TO APPEARIN IEEEINFOCOM 2001

A Control TheoreticAnalysisof RED

C.V. Hollot, VishalMisra, Don Towsley andWei-Bo Gong

Abstract— In this paper we use a previously developed nonlinear dy-
namic model of TCP to analyze and design Active Queue Management
(AQM) control systemsusing RED. First, we linearize the interconnection
of TCP and a bottlenecked queue and discussits feedback properties in
terms of network parameters such as link capacity, load and round-trip
time. Using this model, we next designan AQM control systemusing the
random early detection (RED) schemeby relating its freeparameterssuch
asthe low-passfilter break point and lossprobability profile to the network
parameters. We presentguidelines for designinglinearly stable systems
subject to network parameterslik e propogation delay and load level. Ro-
bustnessto variations in systemloadsis a prime objective. We presentns
simulations to support our analysis.

|. INTRODUCTION

In [1] leadingresearchem the networking communityhave
proposedmplementatiorof REDin IP routersfor Active Queue
ManagemenfAQM). It is believedthatRED will alleviateprob-
lemsrelatedto synchronizatiorof flows andalsoprovide some
notion of quality of serviceby intelligentdropping. The analy-
sisof RED hasgeneratedeveral interestingpapers.Tuning of
RED parameterfiasbeenaninexactscienceor sometimenow,
somuchsothatsomeresearcherbave adwocatedagainstusing
RED becausef this tuning difficulty [2], [3]. NumerousRED
variants[4], [5], [6], [7] have alsobeenproposedperhapsno-
tivatedby the difficulty in understandinghe dynamicsof RED
completely

In [8], theauthorsinvestigatedheissueof recommendations
of RED parametersand gave thumb rules and guidelinesfor
choosinghem.In this papermwe investigatesimilarissueshow-
ever from amoreformal, controltheoreticstandpointWe usea
previously developedmodelof TCPandRED dynamicg9] asa
startingpointto performour analysis.Theinherentlynon-linear
modelpresentedh thatpaperis convertedto alinearsystenvia
the techniqueof linearization,and we subsequenthapply the
well developedtoolsin classicalinearfeedbackcontroltheory
We areableto give guidelineson designinglinearly stablesys-
temsaswell asprovide metricsindicating stability androbust-
nessof the linear system. Our analysisalso revealstradeofs
in variousparametechoices.We supportour analysisvia non-
linearsimulationsusingthewell known ns- 2 simulator[10].

The restof the paperis organizedasfollows. In Sectionll
we develop the linearizedmodelfor the AQM control system.
Sectionlll dealswith with applicationof the earlierdeveloped
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modelto an AQM systemimplementingRED. We presentde-
signguidelinesin this section. Next, in SectionlV we present
simulationresultsdoneusingns- 2 thatverify our analysisand
designrecommendationg:inally, we presenbur conclusionsn

SectionV.

Il. MODEL

We begin our discussionof AQM by first introducinga dy-
namicmodelfor TCP’s congestion-aoidancemode.

A. Afluid-flowmodelof TCP behavior

In [9], adynamicmodelof TCP behaior wasdevelopedus-
ing fluid-flow andstochastiaifferentialequatioranalysis.Sim-
ulationresultsdemonstratethatthis modelaccuratelycaptured
the dynamicsof TCP In this paperwe usea simplified version
of thatmodelwhich ignoresthe TCPtimeoutmechanismThis
modelrelatesthe averagevalueof key network variablesandis
describedy thefollowing coupled nonlineardifferentialequa-
tions:
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wherez denoteghetime-derivative of z and
W = expectedTCPwindow size(paclets)
g = expectedqueudength(paclets)
R = round-triptime = % + T, (secs)
C = link capacity(paclets/sec)
T, = propagatiordelay(secs)
N = loadfactor(numberof TCP sessions)
p = probabilityof packet mark/drop

The queuelength ¢ and window-size W are positve and
boundedquantities;i.e., ¢ € [0,g] andW € [0, W] whereg
and W denotebuffer capacityand maximumwindow size re-
spectvely. Also, the markingprobability p takesvalueonly in
[0,1]. We illustratethesedifferentialequationsn the block di-
agramof Figure 1 which highlights TCP window-control and
gueuedynamics.We now approximatehesedynamicsby their
small-signallinearizationaboutan operatingpoint to gain in-
sightfor the purpose®f feedbackcontrol (AQM).

B. Linearization

Taking (W, ¢) asthe stateandp asinput, the operatingpoint
(Wo, qo, po) is definedby W = 0 andg = 0 sothat

¢g=0 = W():@
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Fig. 1. Block-diagramof TCP’s congestion-eidanceflow-controlmode.

where
=2

Ry = C
AssumingN(t) = N and R(t) = R, asconstants, we lin-
earize(1) aboutthe operatingpoint to obtain (seeAppendix |
for details)

+T,

. N
SW(t) = ——ae(6W(t)+3W(t— Ry))
RZC 0
R,C?
“ SNz dp(t — Ro)
. N 1
oq(t) = R—O5W(t)—R—O5Q(t) 3)
where
W = W —-Wy;
0¢ = q—qo;
ép = p—po.

Performinga Laplacetransformon the differential equations,
thelinearizeddynamicsareillustratedin a block diagramform
in Figure2.
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Fig. 2. Block-diagramof thelinearizedTCP connection.

Remarks 1:

Lthis assumptiomwill bein forcefor theduration.
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1. In [11] a modelfor TCP’s window-control mechanisnwas
developedandarguedthatit containeda Smith regulatorstruc-
ture; see[12]. However, our modelin (3) andFigure2 doesnot
supportthis claim. Indeed for the TCPwindow controlin Fig-
ure2 to actlike a Smithregulatorstructure theterm —shRo

N
rzC®
shouldbereplacedwith —% ﬁ%’—e—mﬂ.

2. In[13] amodelfor the TCPwindow-controlmechanisnwas
developedwhich is similar to thatin (3). However, thatmodel
doesnot containa queuedynamic. The dynamicalsystemcon-
sideredis thusalittle differentfrom ours,andhencetheir anal-
ysis andresultsdo not agreewith the conclusionawve arrive in
this paper

3. In Appendixll we shaw thatthedelayterme=*%o in the TCP
window-controldynamicin Figure?2 is not significantwhen

N L
R2C Ry’
Since
N 1
R2C " WoRo

this delayterm canbeignoredif W, > 1. For typical network
conditions,Wy > 1 is areasonablassumptiorandhence for
the remainderof the paper we will ignorethis delayterm and
considerthe simplified dynamics

. 2N RyC?
W) = —R%—CJW(t) ~ SN? 0p(t — Ry)
. N 1
bat) = W)~ H-da(t) @
asillustratedin the block diagramof Figure3.
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Fig. 3. Block-diagramof thelinearizedTCP connectionrvhenWy >> 1.

4. The eigervaluesof the linearizedTCP and queuedynamics
(4) are,respectiely,
2N —2 1
——— (or and — —.
RSC ( W()Rg ) RO
Sinceall the network parametersre positive quantities,these
negative eigervaluesindicate that the equilibrium stateof the

nonlineardynamicsis locally asymptoticallystable. An inter-
pretationof the TCPwindow-controltime constant’3%e comes

from expressinghe linearizationof the SW equationabove as:




where)\ is the equilibriumpaclet-markingrateasdiscussedn

[9]. Therefore the window-controltime constantanbe equiv-

alentlyexpressedisl\LO. In equilibrium, W = 0 impliesthatthe

multiplicativedecreasén window size%Wo)\o balancests ad-

ditiveincreaseg-. Consequentiy\y = 2= It canbeloosely
interpretedas the averagefrequeng of the TCP congestion-
avoidancecycle.

5. Finally, it is interestingo notethatlinearizationof thequeue
dynamicdoesnotyield a pureintegrator, asonemay expectand

asoneseesin the literature(for example,[11]) but producesa

leaky integratorwith time constantR,. This canbe partially

explainedin notingthatthe flow into the queueis a function of

the queuelength. Thatis, this flow is % wherepart of the

round-triptime R, is dueto thequeuingdelay &.

I11. THE AQM CONTROL PROBLEM

The objective of this sectionis to analyzethe TCP dynamic
describedn (4) in termsof network parametersuchas TCP
load N, round-triptime R, andqueuecapacityC', andin terms
of the feedbacknatureof AQM. We will alsodiscussperfor
manceobjectivesfor AQM.

Usingthe linearizedTCP model(4) an AQM control system
canbe modeled asin the block diagramof Figure5 . In this
diagramP,,,, denoteghetransferfunctionfrom lossprobability
op to window size W and P,y relatessW to queuelength
g. Theterme—*%o js the Laplacetransformof the time-delay
in the delayedloss probability 6p(t — Rp) . In control-system
languageyve referto the AQM ControlLaw block asthe “con-
troller” or “compensator’andthe restof the (uncompensated)
systemasthe“plant”. Thegoalof the compensatodesignis to
provide a “stable” closed-loopsystem.However, therearecon-
cernsbeyond stability which impactcontrol design.Firstly, the
systemmust have an acceptabldransientresponse.Secondly
the compensatodesignshouldbe robustto variationsin model
parameterandmodelingerrors. Hence the goal of controlen-
gineerds to designsystemswith a mamin of safety Thesemar
ginsarecalledstabilitymargins Therearetwo classicametrics
to measurehis relative stability. The first of thoseis the gain
maugin, which is the factor by which the openloop gain of a
stablesystemmustbe changedo make the systemunstable.If
we look at Figure 1, the gainmaigin is roughly the uncertainty
in theloadlevel N thatthe designcantolerate. The secondof
thosemeasuress the phasemamin. The definitionof thephase
maugin is alittle bit morecomple, but in the context of AQM
we caninterpretthe phasemaigin asthe amountof uncertainty
in the roundtrip delay a designcan sustainwithout becoming
unstable.Stability mamgins of a systemcanbe readily deduced
from Bodeplots. A Bodeplot is the frequeng responselot of
theopen-loopsystem.The magnitudeandphaseresponsef the
systemareplottedon a doublelog scale. The gainmamin of a
systemis equalto the magnituderesponsef the systemat the
pointwherethe phaseesponsés —180°. Thephasemamgin ¢,,
is definedaswy,, — 180 wherew,,, is thephaseresponsatthe

2This linearizedcontrol systemassumesin infinite queue-lengtfandallows
queuelengthto take on negative values. While our subsequenanalysisand
designarebasedn this linearmodel,they areverifiedin nonlinearsimulations
whichincludethesenonlinearconstraints.

frequeny wherethemagnituderesponsés unity (or 0 dB). The
two quantitiesare showvn in Figure 4. Intuitively, if we don't

have positive mamgins, thenthe feedbackcontrol systemstarts
behaing like a positive feedbacksystem|.e. onewheretheer-

ror getsamplifiedin theloop, leadingto divergentandunstable
behaior.

dB

Magnitude —>

Gain Margin

-90

Phase —>

Margin

“180 L e L

Frequency —>

Fig. 4. Stability maginsontheBodeplot

A. Plantdynamics

In Figure5 we give a feedbackcontrol systemdepictionof
AQM. The action of an AQM control law is to mark paclets
(with probabilityp) asafunctionof measuredjueudengthg.
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Fig.5. AQM asfeedbackcontrol.

From Figure 5, the plant transfer function, P(s)
Py (8) Pyueue(s) , canbe expressedn termsof network pa-
rameterg/ielding:

RoC?

2N?2 .

2N 7
s+ Egﬁ

N

Ry

-
s+ R_o

PtCP(S)

Pyueue (s) )

We referto thetwo poles—2N/(R2C) and—1/Rq asp., and
Pqueue l’eSpeCts'ver.

The plant dynamics,denotedby the transferfunction P(s),
then relateshow this paclket-markingprobability dynamically



affectsthe queudength.From(4) andFigure3 we have
(Sg)e

P(s):(s—}—%)(s—l—}%)'

(6)

Remarks 2:

1. The high-frequeng plant gain of P(s) in (6) is % The

variationin this gainasa function of TCPload N shouldbe a

concerrin thedesignof AQM controlschemesinceit hasdirect
bearingon stability, transientresponseand steady-stat@erfor

mance.Indeed,asmall TCPload IV increaseshe hi-frequengy

gainleadingto decreasedtability mamginsandincreasedscil-

latory responseCorversely largerTCPloadswill tendto damp
theclosed-loofransientresponse.

2. StableAQM in thefaceof thetime-delayR, canplaceahard
limit on the closed-loopcontrol bandwidthand consequently
ontheachievablespeedf transientresponselndeed for stable
behaior, closed-loogime constantareapproximatehbounded
by Ry /2 seconds.

B. AQM performanceobjectives

As in ary control systemdesign,a first stepis to poseper
formanceobjectives.For AQM, performancebjectivesinclude
efficient queueutilization, regulatedqueuingdelay and robust-
ness.

1. efficientqueueutilization: For efficientuse thequeueshould
avoid overflow or emptiness. The former situationresultsin
lost paclets and undesiredretransmissionswhile an empty
buffer underutilizes the link. Both of theseextremesshould
beavoidedin bothtransientandsteady-stateperation.

2. queuingdelay: Thetime requiredfor a datapacletto beser
viced by the routing queueis calledthe queuingdelay andis
equalto &. Thistime, togethewith the propagatiordelay Ty,
accountdor the network delayandit is desirableto keepsmall
both the queuingdelay andits variations. This calls for regu-
lating to small queuelengths;however, doing so may resultin
link underutilizationandthis limitation presentsa fundamental
tradeof to AQM design.

3. robustnessAQM schemeseedto maintainclosed-looper
formancein faceof varying network conditions. Thesecondi-
tionsincludevariationsin the numberof TCP sessiongV, vari-
ationsin the propagatiordelayT;, andtheintroductionof short-
livedinto thequeue.

C. DesigningRED

An active queue-managemefBQM) systemcan be mod-
eled asthe feedbackcontrol systemshawvn in Figure6. Here
P(s)e~*Ro denotesthe previously derived small-signallin-
earization of TCP-queuedynamics (linearized about queue-
lengthgo). P(s) iS Picp(s) Pyueue (s) derivedpreviously. ép and
4q denoteperturbationsn thelossprobability andqueudength
respectiely. In Figure6 the transferfunction C(s) denotesan
AQM controlstrateyy suchastail-drop or RED.

Tail-dropis anon-off controlstratey. In termsof our set-up
in Figure6, tail-dropamountso the on-off actiondp € {0, 1}.
It is known in control theory that suchan on-off mechanisr

3alsoreferredto asrelay contol in the feedbacHiterature.
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Fig. 6. Block diagramof alinearizedAQM controlsystem

leadsto oscillations(limit-cycles)that canexhibit complex and
chaoticbehaior; e.g.,see[14]. Suchoscillationsmaybe unde-
sirablein queuemanagementand RED wasintroducedto sta-
bilize them.

A transferfunctionmodelfor REDIs:

Lred
= = — 7
C(S) Cred(s) S/K ¥ 15 ( )
where
I 1-
LTed — pmaz . ; K — oge( a) ,
mazey, — Ming, 1)

a > 0 is the queueaveraging parameteiand é is the sample
time;se€g9]. In designingC..4(s) to stabilizethe AQM control
system,variationsin both the numberof TCP sessionsV and
round-triptime Ry shouldbetakeninto account.Thevariations
in Ry aredueto a variablepropagatiortime T,, where

%
c

Let's assumea range for the numberof TCP sessionssay
N > N—, andthe round-triptime, By < RT. The objective
is to selectRED parameterd.,..q and K in (7) to stabilizethe
linear control systemin Figure6 for all theseN and Ry,. The
linearfeedbackcontrol systemin Figure6 is stableif bounded
exogenousnputs produceonly boundedoutputs. This in turn
impliesthatresponseo initial conditionswill be boundedand
convergeexponentiallyto zero.Underthis definitionof stability,
we give thefollowing two propositions:

Ry=24T,

Proposition1: Let L,..4 and K satisfy:

Lyed (R+C)3 wg

evy V&

xz !

(8)

whee

) 2N~ 1
wgzﬂ.lmln{m,ﬁ}. (9)
Then, the linear feedba& contol systemin Figure 6 using
C(s) = Crea(s) in (7) is stablefor all N > N~ and all
Ry < R™.

Proof: Considerthe frequeng responsef the compensated

loop transferfunction
L(jw) = Crea(jw)P(jw)e %

Lyeq ((133\%): g~IwhRo
(% + 1%

ROC

+ 1) 4 1)
Ro



Fromthis and(9) we have:

RoC)® _iuR
red((2gv))z e Jwito

241

L

L(jw) ~

, Yw € [0,wg].

Now, givenary N > N~ andary Ry < R,

R*0)3
Lredﬁ

VEE+1

Fromthis and(8) it followsthat|L(jw,)| < 1forall N > N~
andfor all Ry < R*. Thus, the unity-gain crosswer fre-
gueng is boundedabove by w,. To establisttlosed-loopstabil-

ity, we invoke the Nyquiststability criterion[12] andshow that
LL(jwy) > —180°. To this end,we againuse(9) to obtain

[L(jwg)| <

R*C)®
Kreaanoye

+1

180°

LL(jwg) > L —wyRy > —900—0.17 > —180°.

Jjwg
DPred

O

Remarks 3:

1. The rationalebehindthis choice of parameterss to force
C'req(s) todominateclosed-loopbehaior. Thisis doneby mak-
ing the closed-looptime constant(~ 1/w,) greaterthaneither

theTCPtime-constan% or thequeuetime-constaniZ .
2. Differentchoicesof (L,.q, K) satisfythe conditionabove.
For example,Figure7 illustratesa region of admissibleparam-
eter$¢ whenRt = 0.25 secs,N~ = 40, 60 and80 flows and
C = 3750 paclets/sec.

x 10
25

— N =40
— -~ N =60
N~ =80 7

15F b

red

Fig. 7. StabilizingRED parameterd.,..q andK.

3. This RED designis linearly robustto the network parameter
variationsN > N~ andRy < R*. Theextentto which this
feedbackcontrol systemis stableto further variationsin these
parameterss characterizeéh Proposition2 below.

4valuesof admissiblepairs(L,..q, K) lie belov thegraphs.

4. The multiplicative factor0.1 in the choiceof w, is the one
which providesstability mamins. If we choosea highervalue
than0.1, we producea controllerwith lower stability mamins.
The benefitof the moreaggressie designis thatit givesfaster
respons¢imes(dueto anincreasen wy).

5. It seemgounterintuitive thatthe systemis stablefor all load
levelsgreaterthan N ~. In fact,the systemmay oscillateif the
loadlevel makesthesystengointo aregionwheretheoperating
pointliesin thediscontinuityregion of thelossprofile. Thiswas
studiedin [8]. However, the gentle. mechanisnrecommended
in [15] removestheinstability relatedto the discontinuity

6. At highloadlevels,thelossprobabilitybecomesufficiently
high to causesomeflows to go into timeouts.We have ignored
timeoutsin our modelandanalysis.Timeoutsshouldnotimpact
stability from ouranalysisindeed they tendto make thesystem
lessoscillatory

7. The analysiswe presenteatonsidereda boundon the round
trip time R*. However, it doesnot follow thatif the roundtrip
time of someflows exceedthis boundthenthe systembecomes
unstable. In fact, in the presenceof heterogenousound trip
timesfor the flows, this boundshouldbe interpretedfor what
we call the equivalentroundtrip time of the flows. For simple
(single bottleneck)casesthe equivalentroundtrip time is the
harmonicmeanof the individual roundtrip timesof the flows.
Considera scenariowith N flows having heterogenousound
trip times R;. Theharmonicmean(R,,) of theroundtrip times
is givenby

1 _1%1
Req_N._ Rz
=1

Now, atthe bottlenecledrouter, the capacityis sharedby these
differentflows. Thus,at equilibrium,ignoringtimeoutsandus-
ing the simplified ,/p formula for throughput([16], [17]) we
have

V2
2 Unr

()
VE().

R,
Hencethesystembehaesin themeanasasystemwith N flows
eachhaving anidenticalequivalentroundtrip time thatis R.,.

Proposition 2: ConsideranyREDcontmller Cy..4(s) satisfying
conditions(8) and (9) in Propositionl. Then,thegain mamin
(GM) and phasemamin (PM) of the linear control systemin
Figure 6 satisfy:

GM > 57; PM > 85°.
Consequentlythis linear control systemwill remain stable if
eitherRy < 15RT or N > L N—.



Proof: Sharpening phasecomputatiormadein the proof of
Propositionl gives

+0)3
Kreq ((gNC))z 180°

LL(jwy) > / ~wgRo > ~00°~01— ~ —95°.

Jwg 1
DPred

Thus, PM = 180° + ZL(jw,) > 85°. Thephaselag dueto
additionalround-triptime delayAR is:

Le WAk — _yy AR.

From(9), wy < %:. Usingthis andw,AR = 85({%;) gives
AR < 14.8R. For thegainmamin computationwe recallfrom
theproof of Propositionl that

Lred((};g\g):
P(jw)  —————, VYw € [0,w,].
(jw) %_'_1 [0, w,]
Consequently
LP(jwy) > —90°.
Since
/e~ IwRo = —90°
then ZL(j5%-) Z —180°. Because|L(jw,)| < 1, then
1/|L(j355)] = 2R° gives a lower-boundto the gain magin.

Sincewy < 0.1Ry thenGM > 5.
O

Example 1: Considerthe caseof network parameters:C' =
3750 paclets/se®, N~ = 60 andRT = 0.2 sec.From(9),

wy = 0.1 min{0.5259,4.0541} = 0.053 rad/sec

For K = 0.005, we computefrom (8):

%\/;—z +1=1.86(10)"*

Thus,onechoicefor Ci.eq is

Lred S

1.86(10) 4
Cred(s) = 3(74_)1'
0.005

In termsof implementationyve canbreakthis C..4(s) down as

Lyeq = 1.86(10)~%; K = 0.005

Now, for alink capacityof 3750packets/sec, § = 2.66(10)~*
yielding «, the averagingweight, as 1.33(10) 6. L,.q =
DPmaz/(maze, — ming). Thus,if we choosep,,,, as0.1,then
the dynamicrangeof the averagequeuesizeis approximately
540paclets.

5correspondso a 15 Mb/s link with averagepaclet size500Bytes.
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Remarks 4:

1. Fromtheviewpoint of steady-stateegulationit is desirable
to selectL,.4 in (8) aslarge aspossible.By steadystateregu-

lation we meanthat g shouldgo down to zeroin steadystate.
However, underthe RED mechanisnthe steadystatevalue of

the queuelength (for a stablesystem)dependsupon network

conditions.Thusdgq in ourlinearmodelnevergoesto zerowhich

is not a desirablefeature. We canreducethis steadystateerror
by decreasind<. From(8), K — 0 allows L,..q — oo. In this

limiting casewe have

K
Cred =
S

which correspondso classicaintegral compensation.

2. A drawbackin usingRED for stabilizingqueudengthis that
it hasalow control-bandwidthw, which,from (9), mustbeless
thanthe bandwidthof eitherthequeueor TCPdynamic.Conse-
quently closed-loopresponsearecommensuratelglow®. This
canbe improved by introducinglead compensatiorinto RED.
Thisresultsin aclassicaproportional-intgral (Pl) compensator

+1
Cpr :KPI%-

The designof sucha compensatois discussedn a separate
companiorpaper18].

IV. SIMULATIONS

We verify our propositionsvia simulationsusingthens sim-
ulator. Although our analysiswascarriedout with a linearized
model, the simulationsare non-linearin nature. We look at a
singlebottlenecled routerrunningRED. In additionto infinite
duration,greedyflows suchasthe onewe model,we introduce
shortlived, http flows into the router, to generatea morerealis-
tic traffic scenario.The http flows weresimulatedusingthe http
moduleprovided with ns. The effect of flows which arevery
shortlivedis essentiallythat of introducingnoiseto the queue.
The objective of the control systemis to achieve full utilization
of the bandwidthin the presencef theseshortlived flows. In
all our plots we depictthe time evolution of the instantaneous
gueudength,with theunit of thetime axisbeingseconds.

A. Experimentl

In thefirst experimentwelook ataqueuewith 60ftp (greedy)
flows,and180http sessionsThelink bandwidthis 15Mb/s,and
the propagatiordelaysfor the flows rangeuniformly between
160and240ms. We attemptto controlthe queueto provide a
gueueingdelay of around50-70 ms, and hencesetthe min,y,
andmazyy, of the queueas200 and 250 respectiely, with av-
eragepaclet size being 500 Bytes. The averagingweight and
Pmae IS retainedas“vanilla”, i.e. the valueswhich arethe de-
faultin ns. Thebuffer hasa maximumcapacityof 800paclets.
We setthe gentle parameteiin RED as“on”. The instanta-
neousqueuelengthis shovn in Figure8. Obsene the oscillat-
ing natureof thequeue It frequentlygoesdown to zero,thereby

81n Examplel, the bandwidthwasapproximately0.053rad/sec Closed-loop
responsearedominatedby theassociate@0-secondime constant.



undetutilizing thelink. Thelarge oscillationsalsoadd consid-
erablejitter to theroundtrip timesof the paclets.

Default RED paramaters
600 T T T
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Fig. 8. Experimentl

B. Experimen®

Now we usethedesignasderivedin Example2. Thus,we set
the averagingweightto be 1.33e — 6, pqz 10 0.1 andthedy-
namicrange(ming,, mazsp) to 150-700paclets. This should
yield a stablemodeof operation.Theresultsareplottedin Fig-
ure9. We indeedseethatthe systenis stable with smallfluctu-
ationsaboutan operatinglevel of the queue.The deterministic
oscillationswhichwereobsenedin the previousexperimentare
absentn this configuration.A point to note however, is thatit
takes a long time to “settle” to the operatingpoint. This ini-
tialization is a major “disturbance”and one doesnt expectto
encounterit in the normal mode of operation. However, it is
relatedto the responsienessof the control systemto change
in operatingconditions. This slow responses relatedto a low
valueof w, thatwe use. ’ We canbe more aggressie in our
choiceof wy, to geta fasterresponsehowever thatwill leadto
lower stability margins. In the next experimentwe testadesign
which hasafasteresponseime.

C. Experimenf3

We increasev, to 0.2from 0.05.Recallthat1 /w, is approxi-
matelythetime constanbf the feedbackoop. Thus,increasing
w, shouldyield a fasterresponsdime. Therearea numberof
ways of incorporatingthe effect of the increasedv,. We look
backat Propositionl, andevaluatetheeffectof increasingy, on
L.q. We could eithermaintaina constantv, / K ratio, thereby
increasingK (which in turn meansincreasingx) andmaintain
L,.q, orwe couldretainthevalueof K andincrease.,..4 corre-
spondingly Thelattercanbeachievedin two differentways- by

"The settlingtime is alsoincreaseddueto the non-lineareffects of the tail
dropphenomenaappeningsthe queuesizereaches800. Theclampingat 800
resultsin a longertime for the averageto “grow” to a value which can start
providing lossfeedbacks
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shrinkingthedynamicrange(recallthat Lyeq = . -Pmee——)

or by increasing,,4; - In ourfirstapproacto obtainafasterme-
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sponsdime, we make the dynamicrangeshorter reducingit to

150-250,from the earlier150-700.The queuesizefor this sce-
nariois plottedin Figure10. As we obsene, the queuesettles
to aroundthe operatingpoint after 60 seconds comparedo 80

secondsn Experiment2. Notice alsothe someavhatlarge devi-

ationsin the queuesizearoundthe 100-160secondangein the
simulation. This is becauseur aggressie designhasreduced
the stability mamgins. The presenceof http flows introducesa
stochastielementin theload level andhencewe canexpectto

seethoselargervariationswith lower stability mamgins.

The non-lineareffects of tail dropresultin a highersettling
time thanpredictedby linear analysis.We canreducethe non-
lineareffectsby moving thedynamicrangedown, however that
leavesuswith alower margin of errorasfar asunderutilization
of thequeuegoes.We shawv the effectsof loweringthe dynamic
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rangeto 50-150in Figure11 (Experiment3a). Thesettlingtime
hasindeedgonedown, howeverthe queudengthstayscloserto
zeroandthelink is muchmorelikely to be underutilized.Next
we try the alternatve approachof increasingK andretaining
the original dynamicrangeof 150-700.Thisis shavn in Figure
12 (Experiment3b). As we cansee the settlingtime hascome
down andthereis also better mamin at the lower end of the
gueue.Thus,choosingalargervalueof K appearso beabetter
optionthanloweringmingy,.
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D. Experiment

Next we begin to investigatethe relative stability of the de-
sign, and look at issuesrelating to “over” designingor being
too conserative. In Experiment4, we take the basestablede-
sign, but doublethe roundtrip timesof onefourth of the flows.
Theresultsareplottedin Figure13. The systemremainsstable
andthelongerroundtrip timesof thefractionof theflowsdon'’t
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affectthingstoo much.
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E. Experiment

In this experiment,we doublethe roundtrip timesof all the
flows. Thus,our systemwasdesignedor a muchlower round
trip time andit shouldshav instability. The plot is shavn in
Figure 14. Obsenre the large oscillations. One thing to take
from this experimentis thatthe phaseanamginsfor thenon-linear
systemseemo bealittle lower thanthe oneswe derivedfor the
linearsystem.
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F. Experimen6

Now we retainthe roundtrip time, but vary the load level.
First, we reducethe numberof ftp flows to 8. This shouldre-
ducethestability mamgin accordingo Propositior2. Theplotin
Figurel15 revealssomeoscillationsbut the systenremainsela-



tively stable. Thegainmarginsin thenon-linearsystemseento
beretainedrom thelinearmodel.
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G. Experiment

Now we increasehe load level. Accordingto our analysis,
the systemshouldremainstable,however sincewe have been
too consenative in our designthe performancef the compen-
satorshouldbe slower. Figure16 exhibits the phenomenawith
thequeudengthtakingalongertime to settle.
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H. Experimen8

Finally, we retainthe load level of 60, but reducethe propa-
gationdelayto 50ms. This againshouldhave no effect on sta-
bility, but performanceshouldbe degraded.Figure 17 displays
theslow response.
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V. CONCLUSIONS

In this paperwe analyzeda combinedTCP andAQM model
from a controltheoreticstandpointWe usedlinearizationto an-
alyze a previously developednon-linearmodel of the system.
We performedthe analysison an AQM systemimplementing
RED. We are able to presentdesignguidelinesfor choosing
parameterghatleadto stableoperationof the linear feedback
control system. We arealsoableto derive expressiondor the
relative stability of the systemso designed We performednon-
linear simulationsusingns that verified our analysis. We are
alsoable to make somecommentson tradeofs of variouspa-
rameterchoicesfor RED.

While in our designmethodologywe focusedon the stability
of the queuelength asa meansto achiere AQM performance
objectives, this may not be the overriding goal of RED imple-
mentations. Indeed,stabledesignsare also slow designs,and
moreresponsie systemsanbeobtaineddy tradingstability for
speedfrom our guidelines. However, the resultingfastersys-
temsmay comewith a price of large delay jitter, fluctuating
loss levels and inefficient utilization of resources. The oscil-
lations can also affect the performanceof other protocols(for
instancel CP-friendlyschemesphatrely on efficientestimation
of lossanddelay Anotherlimitation of RED is the directcou-
pling betweenqueuelengthandlossfeedback. This resultsin
loaddependengueudevels. Higherloadlevelsresultsin lower
bandwidthper flow, but this coupling of load level and queue
lengthin RED imposesan additional performancepenaltyin
termsof the higherdelaythatcanbe avoided. The controlthe-
oretic modelwe developedpointsus in the direction of AQM
schemesnore suitedfor the particularapplication. Thereare
well developedtoolsin classicalinearsystemanalysishathelp
in designingimproved controllersfor AQM. Our investigations
in thatdirectionaredetailedin [18].
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APPENDIX
I. LINEARIZATION OF THE FLUID-FLOW MODEL

Assumingconstantnumberof TCP flows N andround-trip
times R, we first definethe right-handsidesof the differential
equationsn (1) by:

f(W’ WR7 q’p) = % - %}:VRPG - R)
o) = YWy _c

(10)

whereWg(t) = W (¢t — R). Recalltheoperatingpointrelation-
ships:

W=O = W02p022
RyC

qZO = WOZT.

Evaluating partials at this operatingpoint (W, g0, p0) in (2)
gives:

af _ of Wo
W—m —2—Ropo
W 2
T 2R WE
B 1
~ RoWo
I N .
= g
af @ 1 W2p
a 6_q(%+Tp_2(%+Tp)>
_ 1 W()2p0
~  R2C " 2RIC
p— 1 2 _ .
- TmC e
of w2
op 2R
R2C?
= —_— N2
2R,
_ RyC?
DY P
dg 0 NW
8¢  9q (& +Tp)
3 NW,
T C(B+T,)?
—_— 1.
= %
dg N
oW Ry
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[1. JUSTIFICATION OF (4) WHEN Wy > 1
Considerthe differentialequation
SW(t) = —a(SW (t) + 6W (t — Ro)) + u(t)
wherea = EJQ‘% andu is aficticiousinput. Denotethetransfer
0
functionfrom v to 6W by H(s). Then
1
s+ a(l + e—5Ro)
1

(s+a)(1+9222%)

If the bandwidthof the transferfunction s%} is muchlessthan
1 .;

= i.e.

RO t 1

H(s) =

N < 1
R:C T Ry’
or equivalently, Wy > 1, then
1
H(s) =~ ~
(s+a)(1+535)
_ 1
s+ 2a’
Thus,theapproximation(4).
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