading point λ(i). Therefore, the solution is only valid
for λ within a small distance to the nearest point on the loadability surface,
as the influence on the curvature of the surface is not accounted for by this
linear approximation.

3.9.2 Iterative L1-minimizing Method to Increase the
Margin

For each point λ there exists an optimal direction of load shedding, which will
decrease the distance to the tangent hyperplane Tλ∗Σ most effectively for the
amount of load shed. The tangent hyperplane is around λ∗(λ), which is the
closest point in Euclidean sense to λ.
The direction is given by the maximal component of the normal nΣ(λ∗) of
the closest point λ∗ of the surface [31], [35]. Since the direction is given by a
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linear approximation to the loadability surface, this optimal direction is only
valid for points λ near the loadability surface, or when the curvature of the
loadability surface is very small.

eopt = arg max
ek∈{e1,...,en}

{
∇λF (λ)

∣∣∣
λ=λ∗

· ek
}

(3.89)

= arg max
ek∈{e1,...,en}

{
nΣ(λ∗) · ek

}
, (3.90)

where ek is the standard basis vector with a non-zero component in the k-
direction of the Euclidean n-dimensional load space.

For surfaces with non-zero curvature, which is the case if the loadability
surface is not a hyperplane, the closest point λ∗ varies with the load shedding
done. Therefore we use the notation λ∗(λ) for the closest point, in a Euclidean
sense, on Σ for the loading point λ.

We divide the problem of iteratively finding the minimal load shedding
solution into two parts: an outer loop used for load shedding and operates
with the iteration index i, and an inner loop, with iteration index j which
determines the optimal direction for the outer loop.

When determining the load shedding direction, the normal n(i)(j)
Σ (λ∗(λ(i)(j)))

varies and needs to be recalculated. This can be done using the process which
calculates the L2-minimal distance, as was shown in the flowchart of figure
3.9. The scalar margin µ achieved in iteration i can be calculated as

|µ(i)| = {‖λ(i) − λ∗(λ(i))‖2. (3.91)

If we want the signed scalar distance µ(i) we can use the process in the flowchart
of figure 3.9 to find d∗(λ(i)) which is the signed scalar margin.
For each point λ(i)(j) an optimal direction γ(i)(j) will be computed by

e
(i)(j)
opt = arg max

ek∈{e1,...,en}

{
nΣ
(
λ∗

(
λ(i) +

j−1∑
l=1
γ(i)(l)

))
· ek

}
, (3.92)

γ(i)(j) = −mstep · e(i)(j)
opt , (3.93)

with ek being a standard basis vector as before.

The term λ∗(λ(i) +∑j−1
l=1 γ(i)(l)) consists of a function λ∗(λ) which calculates

the nearest point λ∗ on the loadability limit Σ from the point in load space.
This point is in (3.92) defined as λ(i) + ∑j−1

l=1 γ(i)(l). The implementation of
this function can be done iteratively as in the flowchart of figure 3.9. The
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function nΣ(λ) will determine the normal at a point λ ∈ Σ. If the iterative
method in the flowchart of figure 3.9 is used, we will receive the normal nΣ(λ∗).

Thus, we can simplify (3.92)-(3.93) to give

e
(i)(j)
opt = arg max

ek∈{e1,...,en}

{
nΣ

(
λ∗
(
λ(i) +

j−1∑
l=1
γ(i)(l)

))
· ek

}
, (3.94)

γ(i)(j) = −mstep · e(i)(j)
opt , (3.95)

which means that we for every small step mstep will find the nearest point
λ∗ ∈ Σ, determine the outward normal nΣ(λ∗) at that point, and move in
the negative direction of the largest component of the outward normal at the
nearest point.

The step length for the calculation of optimal directions is mstep, and will
typically be shorter than the step length used for load shedding kstep. The
load shedding step kstep should not be too small, because that would result in
a large number of time-domain simulations to assess the transient stability of
the system.

We instead propose to use many small stepsmstep to take into account that
the curvature of the loadability limit surface Σ may cause that the optimal
direction of load shedding to the nearest point on Σ changes.

After j iterations of equations (3.94)-(3.95) the optimal load shedding step
is given as

∆P (i) =
j∑
l=1
γ(i)(l). (3.96)

If the load shedding direction were to be calculated for iteration i = 1, then
(3.94)-(3.95) are used to calculate the direction ∆P (1) which should take the
pre-contingency loading point λ0 to a point λ(1) which lies on the loadability
surface Σ. This point can be considered as the approximatively closest point
to λ0 when using the L1-distance as a metric. However, the iterative method
was not used find λ(1) in this thesis. This was instead accomplished by using
a SQP method as described in subsection 3.9.1.

The equations (3.94)-(3.95) are calculated in the inner loop using γ0 = 0
and for j = 0, 1, . . ., until a stopping condition is met in iteration j. The
stopping condition is when the distance to approximated surface is smaller
than the load shedding tolerance ε, which is a small, real number:∣∣∣∣dλc

(
λ0 + γ(i)(j)

)∣∣∣∣ < ε. (3.97)
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Thus it is necessary

max
j

j (3.98a)

s.t.
∣∣∣∣dλc

(
λ0 +

j∑
l=1
γ(i)(l)

)∣∣∣∣ < ε. (3.98b)

which then gives the optimal load shedding direction as

∆P (i) = ∆P (i−1) +
j∑
l=1
γ(i)(l). (3.99)

The loading point after doing the load shedding in iteration 1 will then be

λ(1) = λ0 + ∆P (1), (3.100)

where ∆P (1) is given by (3.99).

For calculating the optimal direction for iterations i > 1, it is necessary to
calculate the optimal directions for a sequence of loading points moving away
from the loadability surface, and not towards it. Therefore the equations
(3.94)-(3.95) are calculated for increasing j until the stopping condition∣∣∣∣∣∣

∥∥∥∥ j∑
l=1
γ(i)(l)

∥∥∥∥
2
− kstep

∣∣∣∣∣∣ < εm, (3.101)

holds, for the scalar step length kstep. Thus we will after j iterations of (3.94)-
(3.95) find a new loading shedding step ∆P (i) of the Euclidean length kstep.

max
j

j (3.102a)

s.t.

∣∣∣∣∣∣
∥∥∥∥ j∑
l=1
γ(i)(l)

∥∥∥∥
2
− kstep

∣∣∣∣∣∣ < εm, (3.102b)

where γ(i)(l) is given by (3.94)-(3.95). When a maximal j is found, the load
shedding for iteration i is given in (3.99) and if this load shedding is found to
be unstable, then the index i is updated to i+1 and the procedure is repeated.
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A summary of the iterative method is given as:

For iteration i = 0:

∆P (0) = 0. (3.103)

For iteration i = 1:

∆P (1) = λ0 − λ(1), (3.104)

where ∆P (1) is given by (3.94)-(3.95), and (3.98)-(3.99).

For iterations i > 1:

∆P (i) = λ0 − λ(i), (3.105)

where ∆P (i) is given by (3.94)-(3.95),(3.99), and (3.102), for i > 1. The
iterative method will increment the indices i = 0, 1, . . . , nmax, until a sta-
ble solution has been found or it can be determined that load shedding is
unfeasible to restore the system’s tranisent stability.

3.9.3 Summary of the L1-minimizing Method
We propose to use Newton’s method for solving the unconstrained quadratic
problem of minimizing the Lagrange function to find the loadability limit on
Σ which is nearest when using an L1-norm as the metric. This will correspond
to shedding the least sum of all load shed in all the buses.

For load shedding steps i > 1 we propose to use the iterative method for
load shedding. The method will increase the margin, while L1 minimizing the
load shedding, to a sequence of tangent hyperplane approximations of Σ, the
hyperplanes are tangent at a point found closest in a Euclidean sense. Since
the second-order approximations may have a large curvature, this iterative
approach may not in some cases find the L1-optimal solution.

If a first stable load shedding solution has been found after i iterations, then
a dichotomic search algorithm, such as the binary search described in the fol-
lowing subsection, will operate on the interval ∆P (i−1) and ∆P (i) to find a
load shedding solution which is minimal.
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3.10 Approximative Method for Minimal Load
Shedding

As in section 3.8 for finding the L2-norm minimal load shedding, the Euclidean
distance (3.52) is used to minimize the load shedding. However, instead of us-
ing the normal nΣ(λ∗), which is evaluated at the nearest point λ∗, in this
method the normal is approximated with the normal nΣ(λc), which is evalu-
ated at the most important point.

min ‖λs − λ0‖2, (3.106a)
s.t. ∆Pi ≤ 0, i = 1, . . . , nc, (3.106b)

while keeping the system stable, (3.106c)

where is λs ∈ Rn are all the stable post-contingency loading points, and nc is
the number of controllable loads.

Let µ(i) be the vector anti-parallel with nΣ(λc) from λ(i) to a point λ∗
which lies on the loadability surface.

The absolute value of the scalar margin µ achieved for the loading point λ(i)
in iteration i is then calculated to the closest loadability limit λ∗(λ(i)) on the
loadability surface Σ

|µ(i)| = ‖λ(i) − λ∗(λ(i))‖2. (3.107)

If we from (3.107) want the signed scalar distance we can use the process
described in figure 3.9 to find d∗(λ(i)) which is the signed scalar margin.
Let λ(i) = P post be the vector of active load power after load shedding, for
each iteration i. Then the load shed, in each iteration step may be written as:
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For iteration i = 0:

∆P (0) = 0. (3.108)

For iteration i = 1:

∆P (1) = λ(1) − λ0 = dλc(λ0) · nΣ(λc), (3.109)

and if dλc(λ0) ≥ 0, set ∆P (1) = 0.

For iteration i:

∆P (i) = λ(i) − λ0 = (dλc(λ0)− ki) · nΣ(λc). (3.110)

After a stable load shedding solution has been found after i iterations, then
a dichotomic search algorithm, such as the binary search described in section
3.11, is used on the interval ∆P (i−1) and ∆P (i).

3.11 Binary Search Algorithm
A binary search algorithm is a special case of a dichotomic search algorithm.
Dichotomic search implies that for each step, the algorithm must select one
of two distinct alternatives or dichotomies, which are mutually exclusive. In
binary search the dichotomies consists of excluding one of two intervals, found
by dividing an existing interval, in which the specified value lies, at the mid-
point value.

This midpoint value is then compared to the sought-after value, and if the
midpoint is greater than the sought value, then the lower valued interval is
used as the new search interval. In the case of finding a minimal stable value,
the interval will be between the least-norm stable point and an the largest-
norm unstable point found in a previous iteration.

The least-norm stable point is a point found to be stable and to which
the initial loading point has the smallest distance, according to a considered
norm. The inverse holds for the largest-norm unstable point, which is the
unstable point found at an iteration to have the largest distance, according to
the considered norm.

This means that the unstable point should always have a smaller margin
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µ to the stability surface than the stable point along the curve used for load
shedding. If we smoothly increase the margin µ from an unstable point we
will find the least-norm stable point. This point is the stable minimal load
shedding solution along the load shedding curve. Inversely, if we smoothly
decrease the margin µ from a stable point we will find the largest-norm un-
stable point. The stable minimal load shedding solution will then be found
by increasing the margin µ with an infinitesimally small quantity from this
largest-norm unstable point.

The midpoint between the largest-norm unstable point and the least-norm
stable point is then evaluated as stable or unstable. We are therefore able to
halve the interval. The stopping condition, since the amount of load shed is a
continuous variable and not a discrete one, is when the interval is sufficiently
small. When a sufficiently small interval has been found, the smallest stable
load shedding solution is returned.

The first step is to find an initial value for the amount of load shed to be
shed so that the system is stable

∆P s = λ0 − λs. (3.111)

This is done by incrementing the load shed by a fixed amount kstep along a
the direction until a stable solution is found. The directions for each meth-
ods are described in sections 3.8-3.10 for the L2-distance minimization, the
approximative L2-distance minimization, and the L1-distance minimization
algorithms, respectively. The unstable solution Pu = λ0 − λu is the largest
load shedding amount along the specified direction which did not result in
a stable post-contingency system when incrementing the load shed by kstep.
To reduce the complexity of the problem we chose the direction, along which
we change the load shedding between λs and λu, as the linear interpolation
between these two values.

The binary search were conducted in the following way:

1. The first, smallest stable load shedding solution ∆P s is obtained in
iteration i as ∆P s = ∆P (i) and the largest unstable load shedding
solution ∆P u is obtained in iteration i− 1 as ∆P u = ∆P (i−1).

2. Update the iteration counter as i = i + 1. Create a new load shedding
solution by halving the interval between the stable and unstable point

∆P (i) = ‖∆P s + ∆P u‖
2 . (3.112)
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3. If the new load shedding solution ∆P (i) is determined to be stable, for
example through the running of time-domain simulations, then ∆P s =
∆P (i), or if determined to be unstable ∆P u = ∆P (i).

4. If the difference between the stable and unstable load shedding solution
is larger than the tolerance, ‖∆P s−∆P u‖ > εtol, then the steps 2-4 are
repeated.

5. When a sufficiently small interval has been found so that the following
holds:

‖∆P s −∆P u‖ ≤ εtol, (3.113)

then the interval halving algorithm returns the stable solution ∆P s.

3.12 Summary
In this chapter we briefly presented the models for devices of electric power
system in section 3.1, where models of generators, loads, automatic voltage
regulators, over-excitation limiters, and transmission lines were presented.
These device models were used together with switching functions to obtain
the system model (3.21), in section 3.2. Four different types of loadability
limits were introduced in section 3.3, and were used to define different smooth
parts of stability boundary of the system. Section 3.4 introduced second-order
approximations to the loadability surfaces and section 3.5 described how the
distance to these approximations can be calculated. Section 3.6 described sev-
eral criteria to choose which of the parts of the approximated surfaces to be
used for load shedding. In sections 3.8-3.10, methods for load shedding were
presented. In section 3.11 we presented an interval halving method to improve
the resolution of the load shedding methods.

The proposed method for the load shedding algorithms can be summarized
as:

For each contingency we use one of the methods detailed in sections 3.8-
3.10 to find a stable operation point λs after i iterations and shedding ∆P (i)

from the initial loading point λ0. After a stable load shedding solution has
been found after i load shedding steps, we get the unstable solution λu and
the stable solution λs. Then the binary search described in section 3.11 is
repeatedly used to find an interval between the unstable solution λu and the
stable solution λs which is smaller than a tolerance ε, then λs is returned as
the minimal solution from the binary search algorithm.
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Case Studies

4.1 Background

Two case studies, using two different power systems, were carried out by sim-
ulating the load shedding methods using computer software.

The objective of these two case studies were twofold:
First, to demonstrate the feasibility of using second-order approximations

to the loadability surfaces and the methods proposed in this thesis to find a
stable post-contingency operation point while shedding a minimal amount of
load.

Second, the case studies should determine how much margin to the ap-
proximated security surface and amount of load to be shed, that is needed to
restore the stability of the system, considering a set of contingencies. This
margin is needed to ensure that post-contingency system is stable, since the
system may become transiently unstable due to contingencies which subject
the system to large-signal disturbances.

The case studies were performed using the Power System Analysis Toolbox
(PSAT) [25], a program programmed and operating in the MATLAB numeri-
cal computing environment, which was used to perform power flow calculations
and time domain simulations necessary for the proposed methods.

Two small power system model were chosen and imported to PSAT, one
with 9 buses and one with 39 buses. A number of MATLAB functions were
programmed to interface with the PSAT data structure and to implement
the proposed load shedding methods. Additionally, a simple Graphical User
Interface (GUI) was constructed to determine the stability by plotting the
simulated post-contingency bus voltages. The user’s choice is then used as

63
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an input to the aforementioned MATLAB functions to find the minimal load
shedding solutions, for each contingency. Finally, a MATLAB script for each
case study was written to call the functions and run the program.

The time domain simulations are the most time consuming parts of the
proposed method, since the numerical integration if done by Newton’s method,
which was presented in section 2.5, will need to invert a matrix in every
iteration [24]. The matrix which will contain the elements of the Jacobian
F z of the system and will change between the time steps, since the state and
algebraical variables used in the system will change their values.

4.2 Inputs
This section presents the process of selecting appropriate input data for the
case studies, with an emphasis on the need for the data and the models used,
for both the time-domain simulation and the system used for deriving the
second-order approximations, to accurately describe the real power system.

4.2.1 General Inputs
The power system data for the two cases considered were originally in the
format used by MATPOWER [36] which is a MATLAB based power system
program, and were not directly compatible with PSAT. Therefore care was
taken to make the power flow converge to the same bus voltage magnitudes
and angles as the original power system data files, which were used to calculate
the surface approximations.

• The loads are assumed to have no dynamic components and are modeled
as consuming constant power under a constant power factor. Discon-
nection of parts or whole of the controllable loads are assumed to be
instantaneous.

• We assume that there is no operational limits on the magnitudes of the
bus voltages, and only the limitations enforced on the output of the
AVRs will limit the reactive power generation of the generators of the
system.

• The numerical integration uses the trapezoidal method with a variable
time step, 10−4 s ≤ tstep ≤ 0.125 s. The power flow calculations were
done using Newton’s method.
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• We use the Optimization Toolbox to L1-minimization problem (3.65)
using the SQP method in the function fmincon and by calculating in-
equality constraint as (3.66)-(??) and the analytic expression for the
gradient of the inequality constraints as (3.77).

• The system is perturbed, for each contingency and simulation, at time
5 s ≤ tshed ≤ 20 s. The simulations are started at t0 = 0s. The delay is
done to ensure that the system is in steady-state before any contingency
is applied, since the system is typically stressed by large power con-
sumptions and the power flow solution may need to be corrected by the
numerical integration routine to obtain steady pre-contingency voltage
levels at the buses.

• The stability of the system is determined by visual inspection of the bus
voltages from tshed = 25s to tend ≤ 300s.

• The tolerance εmin in the interval halving method for finding a minimal
load shedding solution is set to εtol = 0.01 [p.u.].

• The delay for the load shedding after the contingency is tdelay = 0.1 s.

• The load shedding step is kstep = 0.2 [p.u.] and the step size for finding
an L1-optimal direction is mstep = 0.02 [p.u.].

4.2.2 The Surface Approximation Inputs
The approximations were calculated beforehand for each contingency and
saved as computer files. The file will contain of an array of objects and a
most important point, for each part of the surface. These surface-objects,
combined with the MATLAB classes defining the different types of surface
objects (and a superclass) were used as inputs to the project. Additionally, a
function which returns information about the distance to the nearest point on
all surfaces and the properties of the surface around this nearest point, was
used as an input.

As described in section 3.7.2, the distance function calculates the distance
to each of the parts of the loadability surface, and each of these parts are
represented with a surface object containing the approximation data.

• The distance function dλc uses the Tensor Toolbox [37] to handle the
sparse tensors necessary to calculate the second-order approximations.
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• The criterion for choosing the nearest surface was chosen to be (3.41),
which limits the search for the nearest surface to those with an approx-
imation point λc with Euclidean distance less than α = 1.5[p.u.] from
λ0.

• The surfaces for all contingencies considered are stored in cell arrays,
loadable from MATLAB files. The surfaces themselves are identified by
their row positions in these arrays, e.g. the surface Σj, is found on the
j:th row of the cell array.

4.3 Results for the IEEE 9-Bus Power System
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Figure 4.1: Example of small-signal instability, which is most likely caused by
a Hopf Bifurcation, after disconnecting a third of the lines between bus 1 and
4.
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The IEEE 9-bus system has 3 synchronous generators and 3 loads con-
nected to the buses. A complete description of the system data used for the
case study is presented in can be found in appendix A. The tables A.1-A.6
give the data of the system, and the figure A.1 shows the outline of the sys-
tem. We assume that the one-line diagram of IEEE 9-bus power system in
figure A.1 is a representation of transmission corridors of three identical lines.
The contingencies considered are the loss of one of three identical lines of a
transmission corridor. We see in figure 4.1, the bus voltages of the system
after a third of the lines between bus 1 and 4 has been disconnected. From
plotting the voltages we can see that if no load shedding is done then the volt-
age collapses at t = 89.08s after having experienced voltage oscillations with
increasing amplitudes. This is a case where load shedding can successfully
restore the stability of the system, as shown in this section.

The column vector λ, which is of the same length as the dimension nc = 3
of the load space Rnc of dimension and have elements representing the active
power consumption Pi of the controllable load at node i:

λ = [P5, P6, P8]T . (4.1)

That the load space is three dimensional, gives the opportunity to visualize
the stability boundary of the system, which will be a two-dimensional surface.
In figure 3.3 this was shown, together with the type of loadability limit of
each smooth part of the stability boundary. The results were obtained using
the following column vector, which contains the active power consumption of
controllable loads before any contingencies are applied:

λ0 = [1.8648, 1.4697, 2.0367]T . (4.2)

4.3.1 Results of the L2-minimizing Load Shedding Scheme
We provide in table 4.1 the iterations which were obtained when using the
L2-minimizing load shedding scheme for the contingency consisting of a line
outage of a third of the lines between bus 1 and bus 4.

In figure 4.2 the bus voltages of the power system are plotted for the contin-
gency consisting of a line outage of a 1/3 the lines between bus 1 and bus 4.
The voltage evolution for iteration 0, when no load was shed, can be found in
figure 4.1.The figures 4.2a-4.2h correspond to iterations i = 1, 2, . . . , 8 where
the amount of load shed in each iteration is given by table 4.5. Figures 4.2a,
4.2b, 4.2d, 4.2e, 4.2f, and 4.2h are considered to be unstable when inspect-
ing the voltages; while figures 4.2c and 4.2g are considered to be stable. As
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Table 4.1: Results for each iteration in the approximative load shedding
scheme for an outage of a third of the lines between bus 1 and bus 4

Iteration
i:

Distancea from
λ(i) to Σ∗

post:
Type of
Σ∗

post:
Distanceb from
λ(i) to Σ∗(i)

post:
Type of
Σ∗(i)

post

Load shed
∆P = λ(i) − λ0:

Stability
of λ(i):

0 -0.0612 SLL -0.0612 SLL 0 Unstable

1 0 SLL 0 SLL -[0.0349,
0.0322, 0.0386] Unstable

2 0.1989 SLL 0.135 SLL -[0.1489,
0.1374, 0.1648] Unstable

3 0.3977 SLL 0.3621 HB -[0.2629,
0.2427, 0.291] Stable

4 0.2983 SLL 0.2348 HB -[0.2059,
0.1901, 0.2279] Unstable

5 0.3480 SLL 0.3122 HB -[0.2344,
0.2164, 0.2594] Unstable

6 0.3728 SLL 0.3372 HB -[0.2486,
0.2295, 0.2752] Unstable

7 0.3853 SLL 0.3496 HB -[0.2557,
0.2361, 0.2831] Stable

8 0.3790 SLL 0.3434 HB -[0.2522,
0.2328, 0.2792] Unstable

a The Euclidean distance dλ∗(λ0) to the part Σ∗
post found nearest in iteration 0.

b The Euclidean distance dλ∗(λ0) to the part Σ∗(i)
post found nearest in iteration i.

can be seen in figure 4.2, the assessment of stability from plotting the volt-
age magnitude over time can be hard to resolve and may depend on the user
interpreting the plots. Therefore, automatic algorithms and numeric indexes
should be used to a large extent to correctly assess the stability of the system.

From table 4.1, we see that the nearest loadability limit changes from being
a Switching Loadability Limit (SLL) to being a Hopf Bifurcation (HB). This
could be explained by that the SLL surface, found to be nearest from λ0 was
not the inner-most surface, or that our load shedding direction brought us
nearer to another smooth part of the stability boundary. Thus it could be
useful to compare the result we found for this case with the other criteria in
section 3.6. From figure 4.3 it can be seen that load shedding steps are along
a vector in the load space. This vector is anti-parallel to Σ, as described in
section 3.8.

As can be seen in table 4.2, only two contingencies required load shedding. For
the outage of a third of the lines between bus 7 and bus 5 we found that the
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Figure 4.2: Voltages of the system after a line outage of a third of the lines
between bus 1 and bus 4 and the L2-minimizing load shedding scheme, for
each iteration i.
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Figure 4.3: The L2-minimizing load shedding scheme: load shedding in each
iteration i visualized in the load space of the IEEE 9-node system. The con-
tingency is the disconnection of a line between bus 1 and bus 4.
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Table 4.2: Results of the L2-minimizing load shedding scheme for the IEEE
9-bus Power System

Contingency:
outage of a
third of
the lines
to− from

Distancea

to Σpost:

The type of
loadability
limit at Σ∗

post:

Marginb

needed:
Load
shed:

Iterations
needed:

1-4 -0.0612 SLL 0.3875 0.7749 8
2-7 0.2607 SLL - - 0
3-9 0.305 SLL - - 0
5-4 -0.0979 HB 0.1313 0.3967 7
6-4 0.1691 SLL - - 0
7-5 -0.0981 HB - - 0
7-8 0.1750 HB - - 0
9-6 0.1750 HB - - 0
9-8 0.2810 SLL - - 0

a The Euclidean distance dλ∗(λ0) to the nearest part Σ∗
post.

b The Euclidean distance from λpost to the point λ∗ ∈ Σ∗
post which has the

smallest L2-distance to λ0, for cases with non-zero load shedding.

system did not lose its stability even though we are beyond the stable operation
domain D. The nearest loadability surface consists of Hopf bifurcation points.
Therefore we would assume that the system is no longer small-signal stable.

That the system still is stable might be due to that the second-order ap-
proximation surface is not very accurate at this point or that the time-domain
simulation suffered from inaccuracies in simulating the voltage variations of
the system. For the contingency when there is a line outage of a third of
the lines between buses 5 and 4, only a very small, but non-zero, margin
was needed to the loadability surface. This suggests that, for this particular
loading point and contingency, the criterion for selecting the most important
second-order approximation surface was appropriate. And that the surface
accurately predicts the true loadability limit point in this case.
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4.3.2 Results of the L1-minimizing Load Shedding Scheme
We provide in table 4.3 the iterations which were obtained when using the
L1-minimizing load shedding scheme for the contingency consisting of a line
outage of a third of the lines between bus 1 and bus 4.

Table 4.3: Results for each iteration in the L1-minimizing load shedding
scheme for an outage of a third of the lines between bus 1 and bus 4

Iteration
i:

Distancea from
λ(i) to Σ∗

post:
Type of
Σ∗

post:
Distanceb from
λ(i) to Σ∗(i)

post:
Type of
Σ∗(i)

post

Load shed
∆P = λ(i) − λ0:

Stability
of λ(i):

0 -0.0612 SLL -0.0612 SLL 0 Unstable
1 0.0001 SLL 0.0001 SLL -[0, 0, 0.098] Unstable
2 0.1212 SLL 0.0472 HB -[0, 0, 0.298] Unstable
3 0.2392 SLL 0.1619 HB -[0.0, 0, 0.28] Unstable
4 0.3563 SLL 0.2991 HB -[0.1, 0, 0.398] Stable
5 0.2979 SLL 0.2189 HB -[0.22, 0, 0.478] Unstable
6 0.3271 SLL 0.2705 HB -[0.16, 0, 0.438] Stable
7 0.3125 SLL 0.2562 HB -[0.19, 0, 0.458] Unstable
8 0.3198 SLL 0.2634 HB -[0.175, 0, 0.448] Stable

a The Euclidean distance dλ∗(λ0) to the part Σ∗
post found nearest in iteration 0.

b The Euclidean distance dλ∗(λ0) to the part Σ∗(i)
post found nearest in iteration i.

From the load shedding column in table 4.3 we see that the direction of load
shedding is not the same for all iterations. This is due to we have the second-
order approximations with non-zero curvature of the loadability limits. If
linear approximations to a part of the loadability surface were to be used,
then the normal would be a constant vector for the whole part. This implies
that the optimal direction, when using a single hyperplane approximation,
would be a constant vector, but the surfaces are computed as second-order
approximation. Thus the changing direction of load shedding, when minimiz-
ing the load shedding, show that second-order approximations provides useful
information about the stability of the system and the optimal direction of load
shedding.

In figure 4.4 the bus voltages of the power system are plotted for the contin-
gency consisting of a line outage of a third of the lines between bus 1 and bus 4.
The figures 4.4a-4.4h correspond to iterations i = 1, . . . , 8 where the amount
of load shed in each iteration is given by table 4.5. Figures 4.4a-4.4c,4.4e, and
4.4g were determined to be unstable; while figures 4.4d, 4.4f and 4.4h were
determined to be stable. The voltage evolution for iteration 0 can be found
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(c): iteration 3
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(f): iteration 6
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(g): iteration 7
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Figure 4.4: Voltages of the system after a line outage of a third of the lines
between bus 1 and bus 4 and the L1-minimizing load shedding scheme for each
iteration i.
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in figure 4.1.
In figure 4.5 the trajectory of the load shedding steps of the L1-minimizing
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Figure 4.5: TheL1-minimizing load shedding scheme: load shedding in each
iteration i visualized in the load space of the IEEE 9-node system. The con-
tingency is the disconnection of a line between bus 1 and bus 4.

method is shown. It can be seen from the figure that the direction changes
between the steps, this is unlike the case when the L2-minimizing load shed-
ding method was used. The load shed in each step is given by the table 4.4.
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As for the case with the L2-minimizing load shedding scheme, the HB surface
once again becomes the nearest loadability limit after 2 load shedding steps.
The minimal amount of load shed to restore the system to stability was less
than in the case with L2-minimization. This also the case of the amount of
load shed to get to the loadability surface Σ, where the L1-minimizing method
shed a smaller amount of loads.

Table 4.4: Results of the L1-minimizing load shedding for the IEEE 9-bus
Power System

Disconnection
of a third
of the lines
to− from

Distancea

to Σ∗
post:

The type of
loadability
limit at Σ∗

post:

Marginb

needed:

Amount
of load
shed:

Iterations
needed:

1-4 -0.612 SLL 0.3198 0.7438 8
2-7 0.2607 SLL - - 0
3-9 0.305 SLL - - 0
5-4 -0.0981 HB 0.0571 0.235 10
6-4 0.1691 SLL - - 0
7-5 -0.0981 HB - - 0
7-8 0.1750 HB - - 0
9-6 0.1750 HB - - 0
9-8 0.2810 SLL - - 0

a The Euclidean distance dλ∗(λ0) to the part Σ∗
post found nearest in iteration 0.

b The Euclidean distance dλ∗(λ0) to the part Σ∗(i)
post found nearest in iteration i.
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4.3.3 Results of the Approximative Load Shedding Scheme
As an example we provide in table 4.5 the iterations which were obtained when
using the approximative load shedding scheme for the contingency consisting
of a line outage of a third of the lines between bus 1 and bus 4.

Table 4.5: Approximative method: results in each iteration for an outage of
a third of the lines between bus 1 and bus 4

Iteration
i:

Distancea from
λ(i) to Σ∗

post:
Type of
Σ∗

post:
Distanceb from
λ(i) to Σ∗(i)

post:
Type of
Σ∗(i)

post

Load shed
∆P = λ(i) − λ0:

Stability
of λ(i):

0 -0.0615 SLL -0.0612 SLL [0,0,0] Unstable

1 0 SLL 0 SLL -[0.0323, 0.0291,
0.0434] Unstable

2 0.2 SLL 0 SLL -[0.0323, 0.0291,
0.0434] Unstable

3 0.4 SLL 0.3465 HB -[0.2425, 0.2188,
0.3260] Stable

4 0.3 SLL 0.2433 HB -[0.19, 0.1714,
0.2554] Unstable

5 0.35 SLL 0.295 HB -[0.2162, 0.1951,
0.2907] Unstable

6 0.375 SLL 0.3207 SLL -[0.2294, 0.2069,
0.3084] Unstable

7 0.3875 SLL 0.3336 SLL -[0.2359, 0.2128,
0.3172] Stable

8 0.3813 SLL 0.3272 SLL -[0.2327, 0.2099,
0.3084] Stable

a The approximated Euclidean distance dλc
(λ0) to the part Σ∗

post found nearest in
iteration 0.

b The Euclidean distance dλ∗(λ0) to the part Σ∗(i)
post found nearest in iteration i.

In figure 4.6 the bus voltages of the power system are plotted for the contin-
gency consisting of a line outage of a third of the lines between bus 1 and
bus 4. The figures 4.6a-4.6h correspond to iterations i = 1, 2, . . . , 8 where the
amount of load shed in each iteration is given by Table 4.5. Figures 4.6a, 4.6b,
4.6d, 4.6e, 4.6f, and 4.6h are considered to be unstable; while figures 4.6c and
4.6g are considered to be stable.

Although, for example, figure 4.6e and figure 4.6f looks as though as they
have approximately the same amplitudes in their respective oscillations; in
reality the plot in figure 4.6f have slowly increasing oscillations while the
plot in figure 4.6g have slowly decreasing oscillations. This illustrates the
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need for sufficiently long and detailed time-domain simulations, or possibly
other index-based approaches, to determine oscillatory instability. In fig-
ure 4.7 the trajectory of the load shedding steps of the approximative load
shedding scheme are shown. As for the L2-minimizing load shedding scheme
the trajectory is a vector in load space. These two methods differ from the
L1-minimizing load shedding scheme, which had a load shedding trajectory
corresponding to a piece-wise linear curve.

Table 4.6: Results of the approximative load shedding scheme for the IEEE
9-bus power system

Contingency:
outage of a
third of
the lines
to− from

Distancea

to Σpost:

The type of
loadability
limit at Σ∗

post:

Marginb

needed:
Load
shed:

Iterations
needed:

1-4 -0.0612 SLL 0.3853 0.766 8
2-7 0.2607 SLL - - 0
3-9 0.305 SLL - - 0
5-4 -0.0981 HB 0.01 0.3422 10
6-4 0.1691 SLL - - 0
7-5 -0.0981 HB - - 0
7-8 0.1750 HB - - 0
9-6 0.1750 HB - - 0
9-8 0.2810 SLL - - 0

a The Euclidean distance dλ∗(λ0) to the part Σ∗
post found nearest in iteration 0.

b The Euclidean distance dλ∗(λ0) to the part Σ∗(i)
post found nearest in iteration i.

In table 4.6 the results of the approximative load shedding scheme is shown
for the contingencies of line outages in the IEEE 9-node system. From the
table it can be seen that there is a large difference between the margin needed
for the two cases which required load shedding. The difference is not easily
explained and would require solving more load shedding cases or using one of
the different criteria presented in section 3.6.
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(c): iteration 3
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(e): iteration 5
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(f): iteration 6
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(g): iteration 7
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Figure 4.6: Voltages of the system after a line outage of a third of the lines
between bus 1 and bus 4 and the approximative load shedding scheme for each
iteration i.
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Figure 4.7: The approximative load shedding scheme: load shedding in each
iteration i visualized in the load space of the IEEE 9-node system. The con-
tingency is the disconnection of a line between bus 1 and bus 4.
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4.4 Results for the IEEE 39-bus Power System
The IEEE 39-bus system has 10 synchronous generators and 19 loads con-
nected to it. A complete description of the system data used for the case
study is presented in can be found in appendix B. The tables B.1-B.6 give
the system’s data and the figure B.1 shows the outline of the system. For the
IEEE 39-bus power system, outages of all of the lines existing between two
nodes were considered.

The column vector λ, which has the same number of dimensions as the
load space Rnc of dimension nc = 17, has elements containing the active power
consumption Pi of the controllable load at node i:

λ = [P2, P13, P14, P17, P18, P21, P23, P24, P25, P26, P27, P28, P29, P30,

P36, P36, P38]T . (4.3)

From the system data presented in table B.2 we can see that there are 19
PQ-loads in total. Thus we have that two of the PQ-loads are not consid-
ered controllable. The results presented in this section were obtained using
the following column vector, which is the active power consumption of the
controllable PQ-loads before any contingencies are applied:

λ0 = [10.0516, 3.1389, 4.8612, 2.2597, 4.8583, 3.6607, 2.9675, 3.7814,
2.2284, 1.4956, 3.1431, 1.8955, 2.4992, 5.8591, 4.0672, 1.990]T . (4.4)

The two uncontrollable PQ-loads in bus 1 and bus 32 were held constant, with
their values as given in table B.2.

4.4.1 Results of the L2-minimizing Load Shedding Scheme

In table 4.7 the results of the L2-minimizing load shedding method are given.
No clear pattern between the amount of load shed and the type of surface, the
margin needed or the distance from the initial operation point can be seen.
The types of loadability limits that were found to be closest were of types
SNB and SLL. No thermal limits on the lines were enforced for the 39-node
system and no Hopf bifurcations were encountered.
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Table 4.7: Results of the L2-minimizing load shedding scheme for the IEEE
39-bus power system

Contingency:
outage of a
third of
the lines
to− from

Distancea

to Σpost:

The type of
loadability
limit at Σ∗

post:

Marginb

needed:
Load
shed:

Iterations
needed:

37-27 0.0406 SLL - 0 0
37-38 0.123 SLL - 0 0
36-24 0.0862 SNB 0.2049 0.3843 6
36-21 0.0826 SNB 0.1438 0.9152 7
26-37 -0.1333 SLL 0.0063 0.5574 9
35-36 -0.1336 SLL 0.2578 1.5565 9
34-35 0.0799 SLL - 0 0
33-34 0.0221 SLL - 0 0
28-29 -0.0002 SLL 0.2188 0.8941 7
26-29 0.0074 SLL - 0 0
26-28 0.0317 SLL - 0 0
26-27 -0.3254 SLL 0.1586 1.8546 10
25-26 0.1162 SLL - 0 0
23-24 0.0286 SLL - 0 0

S

a The Euclidean distance dλ∗(λ0) to the part Σ∗
post found nearest in iteration 0.

b The Euclidean distance dλ∗(λ0) to the part Σ∗(i)
post found nearest in iteration i.

4.4.2 Results of the L1-minimizing Load Shedding Scheme

In table 4.8 the results of the L1-minimizing load shedding method can be
seen.

When compared to the L2-minimizing load shedding scheme in table 4.7,
we can see that the L1-minimizing method sheds less load for every contin-
gency considered.

An interesting case is the one for the outage of the line between bus 26
and 37. For this case the L2 method will only need a small margin to find a
stable post-contingency operation point, but the load shedding to get to this
point will mean a high amount of load shed.
The L1-minimization method for the same contingency will need a higher mar-
gin but this margin increase will be less costly than the load shed to get to this
stable post-contingency operation point. This illustrates that L2-minimization
means to try to minimizing the length of a vector while L1-minimization means
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Table 4.8: Results of the L1-minimizing load shedding for the IEEE 39-bus
Power System

Contingency:
outage of a
third of
the lines
to− from

Distancea

to Σpost:

The type of
loadability
limit at Σ∗

post:

Marginb

needed:
Load
shed:

Iterations
needed:

37-27 0.0406 SLL - 0 0
37-38 0.123 SLL - 0 0
36-24 0.0862 SNB 0.195 0.175 7
36-21 0.0826 SNB 0.0062 0.6138 8
26-37 -0.1333 SLL 0.325 0.295 9
35-36 -0.1336 SLL 0.1313 0.4888 8
34-35 0.0799 SLL - 0 0
33-34 0.0221 SLL - 0 0
28-29 -0.0002 SLL 0.0875 0.532 7
26-29 0.0074 SLL - 0 0
26-28 0.0317 SLL - 0 0
26-27 -0.3254 SLL 0.1992 1.1439 7
25-26 0.1162 SLL - 0 0
23-24 0.0286 SLL - 0 0

a The Euclidean distance dλ∗(λ0) to the part Σ∗
post found nearest in iteration 0.

b The Euclidean distance dλ∗(λ0) to the part Σ∗(i)
post found nearest in iteration i.

to minimize the sum of the components of the same vector.
4.4.3 Results of the Approximative Load Shedding Scheme
Load-shedding was performed for the 39-bus system using the vector of con-
trollable loads detailed in (4.3).

In table 4.9 the results from the approximative load shedding scheme is shown
for contingencies consisting of line outages between the buses of the system.
There are large variations in the margin needed to restore the stability of the
system, as suggested before the criteria presented in section 3.6 could be used
to try to deduce whether the variations depend on if there is another inner-
most loadability limit surface or if there is some other explanation of these
variations. We see that the largest negative distance from the initial loading
point to the loadability surface was coinciding with the largest amount of load
shed needed to restore stability. However, no clear pattern was observed for
these cases.
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Table 4.9: Results of the approximative load shedding scheme for the IEEE
39-bus power system

Contingency:
outage of a
third of
the lines
to− from

Distancea

to Σpost:

The type of
loadability
limit at Σ∗

post:

Marginb

needed:
Load
shed:

Iterations
needed:

37-27 0.0406 SLL - 0 0
37-38 0.123 SLL - 0 0
36-24 0.0862 SNB 0.2299 0.5908 6
36-21 0.0826 SNB 0.1594 0.9658 8
26-37 -0.1333 SLL 0.0125 0.5867 9
35-36 -0.1336 SLL 0.2578 1.5531 9
34-35 0.0799 SLL - 0 0
33-34 0.0221 SLL - 0 0
28-29 -0.0002 SLL 0.225 0.9196 9
26-29 0.0074 SLL - 0 0
26-28 0.0317 SLL - 0 0
26-27 -0.3254 SLL 0.1695 1.9655 10
25-26 0.1162 SLL - 0 0
23-24 0.0286 SLL - 0 0

a The Euclidean distance dλ∗(λ0) to the part Σ∗
post found nearest in iteration 0.

b The Euclidean distance dλ∗(λ0) to the part Σ∗(i)
post found nearest in iteration i.

4.5 Discussion
For the IEEE 9-node system only two contingencies for the loading described
in (4.4) was found to require a non-zero load shedding to ensure the stability
of the post-contingency system. Therefore the results from these two cases
must be interpreted with caution. The results are presented in table 4.10.

Table 4.10: Comparison of Load Shedding Results for the IEEE 9-bus Power
System

Method:
Average
margin
needed:

Maximum mar-
gin needed:

Minimum
margin
needed:

Average amount
of load shed:

Approximative 0.2427 0.3875 -0.0981 0.5541
L2-minimal 0.2532 0.375 -0.0981 0.5265
L1-minimal 0.1885 0.3198 -0.0981 0.4325
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The results from the IEEE 9-bus system, show that the L1-minimizing method
resulted in the least amount of load shed, which is the expected outcome and
demonstrates that this method will minimize the load interruption costs of the
system. The amount of load shed was similar for the approximative and the
L2-minimizing method. However, since only two of the contingencies which
required load shedding, there can be no definite conclusions from these results
alone. The approximative and the L2-minimizing methods required similar
margins to restore stability, while the L1-minimizing load shedding method
was found to require less margin. The minimum margin needed corresponds
to an interesting case when the system did not become unstable although it
was found to be beyond at least one loadability limit surface. This could be a
result of the accuracy of the approximation surfaces to the loadability limits
which they are approximating. Another possibility is that the modeling and
the simulation of power system did not match the models used for deriving
the approximations, which could have an impact on the results.

For the IEEE 39-bus system there were 6 different contingencies required
non-zero load shedding. The types of loadability surfaces encountered in these
cases consists of saddle node bifurcations and switching loadability limits. The
results are presented in table 4.11

.

Table 4.11: Comparison of Load Shedding Results for the IEEE 39-bus Power
System

Method:
Average
margin
needed:

Maximum mar-
gin needed

Minimum
margin
needed:

Average amount
of load shed

Approximative 0.1757 0.2578 0.0125 1.0972
L2-minimal 0.1650 0.2578 0.0063 1.027
L1-minimal 0.1553 0.325 -0.0062 0.4600

The results in table 4.11 for the IEEE 39-bus system show that the L1-
minimizing method resulted in the least amount of load shed, which was the
expected outcome of these simulations, since the objective function to be mini-
mized is the total amount of load shed of the system.The difference in the load
shed between the methods is clear, and the L1-minimizing method is shown
to be the method which minimizes the load interruption costs.

Comparing the two power systems shows that the average load shed, required
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to the restore stability of the 39-bus power system is roughly the double of
that in the 9-bus case for the approximative and L2-minimizing load shedding
schemes, but not for the L1-minimal. Furthermore, between the load shedding
schemes there is a greater difference in average amount of load needed to be
shed by each method for IEEE 39-bus system than the IEEE 9-bus system.
One explanation would be that the load shedding directions for the different
load shedding schemes coincided in the 9-bus case and not in the 39-bus sys-
tem.

The average margin µ needed after load shedding is somewhat higher for the
9-bus power system compared to the 39-bus system, for all three load shedding
schemes.
The maximum margin needed, to the surface used for load shedding, is µmax =
0.325 [p.u.] for the 39-bus system and µmax = 0.3546 [p.u.]. A possible use
of the margins µ is to reduce the number of time-domain simulations that
needs to be run for other contingencies, by load shedding until such a margin
is achieved. Given a set of contingencies it was proved hard to find loading
points which are stable for the pre-contingency system but unstable for the
post-contingency system. The set of such loading points would almost always
be in the relative complement of the set of post-contingency stable operation
points Dpost in Dpre. In figure 3.6 the loading point Point 1, but not Point 2,
is in the relative complement of Dpost in Dpre. No points which were both in
Dpre and Dpost were found to be unstable in the case studies. Howeever, this
cannot be used to guarantee stability since there may be transiently unstable
loading points which are both in Dpre in Dpost. If we disregard transient stabil-
ity, we can find points in the relative complement of Dpost in Dpre by sampling
the load space and comparing the signed distances to the pre-contingency and
post-contingency system. The sign of these two distances for a point should
be opposite for a point which is stable in the pre-contingency system and un-
stable in the post-contingency system.

In some cases it was found the margin to the closest loadability limit was on
another loadability surface than the one used for load shedding. An expla-
nation to this phenomenon is that at least two approximation surfaces are
overlapping, as seen in figure 4.8, where only the inner-most surface will ap-
proximate the true stability boundary of the system.

This could be avoided by searching along a line from the pre-contingency
loading point to a point in the stable region of load space for intersections
with approximation surfaces. Then the surface which is found farthest away
along this line should be used for load shedding.
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Figure 4.8: Illustrating how the nearest loadability surface for some points
will not correspond to the boundary of the stable operation domain.

If the distance function from section 3.5 is used, then the surface can be
chosen by using one of the criteria (3.42)-(3.43). Both seeks to find the inner-
most surfaces, but since these are approximated distances along the normal of
the loadability surface at a most important point, the innermost surface in the
direction of L2-minimization algorithm or in the curve of the L1-minimization
may be another than the one find with this algorithm. The criterion that was
used was (3.39), which considered the closest surface in a Euclidean sense.

For the loading points λ2 and λ3 in figure 4.8, the criterion (3.39) might
have estimated the distance to the real stability boundary in a wrong way
which might affect the load shedding solution. Therefore the margin needed
and the amount of the load shed to restore transient stability, may be smaller
than in the found solutions.

In practice it may prove hard to differentiate between cases when the system
is stable and cases where the system is not stable. Some oscillations in the
bus voltages may initially have small amplitudes that slowly increases during
the course of several minutes until the voltages collapses. Other oscillations
may initially have large amplitudes but will not have increasing amplitudes.
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The oscillations may have been caused by the generators, which in the case
studies had automatic voltage regulators, but no power system stabilizers,
which could indicate that the voltage oscillations were the result of a HB.
Another possibility is that they were caused by numerical oscillations resulting
from the integration method used in time-domain simulation.

In [38], the dependence of short enough step length for the trapezoidal
method to avoid numerical oscillations when the system is subject to discon-
tinuities were investigated. The backward-Euler method does not suffer from
numerical oscillations since it is A-stable [24], but the method will dampen
oscillations if the step length is not short enough. Therefore, to simulate the
oscillations caused by Hopf bifurcations, the trapezoidal method was chosen
for the time-domain simulation.





Chapter 5

Closure

5.1 Summary

Power systems experience increasing amounts of uncontrollable renewable
power generation, from sources such as wind turbines and photovoltaic el-
ements, which are volatile and hard to predict. To mitigate the problem of
integrating renewable energy while keeping the system secure, system oper-
ators will need tools for both operation and planning phase that are able to
handle a large number of loading scenarios and operating conditions.

This report has identified the need for fast algorithms to calculate relevant
operation limits and indexes for the flexible, stable and economical operation
of modern power systems with highly variable amounts of generation available.
Corrective and preventive action to restore the stability of the system were
discussed, and we proposed to use load shedding to minimize the load inter-
ruption costs of the system. The cost of the load shedding which minimizes
the load interruption costs can then be used as a benchmark to corrective or
preventive actions when considering the planning and operation of the system.

The loadability surfaces of power systems were discussed and a load shed-
ding algorithm, based upon approximations to this surface, presented. The
load shedding algorithm will seek to restore stability of the system by shedding
the minimal amount of load needed to achieve this goal. The algorithm used
an optimization formula to get to a loadability surface, which was considered
to be most important. The choice of the loadability surface, was done with
one of five presented criteria.

The second-order approximations to the power system’s loadability limit were

89
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briefly described in the report. These approximations together with an algo-
rithm which, given an operation point λ0, calculates the distance to the nearest
point on Σ in the direction anti-parallel to the outward normal nΣ(λc), which
is the gradient of the second-order approximation surface at that point, were
an input to this thesis.

The distance to the post-contingency loadability surface in this direction was
then used to perform the minimal amount of load shedding needed to restore
the stability of the system after the system was subjected to contingencies.

This will define a margin to the boundary of stable operation domain, be-
yond which the system will either be unstable or violate operation constraints.
This margin is needed to ensure that the system will be transiently stable after
being subjected to a large-signal disturbance, such as the loss of important
transmission or generation equipment.

The amount of load shed and the margin to the approximated surface could
then be used to construct a minimal security margin to the approximated sur-
faces, to reduce the number of time-domain simulations necessary to find the
minimal load shedding solution which is transiently stable.

In the case studies of this thesis, we applied the proposed algorithm in two
small power systems. The load shedding algorithm was tested for list of given
contingencies and as an input to the project we received precalculated load-
ability surface approximation. The results shows that the algorithm is useful
for small power systems, and can be used, to minimize the load shedding.

5.2 General Conclusions and Recommendations
The second-order approximations to the loadability surfaces are dependent on
finding a most important point for each part of the surface, and using the first-
and second-order partial derivatives of the system’s equations. Therefore, the
method is dependent on accurate modeling of the real power system. The
surface were proven to be useful for load shedding purposes.

The time-domain simulations are the most time consuming part of the pro-
posed methods, and steps should be taken to automate the process as much
as possible.

A possible shortcoming of the methods proposed is when the load shedding
algorithm takes the pre-contingency loading point λ0 from outside the domain
bounded by approximated surface Σi used for load shedding, to a point λ(i)



5.3. CONCLUSIONS FROM THE CASE STUDIES 91

which is inside the domain bounded by the surface Σi. At λ(i) a new nearest
surface Σj is found. The new nearest surface Σj may be more accurate in
determining the true loadability surface of the system; if so, the minimal load
shedding solution should operate on the surface Σj instead of Σi. This case,
however, was not considered in this thesis.

5.3 Conclusions From the Case Studies
The two case studies has shown that the L1-minimization, on average results
in the least amount of load shed. For some cases L2-minimization and the
approximative minimization yielded a sum of the load shed in each bus which
were close to the solution of the L1-minimizing algorithm. However, when
considering the 39-node system, the L1-minimization outperformed the other
two methods by halving the load shedding cost, for all contingencies which
required load shedding.

The geometry of the second-order approximations used, was found to valu-
able information about the minimal cost solution, which can be seen from
table 4.3 where the optimal load shedding direction was shown to change
between iterations. In each of the two case studies the margin needed was
shown to be approximately the same on average for the approximative and
the L2-minimizing method, while the margin needed for the L1-minimization
was lower. This suggests that an extra security margin in the form of the
Euclidean distance could be used to estimate a new post-contingency stability
region.

Given a set of contingencies it was proved hard to find loading points which are
stable for the pre-contingency system but unstable for the post-contingency
system. In figure 3.6 the loading point Point 1, but not Point 2, is in the
relative complement of the post-contingency stable operation domain Dpost,
in the pre-contingency stable operation domain Dpre.

These points could be found by sampling the load space and comparing
the signed distances to the pre-contingency and post-contingency system. The
sign of these two distances for a point should be opposite to guarantee the point
is stable in the pre-contingency system and unstable in the post-contingency
system. Note that the system which is having a loading point in Dpost after a
contingency and load shedding action is not guaranteed to be stable, since it
might be transiently unstable.

In some cases it was found the margin to the closest loadability limit was
on another loadability surface than the one used for load shedding. The cri-
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terion that was used was (3.39), which considered the closest surface in a
Euclidean sense to the loading point. The criterion (3.39) might estimate the
distance to the real stability boundary inaccurately, which in turn might af-
fect the minimal cost load shedding solution negatively. We therefore suggest
an expansion of this work could be to determine the criteria for selecting the
approximation surface which results in the least amount of load shed.

5.4 Closure
This thesis has been concerned with finding the minimal cost load shedding
solutions when the system is subjected to contingencies which might cause the
post-contingency system to lose stability.

Second-order approximations to the loadability surfaces of a power system
have previously been shown to accurately approximate the real surfaces, for
small disturbances, such as the increase of load power consumption, as shown
in figure 3.5 and in [2].

In this report second-order approximations were used to calculate the dis-
tance from a pre-contingency operation point to the closest part of the post-
contingency loadability surface. Since contingencies such as line disconnec-
tions are large-signal disturbances, there is a need to verify that the post-
contingency system is actually stable.

It has been shown, by running time domain simulation, that an extra
security margin µ to the post-contingency approximations is needed to restore
the stability of the post-contingency system through load shedding.

The margin µ needed for restoring the stability of the system was inves-
tigated for three different methods of minimizing the amount of load shed,
along their respective directions. L1-minimization was found to be the most
cost-effective solution, as it resulted in the least amount of load shed of the
three.

However, L1 requires more iterations than the other two methods, since the
optimal direction of load shedding changes. The approximative and the L2-
minimal method showed worse performance in terms of interruption cost than
the L1-minimal. Since they L2-minimizing and the approximative method are
somewhat faster they might still be useful, especially when calculating the
load shedding solutions for a large number of loading points.

Using second-order approximations, which can be calculated and stored
beforehand, could become a helpful addition in the future to the toolbox
which system operators use. Possible uses are to determine stability margins
for real time operation, and calculating minimal interruption cost load shed-
ding actions for contingencies both in real time operation and in the planning
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stage. The minimal amount of load shedding that is needed to bring the post-
contingency back to stability could also be used as a measure of the severity
of contingencies. Combining this severity measure with the probabilities of
the contingencies could be used for power system operation and planning to
take decisions which minimize the risk.
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5.5 Future work
1. As discussed in section 4.5 there might be cases when the closest load-

ability limit after the load shedding has been done is found to lie on a
different approximation surface than the one which the load shedding
algorithms used to find the minimal load shedding needed. In section 3.6
five different criteria (3.39)-(3.43),were presented to choose the approx-
imation surface to be used in the load shedding algorithms. A future
work would be to compare the different criteria and to find the one which
most accurately describe the actual stability boundary in terms of min-
imizing the margin needed or minimizing the amount of load which is
shed, to restore the stability of the post-contingency system.

2. In section 3.9, the criteria and some methods for the L1-optimal load
shedding solution were presented. The first step of the load shedding
will take a loading point λ to the nearest point on the loadability sur-
face λ∗(λ) ∈ Σ while minimizing the load shedding. This was done by
formulating an optimization problem the Lagrangian function and the
distance function from 3.5 and using Sequential Quadratic Programming
(SQP). However, when the margin µ has to be increased to guarantee
transient stability, then the load shedding is not done optimally since
the described iterative method uses a hyperplane approximation to the
loadability limit.
It is possible to formulate the margin increase as the optimization prob-
lem which could be used for SQP method, see (3.88), which calculates
the minimal load shedding which optimally increases the approximated
margin µλc . A comparison of the minimal load shedding costs and the
computational burden of the applied method in this thesis and of the
SQP formulation of the problem is a topic for future research.

3. When calculating approximations to the bifurcation surface the state
variables are held to be constant, by assuming that the time-period stud-
ied is short enough, so that ẋ = 0. Thus, the transient stability of the
system may be neglected, such as the rotor angle stability. A possibility
is that the loadability surfaces would be extended with surfaces based
on transient energy functions, as done in [39], for the dynamic stability
analysis. Thus, it would be possible to more accurately determine the
stability of the system before any time-domain simulations are run.

4. This thesis has not been concerned with the load dynamics; the use of
constant power loads may be used to calculate a "worst-case" scenario,
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however real loads in power systems are often depending on the voltage
and/or frequency at their respective buses.
The impact of discrete-logic load tap changers on power system stability
has been investigated in for example [40], which uses regions of attraction
to derive conditions for stability after load shedding. Various induction
machines, which may be used as generators in wind turbines, and their
behavior during disturbances, including the stalling of induction motors,
should be carefully modeled to get an accurate representation of the
system. A useful result of these studies would be how the load dynamics
impact the amount of load to be shed for the load shedding action si
delayed by various amounts of time [40].

5. The impact when introducing discrete variables and the load dynam-
ics, mentioned above, in the calculation of the approximations to the
loadability surfaces could be a topic for further research.

6. Machine learning and automation of voltage stability analysis; smart
indexes which can be automatically calculated to determine if the system
is stable after performing a time domain simulation. A possible solution
is using voltage limits for the bus voltages, and calculating the energy
in the voltage oscillation to try to determine the stability of the system.
Estimates of the needed margin µ could be used to reduce the number of
time-domain simulations needed. So that the minimal interruption cost
load shedding algorithms will start from an estimate instead of having
the starting point at the loadability limit.
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Appendix A

Data for the IEEE 9-bus System

Figure A.1: One-line diagram of the IEEE 9-bus power system, from [2].

Table A.1: Data for the Slack bus of the IEEE 9-bus system.

Bus i V0 θ
1 1.0443 0
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Table A.2: Data for the PQ buses of the IEEE 9-bus system.

Bus i PD QD

5 1.8648 0.7459
6 1.4697 0.4899
8 2.0367 0.7128

Table A.3: Data for the PU buses of the IEEE 9-bus system.

Bus i PG V0
2 1.63 0.9881
3 0.85 0.9995

Table A.4: Synchronous machine data for the IEEE 9-bus system

Bus i xd x′d xq T ′d0 M = 2H D
1 0.146 0.0608 0.0608 8.96 47.28 0.0239
2 0.8958 0.1198 0.1198 6 12.8 0.0212
3 1.3125 0.1813 0.1813 5.89 6.02 0.0212

Table A.5: Data for the AVRs of the IEEE 9-bus system

Bus i V max
ref V min

ref KA Te Tr
1 2 -2 20 0.314 0.001
2 2.2 -2.2 20 0.314 0.001
3 1.7 -1.7 20 0.314 0.001

Table A.6: Data for the lines of the IEEE 9-bus system.

From bus i To bus j Resistance R Reactance X Susceptance B Plim
9 8 0.0119 0.1008 0.209 3.75
7 8 0.0085 0.072 0.149 3.75
9 6 0.039 0.17 0.358 3.75
7 5 0.032 0.161 0.306 3.75
5 4 0.01 0.085 0.176 3.75
6 4 0.017 0.092 0.158 3.75
2 7 0 0.0625 0 3.75
3 9 0 0.0586 0 3.75
1 4 0 0.0576 0 7.5



Appendix B

Data for the IEEE 39-bus System

Figure B.1: One-line diagram of the IEEE 39-bus power system, from [1].
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Table B.1: Data for the slack bus of the IEEE 39-bus system.

Bus i V0 θ
1 1.034 0

Table B.2: Data for the PQ buses of the IEEE 39-bus system.

Bus i PD QD

1 0.0828 0.0414
2 9.9511 2.2534
13 3.1085 0.0231
14 4.8126 1.771
17 2.2371 0.8038
18 4.8097 1.6216
21 3.6241 1.5211
23 2.9379 0.8992
24 3.7436 1.1186
25 2.2062 0.4649
26 1.4806 0.1811
27 3.1116 0.836
28 1.8766 0.2514
29 2.4742 0.2348
30 5.8005 0.9514
32 0.0675 0.792
35 4.0265 1.9252
36 3.4341 0.3367
38 1.9706 0.3742

Table B.3: Data for the PU buses of the IEEE 39-bus system.

Bus i PG V0
2 10 1.0324
3 6.5 0.9996
4 5.08 1.0163
5 6.32 0.9922
6 6.5 1.0473
7 5.6 1.0619
8 5.4 1.0282
9 8.3 1.0211
10 2.5 1.0456
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Table B.4: Data for the synchronous machines of the IEEE 39-bus system.

Bus i xd x′d xq T ′d0 M = 2H D
1 0.295 0.0647 0.0647 1.5 60.6 0.0066
2 0.02 0.006 0.006 0.7 1000 0.0066
3 0.2495 0.0531 0.0531 1.5 71.6 0.0066
4 0.33 0.066 0.066 0.44 52 0.0066
5 0.262 0.0436 0.0436 1.5 57.2 0.0066
6 0.254 0.05 0.05 0.4 69.6 0.0066
7 0.295 0.049 0.049 1.5 52.8 0.0066
8 0.29 0.057 0.057 0.41 48.6 0.0066
9 0.2106 0.057 0.057 1.96 69 0.0066
10 0.2 0.004 0.004 0.05 84 0.0066

Table B.5: Data for the AVRs of the IEEE 39-bus system.

Bus i V max
ref V min

ref KA Te Tr
1 2.0375 -2.0375 5 0.25 0.001
2 1.1128 -1.1128 6.2 0.41 0.001
3 2.1353 -2.1353 5 0.5 0.001
4 2.1864 -2.1864 5 0.5 0.001
5 2.0183 -2.0183 40 0.785 0.001
6 2.0028 -2.0028 5 0.471 0.001
7 2.0501 -2.0501 40 0.73 0.001
8 2.0714 -2.0714 5 0.528 0.001
9 2.1956 -2.1956 40 1.4 0.001
10 1.3898 -1.3898 5 1.4 0.001
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Table B.6: Data for the lines of the IEEE 39-bus system.

From bus i To bus j Resistance [Ω] Reactance [H] Susceptance [F] Plim
39 30 0.0007 0.0138 0 99.99
39 5 0.0007 0.0142 0 99.99
32 33 0.0016 0.0435 0 99.99
32 31 0.0016 0.0435 0 99.99
30 4 0.0009 0.018 0 99.99
29 9 0.0008 0.0156 0 99.99
25 8 0.0006 0.0232 0 99.99
23 7 0.0005 0.0272 0 99.99
22 6 0 0.0143 0 99.99
20 3 0 0.02 0 99.99
16 1 0 0.025 0 99.99
12 10 0 0.0181 0 99.99
37 27 0.0013 0.0173 0.3216 99.99
37 38 0.0007 0.0082 0.1319 99.99
36 24 0.0003 0.0059 0.068 99.99
36 21 0.0008 0.0135 0.2548 99.99
36 39 0.0016 0.0195 0.304 99.99
36 37 0.0007 0.0089 0.1342 99.99
35 36 0.0009 0.0094 0.171 99.99
34 35 0.0018 0.0217 0.366 99.99
33 34 0.0009 0.0101 0.1723 99.99
28 29 0.0014 0.0151 0.249 99.99
26 29 0.0057 0.0625 1.029 99.99
26 28 0.0043 0.0474 0.7802 99.99
26 27 0.0014 0.0147 0.2396 99.99
25 26 0.0032 0.0323 0.513 99.99
23 24 0.0022 0.035 0.361 99.99
22 23 0.0006 0.0096 0.1846 99.99
21 22 0.0008 0.0135 0.2548 99.99
20 33 0.0004 0.0043 0.0729 99.99
20 31 0.0004 0.0043 0.0729 99.99
19 2 0.001 0.025 1.2 99.99
18 19 0.0023 0.0363 0.3804 99.99
17 18 0.0004 0.0046 0.078 99.99
16 31 0.0007 0.0082 0.1389 99.99
16 17 0.0006 0.0092 0.113 99.99
15 18 0.0008 0.0112 0.1476 99.99
15 16 0.0002 0.0026 0.0434 99.99
14 34 0.0008 0.0129 0.1382 99.99
14 15 0.0008 0.0128 0.1342 99.99
13 38 0.0011 0.0133 0.2138 99.99
13 14 0.0013 0.0213 0.2214 99.99
12 25 0.007 0.0086 0.146 99.99
12 13 0.0013 0.0151 0.2572 99.99
11 12 0.0035 0.0411 0.6987 99.99
11 2 0.001 0.025 0.75 99.99
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