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Abstract: This paper is concerned with optimal filtering in a distributed multiple sensor system with the so-called
out-of-sequence measurements (OOSM). Based on BLUE (best linear unbiased estimation) fusion, we present two
algorithms for updating with OOSM that are optimal for the information available at the time of update. Different
minimum storages of information concerning the occurrence time of OOSMs are given for both algorithms. It is

shown by analysis and simulation results that the two proposed algorithms are flexible and simple.
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1 Introduction

In a distributed multiple-sensor tracking system, observations produced by the sensors typically arrive at a
fusion center with a random time delay due to communication delay. The state equations are usually obtained
in continuous time and then discretized. The sensor may provide a “time stamp” with each measurement. In
centralized multi-sensor tracking systems, all these measurements are sent to the fusion center for processing.
There are usually different time delays in transmitting data into the fusion center. This can lead to situations
where measurements from the same target arrive out of sequence. In this case, a measurement produced at
time ty, is received at the fusion center and is used to produce an updated track state estimate and covariance
matrix for that time ¢;. Then, a delayed observation z; produced at a prior time tq (tg—; < tq < tp—i+1,
Il =1,2,---) is received at the fusion center. This could occur if the observation produced at time t; was
subject to a longer transmission delay than the delay associated with the observation produced at the later

time tk.

The problem is how to use the “older” measurement from time t; to update the current state at t5. There
are some methods for updating the state estimate globally optimally with an out-of-sequence measurement

(OOSM) within one step time delay (i.e., I = 1, referred to as one-step update) for a system with nonsingular
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state transition matrix [1], and multi-step OOSM updating using augmented state smoothing [5][6][4][5].
Also, one-step suboptimal updating algorithms using stored information have been proposed for systems
with invertible state transition matrix [14][7][3][1]; multi-step update was discussed in [11] without any
discussion of the optimality. These algorithms are shown in this paper to be special cases of our proposed
update algorithms. The globally optimal update algorithm and the optimal update algorithm with limited
information are optimal in the linear minimum mean-square error (LMMSE) sense. When the required
condition holds, our optimal update algorithm with limited information given reduces to the suboptimal

algorithms of [1][11], which provides a simple proof of the optimality of these generally suboptimal algorithms.

In this paper, we first present a discussion concerning what the minimum storage at the current time is
to guarantee a globally optimal update. We derive our first algorithm to give a globally optimal LMMSE
update by storing all necessary information. It is general and systematic. We consider three cases of prior
information about the OOSM. In each case, we try to get the minimum storage. A comparison with existing
globally update algorithms in computation and storage is also discussed. Our second algorithm gives the
LMMSE update by only using the information available at the current time. Although not guaranteed to be
globally optimal, it is optimal for the information given. As for the first algorithm, we also consider three
cases of information storage for the second algorithm. Further, we extend the above single-OOSM update

algorithms to the case of arbitrarily delayed multiple OOSMs.

The results presented in this paper also demonstrate how the “static” estimation fusion formulas presented

in [10] can be applied to dynamic state estimation and fusion.

This paper is a revised and extended version of the conference proceedings paper [15]. The rest of the
paper is organized as follows. Section 2 formulates the problem. LMMSE update with available information
is discussed in a general setting in Section 3. Two algorithms for optimal update of the state estimate with
OOSM are presented in Section 4, along with associated minimum information storage. Numerical examples

are provided in Section 5. Section 6 concludes the paper with a summary.

2 Problem Formulation

The dynamics and measurement models assumed are given by

z;=Fjj %1 +wj; (1)

zj = Hjzj +v; (2)

where Fj ;_1 is the state transition matrix from time t;_; to t; and w; ;1 is (the cumulative effect of) the
process noise for the interval [t;_1,t;]. The process noise w; ;j—1 and the measurement noise v; are white

and have zero mean and covariances

Cujyor = cov(wjj—1) = Qj-1, Cv, =cov(vj) = R,



Suppose time t4 is in the sampling interval ¢, < tg < tp_;41, where [ = 1,2,---. Which means that the
OOSM 24 is I lags behind.

Measurement Arrival Time

Measurement Time

Fig. 2.1: The OOSM z, arrives after the last processed measurement zj.

Similar to (1), we have

T = Fyarq +wiq

zqg = Hgxq + vq

The problem is as follows: At time t; the LMMSE estimator is

T 2 E*(vi]2") = argmin Py, Py & MSE[2y]

where & = x — Z. Letting C,, =cov(z, z) and C, =var(z),

& =E*(z|]z) =7+ C..C; (2 — 2), MSE(2) = E(37)
In the above, 2% £ {z; k_| is the measurement sequence through t5. If the inverse C; ! does not exist, it can
be simply replaced with the unique Moore-Penrose pseudoinverse (MP inverse in short) C}. Subsequently,
an earlier measurement at time ¢4 arrives after the state estimate &y, and error covariance Py, have been
calculated. We want to update this estimate with the earlier measurement zg, that is, to calculate the

LMMSE estimator
Tpjkg = B (k| 2a),  Prjg,a = MSE[Zg1,4]

where ;. stands for the information available for update with the OOSM z, .

3 Optimal Update with Available Information

In general, we want to have the globally optimal updated estimate
Tijp,a = B (x]2", 2a)
And generally
E*(xx|2", 2a) = E* k|1, 2F)

Therefore, if we want to guarantee a globally optimal update, the information stored at each time %,
(k—1+1<m <k) should include at least

0 k—Il+1,m
Qe = A{Zp—1jk—1, Po—tjk—1, 2 }



or its equivalent. Otherwise, no guarantee that any update is globally optimal in general. In some special
cases, however, information from a smaller storage is sufficient for global optimality. Thus, all measurements,
state estimates, and error covariances from the occurrence time of OOSM to its arrival time need to be saved

to guarantee a globally optimal update.

In practice, an OOSM z4 has a random time delay (e.g., [ is random). But it may not be too far before
time tg. It is not reasonable to store the observation at each time in order to get the optimal updated
estimate F*(x1|2¥,24). In fact, in each step, it is often the case that only %;); and the associated error

covariance P;; are stored. So at time t, the available information stored is {23 = {fck| ks Pr| k} Thus the

lg
optimal update is better done based on this € and OOSM. Now the update in general can be done by using
formulas for BLUE fusion without prior [10], because the prior information may not be available for update

with OOSM. This update is not globally optimal in general, but it is optimal for the information given.

Both algorithms presented in the next section are optimal in the LMMSE sense. They differ in that

different ), are used and thus they are optimal for different available information €.

4 Optimal Update Algorithms

4.1 Algorithm I — Globally Optimal Update

Based on the linear dynamic model, according to recursive LMMSE, the globally optimal update can be

expressed as

Eipa = E*(2kl2", 24) = S + Ka(za — Had ) = Exp + KaZap (3)

MSE(Zxk,a) = Prjx — KaSak} (4)

where

Kg=UyaH)S;", Sa= HqPyHy+ Ra, Upa= Cuy i = COV(Th, T)k)

In the above, if the inverse Sd_1 does not exist, we can simply replace it with S:{, the MP inverse of
Sq =cov(Z4jk). Trx and Py, are available in the Kalman filter. In the following we focus on other necessary

information {a?d‘ ks Pk Uk.a}, which in fact exists in a recursive form (non-standard smoothing):

Let
Ty = B (zalz"), Pan = MSE(Zajn), Una = Cu

n?id\n

Then, starting from n = k — [ + 1, we have the recursion (see Appendix A)

- - / / / -1 =

Ld|n+1 = Ld|n + Un,an+1,7LH7L+1Sn+1zn+1|n (5)
/ / ! -1

Pd\nJrl = Pd|n - Un,an—s-l,an-i-lSn+1Hn+1Fn+17nUn7d

Un+1,d - (I - KnJrlHnJrl)FnJrl,nUn,d



with initial value

P - / !/ —1 ~
Tak—141 = Tajk—1 + Pape—1Fy—i01,aH—15156 1401 2 —14 11k —1
/ / —1
Pajk—1+1 = Paj—1 — Pape—1Fr—141,aHp—1415k— 151 Hi—141 Fe—141,a Paji—1 (6)

Uk—141,0 = (I = K1 Hp—141) Fro—141,a Paj—i
where

Tak—1 = Fak—1Tr—1)k—1 (7)

Pyj—i = Fap—1tPo—tjp—1Fy 1 + Qa1 (8)

Based on the above recursion, it is easy to get that {@4x, Py, Ur,a} are highly related with the OOSM
occurrence time tg through {;%d‘ k—ls Pd|k—l} which are highly related with the state estimate of x4 at that

time. The key to achieve global optimality for the update lies in when and how to initialize the recursion.

Depending on different prior information about ¢4, we consider three cases.

Case I: Perfect Knowledge about t; at the Next Sampling Time t;_;;1

In this case, we know the exact sampling time at which each observation is made and supposed to arrive.
Suppose zg made at tq (tg—; < tq < tp—;+1) has not arrived by tx_;+1 (so we know we have an OOSM);
instead, it arrives during [tg,tx+1) with a time stamp t4. Then at the time at which z4 is supposed to arrive,
we can still run the Kalman filter to get prediction {Zgx—;, Pyjr—}; the only difference is that there is no
state update with z4. Then at the next time t;_;4+1, we can initialize by (6) and run our recursion (5) until
the OOSM arrives. This filter is an extension of the traditional Kalman filter by adding {Zx,, Pg|n, Ukn }
at each recursion n (k —1+1 <n < k). After receiving the OOSM, the OOSM update algorithm is globally
optimal. The complete algorithm is the Kalman filter associated with the OOSM update, which is referred
to as KF-OOSM. The KF-OOSM for Case I is shown in Fig.4.1.1.

Since the traditional Kalman filter stores {gﬁnm, Pn‘n} at each recursion, the information stored in our
KF-OOSM at each recursion n (k—1+1<n<k)is

Q, = {£n|na Pn|na j:d|na Pd|n7 Un,d}

In this case, the storage is fixed as the delay [ increases.
Case II: Knowing t;_; < tq < ty_;+1 at Time t5_;41

In this case, we know exactly the sampling interval over which each observation is made and supposed
to arrive; supposed zg made at tgq (tp—; < tg < tx—;+1) has not arrived by tx_;1+1 (so we know we have an
OOSM); instead, it arrives during [tg,tx4+1) with a time stamp t4. Then, at time tx_;41 we can not use
{Zaik—1415 Pajk—i41, Ur—141,a} directly to initialize our KF-OOSM because they are all related with the state
xq. Without receiving the OOSM z4 at time t;_;11, the necessary state information x4 is not available at

that time, but we can initialize our KF-OOSM using the replacement {yx_;11, Bx—i41, Ux—141}, defined by

/ —1 = i —1
Yk—1+1 = Hy 1 1S i1 21kt Br—ivr = Hpy 108, Hke—141, Ug—iv1 =1 — K1 Hg—111 (9)
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Fig.4.1.1: Algorithm I for Case I

None of them are related with state x4 and they are generated using the information available in the
traditional Kalman filter at that time. We can define the recursion for {y,, B,,U,} with k —1+1<n <k

as

I nli / -1 2
Yn+1 = YUn + Un n+17an+1Sn+1Zn+1|n

Bn+1 =B, + U:LFI{L+1,7LH7,’L+1S;—‘,l-lH7l+1Fn+1y7LU7l (10)
Uni1 = = Kny1Hpy1)Fry1,nUn
Then {Z 4%, Py, Ur,a} can be obtained by renewing {yx, By, Uy} once the OOSM z4 arrives (see Appendix
B).
Tak = Pape—1Fr—141,09% + Taje—1 (11)
Pyk = Pajk—1 — Papp—1 51 1.aBeFre—141,aPaje—i
Uk, = UpFr—111,aPaji—1

The KF-OOSM for Case II is shown in Fig.4.1.2.

The information needed to be stored for our KF-OOSM at each recursion n (k — 1+ 1 < n < k) in this
case is
Qi ={Znjns Pajns Y By Uns Tt Pe—jp—1}
Remark If [ = 1 (i.e., one-step update), there is only one recursion in our KF-OOSM; so the information

needed to be stored is simply

Qe = {%w k> Prjie Y Bry To—1j—1, Po—1jk—1}

and
Ur,a = [I + (Fr,aPap-1F; g + Qr,a) Br] Fr,aPajk—1
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Fig.4.1.2: Algorithm I for Case II

In this case, the storage is also fixed as the delay [ increases.
Case III: Knowing Maximum Delay s of OOSM

In this case, there is not any prior information about the OOSM z; occurrence time t4 before it arrives,

but we know the maximum delay s for the OOSM, i.e., tp_s <trp_; <tg < tp—i41 <t with an unknown .

In this case, we do not know when to initialize our KF-OOSM, but we can treat each discrete time in

the time window [tx_s,tr) as the possible initialization point, such as

y = H, S 5,1, B =H, S, 'H,, U™ =1-K,H, (12)

n

and apply the algorithm in Case II to achieve the optimal update after the OOSM is received. The recursion
for {5, BUL U0} (1> k— 141, n—s < m < n) i

yfﬁ)l = yv(zm) + U?Sm)/F'r/erl,nHrlerlS;ilén%—l\n
Br(:i)l = B’Elm) + Ufsm)lF'rIL—‘rl,nH’;L—‘rlSr:ilHn+1Fn+1ynUT(7,m) (13)

Uﬁﬂ = (I - Kn+1Hn+1)Fn+1,nU7(Lm)
Then {2 g, Pajk, Ur,a} can be obtained by renewing {y£k7l+1), B£k7l+1), ,gkilﬂ)} once the OOSM z, arrives

. k-1 X

Zapk = Pd\k—zeéle,dy;(c g Zdjk—1 (14)
k-1

Py = Pajp—1 — Pd|k—lF]éfl+17dB;(C +1)Fk7l+1,dpd\k—l

Uk,a = U,gk_l+1)Fk—l+1,de\k—l

The KF-OOSM for Case III is shown in Fig.4.1.3.
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Fig4.1.3: Algorithm I for Case III

The information storage in our KF-OOSM at each recursion n in this case increases linearly as time

increases from t;_s11 to t, which is as follows:
Qn = {jk—s\k—sv Pk—s\k:—sv e 7i‘n|n7 Pn|n7 ygkfsﬂ)’ B%k75+1)a U£k78+1)7 e ay'SLn)v B'y(Ln)7 Ur(bn)}

Remark 1 If s =1 (i.e., one-step update), it is just the problem considered in Case II with [ = 1.

Remark 2 If t; = tx_;, the OOSM was made exactly at a previous sampling time. With the algorithm
slightly changed, the memory can be saved comparing with t_; < tg < tx_;+1. In this case, the flowchart of
KF-OOSM for this case has the same structure as above, but the OOSM initialization and renewing part

are respectively replaced with

yv(zn) = jn\n + PnlnF;,nle;S;l’gnm—l
Br(Ln) = Pn\n - PnInFrIL,n—lH;LS;1H”F”v"—1pn‘”
Ur(zn) = (I — Kan)Fn,n—IPnM

and

(k—l1+1) Pap. :B’(Clc—l+1)7 U

. (k—141)
Tdlk = Yy, s = Ug

)

The information needed at each recursion n (k —s <n < k) in our KF-OOSM in this case is

Q= {Epjns Pops y s, BT ylk=st) oy pln) g(n)y

Depending on the uncertainty with the OOSM occurrence time, we have considered three cases of the
KF-O0OSM and the associated efficient memory structure for Algorithm I. The more uncertain the OOSM
occurrence time, the more storage we need. Cases I and II have a fixed storage from time t;_; to t. The
storage in case III increases linearly with the length of the time interval. None of these algorithms for the

three cases generally have any non-singularity requirement on the transition matrix Fj, q.



4.2 Comparison of Globally Optimal Update Algorithms

[1, 5] present algorithms to achieve globally optimal update. [1] deals with single-step update problem. There
are two major steps: retrodiction from current time to OOSM occurring time and update the estimate with
the OOSM. [5] is suitable for our Case III assuming ¢4 = tx—;. It is based on the method of non-standard
smoothing by augmenting the state vector to include all “states” zp_g, Tk—st1,-..,2k. It is conceptually
elegant, but not attractive computationally. The OOSM problem is trivial without considering storage or
computation. In other words, storage and computation are crucial consideration for OOSM problems. It
seems impossible to have a globally optimal update with the OOSM when t4 # tx_; (i-e., tq is not exactly
some sampling time instant) within this framework of state augmentation. A technique was suggested in [5]
to handle the problem with t;_; < t4 < tx—;+1 by approximating ¢4 to the nearest time ¢x_; or tx_;+1. The
approximation makes the estimation not globally optimal. The error is small when the sampling intervals
are small. However, this requires more lags (i.e., large [) in the augmented state, and hence increases
computational load to cover the same maximum time delay. This is a dilemma when one wants to have

small errors and efficient computation simultaneously.

The algorithm presented here do not need to retrospect to the previous state or go back by smoothing.
It is the traditional Kalman filter with a few more terms in the recursion. It requires more storage than the
Kalman filter, but the extra storage used is not large. In Cases I and II, the storage is fixed at each recursion

and even in Case III, the storage increases only linearly as the delay [ increases.

Let us simply compare the storage and computational load of our OOSM update algorithm with those of
[5] in Case IIT assuming ¢4 = tx—;. In the following, we consider the same maximum delay s for the OOSM
and focus on the total storage and computational burden within a certain time window. The algorithm of

[5] is referred as ALG-S and our globally optimal algorithm I for Case III as ALG-I in the following:

ALG-S (Storage):

Tr—s|k Pkfs\k T Cﬁk—sw@’mk

jk\k: Cik\kvik—sw Pk“c
ALG-T (Storage):
k—s k—s k—s
y]((/. +1) B](C +1) Ulg +1)
k—1 ’ k;—2) k-—2
Y. B]E: Ulg )
£ B;(fk_l) U’ik—l)

Obviously, the dimension of each term of the stacked estimates and the corresponding covariances in the two
algorithms is the same, which is the same as 3, or Py ;. Let the dimension of x; be p, and the dimension of

Py be p x p. The total storages for the two algorithms are:

ALG-S sp+s2(p x p)
ALG-T (s—1)p+2s(p xp)



Although the storage of ALG-S can be as small as sp + (s? + s)(p x p)/2 because of the symmetry of the
covariance matrix, the storage is still quadratic in s. The storage of the ALG-I is linear in s, which means as
the maximum delay s increases, the storage of ALG-S will be much larger than that of ALG-I. The maximum
delay s could be quite large in the case of small sampling interval or large computational delay. In practice,
tq # tx_;, to have good performance for ALG-S, the sampling interval must be small and thus s is large.

Consequently, ALG-S should have significantly larger computational complexity than ALG-I.

By analysis and comparison, we can conclude that our proposed globally optimal update algorithm has
(1) an efficient memory structure; and (2) an efficient computational structure to solve the problem by storing
the necessary information instead of retrodiction or augmenting the state. Also, it is globally optimal for
th—1 < tq < trp_i+1 as well as ty = tr_;, whereas ALG-S is globally optimal only for ¢4 = tx—;. On the other
hand, ALG-S is conceptually clearer and simpler than ALG-I.

4.3 Algorithm II — Constrained Optimal Update

Only based on information 2y, and z4 at the time when OOSM z4 arrives, the OOSM update is the LMMSE
estimation E*(2x|&y, z4). It is in general not globally optimal [i.e., E*(2x|Zyx, 24) # E*(zx|2", 24)] because
the measurements z* and z4 of state ;, have correlated measurement noise. Of course, under some conditions,
E* (x| Zk|k, 2a) = E*(w]|2", z4) holds. Also

* A A —1 ~
E (l'k:‘kam zd) = Tk|k + C‘Tkyid\.%k‘kCid‘ik‘kzdlik\k

where
C*l

Rd|gg = Ad T Rd — C. Tk

a>Tk|k (‘i‘k|k - -’fk)

Because Q, = {4k, Pr|x } does not sum up all prior information for this case, the LMMSE update with prior
involves the prior information Z4, Cy,, which generally are not stored in the Kalman filter. So if we want to
get the LMMSE with prior update, the information storage should increase to include the prior information.

Now, not increasing our information storage in the Kalman filer, we present the LMMSE update without

Th|k
Z =
Zd

and treat z as the observation of xj. Then the LMMSE estimator &y, 4 of 2 must be a linear combination

prior, which is derived as follows.

Let

of &y and zg, i.e., a linear function of z

jjk:\k,d = KZ+b

We obtain the optimal K and b by satisfying the unbiasedness assumption and minimizing the MSE matrix.

According to the unbiasedness E(xx) = E(Zyr,q) requirement, we have, by (1)-(2),

Fkydifd =KHzs+b

10



where
Fi.q

Hy

H =

i.e.
(KH — Fy,q)ZTqa+b=0

Since the prior information is not known, this equation must be satisfied for every Z4, and so
KH=Fy,q,b=0 (15)

A solution of (15) always exists, because K H = F, 4 holds at least for K = [I,0]. The next step is to obtain

the optimal K by minimizing the MSE matrix under linear constraint K H = Fj, 4:
K= argéninMSE(ik|k7d) = arg;nin{(K -I)R(K -1)"} (16)
st. KH="Fyq4
where the last equality in (16) follows from a tedious derivation (see Appendix C), and

F={1%J%A+Qhw<&m 0| r*

FraUp g+ UkaFy g+ Qra — Pr 0
0 Ry

R:

The general solution, expressed in terms of the MP-inverse, is given by:
K=K+¢T

where
K= Fk)dHJr + (T - F;g,dH‘*')R(TRT)Jr T=I-HH'

)

and £ is any matrix satisfying éTR'/? = 0. So the estimate of x}, is

xk|k,d =Kz

Pij,a = MSE(Z4|p,a) = (K = T)R(K —T)' + Qg,a — TR’
Note that

E(¢T2) = BIET(Haa — v)] = E(ETv) = 0
cov(éTz) =E(TRTE =0

Although K is not unique, the estimate of zj is unique, given by

xk\k,d =Kz

Pyjpa = (K -T)R(K —T) + Qk.a — DRI’ (17)
Remark 1 When R matrix is non-singular, according to [9], we have

HY[I - R(TRT)"| = (H'R*H)"H'R™!

11



Then
K =FpqH'R*H)"H' R+ TR(TRT)*

Remark 2 For invertible Fj, 4, the LMMSE estimate of x;, without prior is given by the following theorem.
Theorem 4.3.1: For non-singular Fj, 4, we have
jklk,d = 552|k,d7 Pk\kyd = Plg\k,d

where
~c _ 1rc c _ prcpcrsc
‘Tk:‘k‘,d_KZ7 Pk“k‘,d_K R°K

and

K¢ = HT[I — R(T°R°T)Y], T°=1— H(H®)"

e Py, (PirFyg = Ura)H) e — 1
Hy(Fy jPoe — Upy) Ra+ HaFy jQraFy i Hy | HyF,
When R€ is invertible, by [9], it becomes
£Z|k7d — (Hc/Rclec)lecchflz (18)

P]glk)d _ (HC/RC—lHC)—l

Proof. see Appendix D.

Obviously, for invertible Fy, 4 and R¢, if the update is only within one step, (18) is the solution given by
[7, 1]. In the multi-step update case, (18) is consistent with [11]. Thus we can say that these algorithms for
update with Qi = {Zy, Py} and OOSM are optimal in the LMMSE sense. As such, we have proven the
optimality of these existing algorithms. In Theorem 4.3.1, we have shown that {izl k> Pkc| k. 4} is a special

case of our general LMMSE estimator {@,q, Prjk,a} Wwhen Fy g is nonsingular.

In Algorithm II, the estimator contains a term Uy 4. According to Algorithm I, Uy 4 has the following

recursion.

At each recursion n (n >k —1+1)
Un+1,d - (I - Kn+1Hn+1)Fn+1,nUn,d (19)

with initial value
Uk—141,a = (I = Kp—ry1Hp—1401) Fr—141,a Paj—i (20)

where
/
Pop—1=Far-1Pe—qr—1Fg 1 + Qdr—1

Based on this recursion, it is easy to get that Uy 4 is highly related with the occurrence time of OOSM
through Py;_;, which is highly related with the state estimation error covariance of x; at the OOSM

12



occurrence time. Again, the key to achieve optimality for the update lies in when and how to initialize the

recursion.

According to the uncertainty of OOSM occurrence time, we also consider above three cases of KF-OOSM
and associated information storage as Algorithm I.

Case I: Perfect Knowledge about t; at the Next Sampling Time t5_;1

Similar to Algorithm I for Case I, the KF-OOSM adds a recursion for U, 4 to the traditional Kalman
filter. The flowchart of KF-OOSM for this case has the same structure as Algorithm I for Case I, where the
OOSM initialization is given by (20), OOSM recursion is given by (19), and OOSM update by (17). The
update part has the form of Remark 1 or 2 if the condition is satisfied. Since the Kalman stores {y,/,, Py }

at each recursion, the information stored at our KF-OOSM at each recursion n (k—1+1<n <k)is
Qn = {Znns Pajn> Un,a}
In this case, the storage is fixed as the delay [ increases.
Case II: Knowing t;_; < tg < tp—;+1 at Time t5_; 1
In this case, we can initialize our KF-OOSM using the replacement Uy _;41 defined by
Up—iy1 =1 — K111 Hip—i4a (21)
and U, (n >k — 1+ 1) has the recursion
Upny1 = = Kpy1Hpy1)Fy1,0Un (22)
so U4 can be obtained by renewing Uy once the OOSM z,4 arrives
Uk,a = UpFr—111,aPaje—1 (23)

The flowchart of KF-OOSM for this case has the same structure as Algorithm I for Case II, where the OOSM
initialization is given by (21), OOSM recursion is given by (22), renew by (23) and OOSM update by (17).
The KF-OOSM has the following information storage structure for each n (k —1+1<n <k):

Qn, = {‘%n\napn\nv Un7 Pk—l\k—l}
As the delay [ increases, the storage is fixed.
Case III: Knowing Maximum Delay s of OOSM
The method is to treat all time from t;_s41 to t; as a possible initialization point
UM = (I - K,H,) (24)

and applying the algorithm in Case II to achieve the optimal update with the OOSM. The recursion for

{m) (n>k—Il+1,n—s<m<mn)is

U™ = (I = K1 Hog1) Fugr n U™ (25)

n
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U]ik—l-&-l)

so Uy,q can be obtained by renewing once the OOSM z, arrives, such as

Uk,a = U;gkil+1)Fk—l+1,de\k7l (26)

The flowchart of KF-OOSM for this case has the same structure as Algorithm I for Case III, where the
OOSM initialization is given by (24), OOSM recursion is given by (25), renew by (26), and OOSM update
by (17). The information needed to store in our KF-OOSM at each recursion n (k—s < n < k) in this case

increases linearly from time t;_441 to tp_1,
Q" = {i'n|n7 Pk—s\k:—sv e 7Pn\n7 Ur(Lkierl), te 7U7(Ln)}

Remark If the OOSM was made exactly at a previous sampling time. With the algorithm slightly changed,
the memory can be saved comparing with tx_; < tq < tg—_;+1. In this case, KF-OOSM flowchart structure

is the same as above, except the OOSM initialization is given by
U'r(nn) = (I - KnH'rL)Fn,n—an\n

and OOSM renew by
U = U]gk—l)

The memory structure of our KF-OOSM at each recursion n (k — s < n < k) in this case is

Q= {&njns Pajns U7(Lk*5+1)’ e 7U7(Ln)}

Algorithm IT can always give the optimal update based on the information given. Algorithm II is general,
and does not have any invertibility requirement of matrix F}, 4. If F}, 4 is non-singular, the expression of the
solution can be simplified. Most often R and R€ are invertible, which leads to even more simplified results.
The algorithms of [7, 1] are special cases of Algorithm II with invertible F}, 4 and R for the one-step update
case. The algorithm of [11] solves multi-step update based on invertible matrices Fy, 4 and R¢. Therefore,

we have proven that these existing algorithms are optimal in the LMMSE sense.

The algorithm C of [1] is also a special case of Algorithm II with wy 4 = 0 and invertible Fj, 4. But by

setting some terms to zero in the algorithms, the new estimates may or may not be the minimizer of the

*

original problem, i.e., MSE(ﬁjk‘k d

<MSE(Zy;) may or may not hold, where Z7,, , is the update estimation
\ k|k,d

by applying Algorithm .

It can be seen from the deviation of Algorithm II that the update Algorithm actually needs more infor-
mation than {Z, Py} as provided by the Kalman filter, and the OOSM zg. Although at the beginning
we hope to update based on the current observations, i.e., the optimal linear combination of ), and z4, we
need their correlation to build the linear combination weight which include both Py and Uy 4. It tells us
that the valuable update which will improve the current state estimation in general can not only based on

Kalman filer.
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4.4 Update with Arbitrarily Delayed OOSMs

In all cases discussed before, we only consider the single-OOSM update problem. But there exists arbitrarily
delayed multiple OOSMs for update. The OOSMs can be the measurements of the same state or different
states; the OOSMs can arrive at the same or different time. The case that any OOSM arrives before the
next OOSM occurrence time belongs to the single-OOSM update problem. We can solve it by sequentially
applying the single-OOSM update algorithms discussed above. But in some cases, during the period between
the occurrence time and arrival time of one OOSM, other OOSMs may occur. We now consider the optimal
update problem in such cases, referred to as arbitrarily delayed OOSM update. In the following, we only
consider the problem of update with two OOSMs. Generalization to update with more than two OOSMs is

straight forward.

Measurement Arrival Time

--------- Measurement Time

Fig. 4.3.1 The OOSMs within the maximum delay period

Suppose zq, and z4, are two OOSMs observed at tx_;, < tg, < te—i,+1 with 1 <[; < s, i = 1,2, and
arrived during the time period [ty tk,+1). If zq, arrives before tq, (see Fig. 4.3.1), the state update with
z4, at its arrival time is just the single-OOSM update problem as before. z4, had been used to update the
state when it arrived. At z4, occurrence time, there is not any other OOSMs except z4,. So we can directly
apply Algorithm I or II for updating with the single-OOSM z4, at its arrival time. If both of them arrive at
the same time, although we can update the state estimate with them stacked together, computationally and

operationally, it is better to update with the OOSM one by one sequentially.

Measurement Arrival Time

Measurement Time

Measurement Arrival Time

Measurement Time

Fig. 4.3.2 The OOSMs within the maximum delay period

In the following, we will consider the case that zq4, arrives after ¢4, (see Fig. 4.3.2). Suppose zq4, arrives

before z4,, or we process z4, before z4, if both of them arrive at the same time. According to Algorithm I
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and IT for single-OOSM update, we need to update the state estimation Zy,x, and Py, with z4, when it
arrived. At the same time, we also need to update other quantities, such as {Zq, |x,, P, ks> Uks,da, } for AIG-I,
{Uky.4, } for ALG-1I with z4,. Because z4, has not arrived yet, the quantities are necessary for updating the
state estimate with later arrived z4,. Based on different update procedures at z4, arrival time, we consider

two LMMSE optimal updates cases: (a) globally optimal and (b) constrained optimal.

4.4.1 Globally Optimal Update

In this globally optimal update case, when zg, arrives, we need to update not only {Z,(k,, P,k } With
Zd,, but also {£d1|k2,Pdl‘k27Uk27dl} used to update with the next z4,. Denote the updated quantities as
{i'k2|k2,d27Pk2\k2,d2} and {i‘dl‘k)md27 Pdﬂkz,dw U;ckg,dl}‘ Update from {i'k2|k27pk2|k2} to {i‘k2|k2,d27Pk2\k2,d2} is
trivial, it can be done by directly applying single-OOSM globally optimal update algorithm. Here we focus

on the update from {#4, |x,, Pa, ks> Uks,d, } tO {:?:dlw%dwPd1|k27d2,U;2’dl}.
By definition

- _ * ko _ - * _ _
Ldy|ko,ds = E (xdllz ’Zd2)’ Pd1|k27d2 - MSE(xdl\kQ,(b)’ Ukzz,dl = Cﬂka;Idl\kQ,dQ

According to the recursive LMMSE, we have

A A ko / /I =1z
Ly ko,ds = Td |k + Cgo gy Hay (Hay Pay 1y Hay )™ Zag |k
_ ko ! 7 \—1 ko ’
Piykssds = Payjky — Cgl g, Hay (Hay Pay ik, Ha,) ™ Hay (Cg? 4))
* _ ! /7 \—1 ko l
Usyay = Ukady + Uky o Ha, (Hay Pay e, Hg,) ™ Ha, (Cgl 4,)

where
- . . ks }
Rdy|ks = Rdy — Hdzxdzlkw Cdg,dl - de17wd2lk2

Let
Ciya, = Ca

d1sTdy|n
Because Cy 4, = (C4, 4,)" (see Appendix E), we can always suppose tq, > t4,. In this situation C, ; has

a recursion for ks — o + 1 < n < ko, which has the form

n

n _ rm—1 / / r o—1
CdQ,dl - Cdg,dl — Yn-1,dy Fn,nlenS HnFn,nflUnfl,dQ (27)

with initial value

ko—la _
Cdg,dl = Fay ko—12Uky—12,d1

After this update procedure, we will have {Zt, |k, dys Phylks.do } A0 {24, ky.dy» Py ko s Uy g, ++ Through
KF-OOSM, at zg, arrival time, we will get {Zy, |k, dos Prilki,dot a0 {Zay|ky ,dos Py ky,dos U,jl’dl}, where
Up g, = Cu
phed to obtain {j:kl\kl,dz,dlaPk:1|k1,d2,d1}-

Now, the single-OOSM globally optimal update Algorithm I can be directly ap-

k15T [ky.dg *

It is easy to see that this OOSM update is just a sequential application of the single-OOSM globally
optimal update algorithm except that at each OOSM arrival point, we need update not only the state
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estimate but also some other necessary quantities prepared to update other OOSMs which are not arrived
yet. This update contains a new term ij 4 (i.e., the correlation between two OOSMs) which fortunately
has a recursive form. So very similar to Algorithm I for single OOSM update case, we can have KF-OOSM

for the three different cases considered before.

4.4.2 Constrained Optimal Update

In this constrained optimal update case, when z4, arrives, we need to update not only {Zy,x,, Pryk, }
with zg4,, but also {Up,,q4, }. Denote the updated quantities as {Zy, |k, .+ Pry|ks.ds} a0d {Ugya, }. Update
from { @,y Pryiks } 0 {@ky|ks,dos Pholks,ds } 18 trivial by directly applying single-OOSM constrained optimal
update algorithm. Now, we focus on how to update from {Uy, 4, } to {Uk, 4, }-

As derived in Appendix F, we have

Ubaits = Couy rypipty = | Unoatr 0 | K (28)
where
K =Fpa,H" + (T = Fya, H)R(TRT)™, T=1—- HH*
r= [ Frydy Uk dy + Qosds — Prylka,ds 0 } R*

Fk2,d2 Ukz,dz + Ukz,d2FI;27d2+ 0
R = ka,d2 _Pk2|k2,d2 , H=
0 Ra,

In fact, K is the gain matrix for update with z4, when it arrives.

Thus after this update procedure, we have {Z,k,,ds> Pho|ks,do b @0d {Uk,.4, }- Through recursion, at zq,

arrival time, we can have {@y, |k, dys Pr, k1o } and {U} 4}, where Uj ;= C, . Now, the single-

dysThy|ky,do

OOSM constrained optimal update Algorithm II can be directly applied to obtain state estimate &, |k, d,,d,
and Pk1|/€17d2,d1'

This constrained OOSM update is just the sequential single-OOSM constrained optimal update proce-
dure. So all previous conditions that will simplify the estimation formulas can be derived directly here. The
three cases for different uncertainty of the OOSMs occurrence time can be considered in the same way as
the single-OOSM case.

5 Numerical Examples

Several simple numerical examples are given in this section to verify the formulas presented and the existence

of the optimal solution in the case where the state transition matrix is not invertible. All these examples
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are for the following linear system

Tj=Fj 121+ wj
zj = Hjzj +v;
(
J
delay as well as single-lag delay update, we choose a series of OOSMs zg4, these OOSM occurred at d = (I4+1)n
and arrived at (I+1)n+1 withn =1,2,..., which corresponding to I-lag delayed OOSMs, where [ = 1,2, .. ..

/
N (2 . . . . .
where z; = [:cg ), T )} , and w; and v; are zero mean white Gaussian noise. In order to consider multi-lag

For example, suppose the in-sequence observation series is {z1, 2o, 23, . . .}, then the observation series with
OOSMs for | = 1 is {z1, 23, 22, 25, 24, . . .} and the updated states are z3, 5,27, ...; the observation series
with OOSMs for | = 2 is {21, 22, 24, 23, 25, 27, 28, 26, - - -} and the updated states are x4, xg, 11, .. .; and so on.
Globally optimal estimates were obtained by the Kalman filter using all observations (including OOSMs) in

the right time sequence.

trace[ Py x,q (KF)]
trace[ Py|x,q (Algorithm)]

In the result, we use mser= which is the ratio of the mean-square error of the
globally optimal Kalman filter to that of the algorithm under consideration. It shows the efficiency of the

algorithm. It is in the interval of (0, 1]. The larger the mser is, the better the algorithm is.

5.1 Nonsingular Fj 4

Consider a discretized continuous time kinematic system driven by white noise with power spectral density

q, known as constant velocity model or white-noise acceleration model in target tracking, described by

17T
Fj = 0o 1|’ sz[l,O]
T3/3 T?/2
ij:Q: / / q7 Cﬂj:Rzl
T2/2 T

where T is the sampling interval. The prior information is

foj0 = T = [200 Km,0.5 Km/sec]", Pyjo=

R R/T
R/T 2R/T?

and the maneuver index is A = /¢T3/R.

5.1.1 Single-Step Update (I =1)

In this example, we first apply our globally optimal update algorithm in Case I and II. Then we apply
Algorithm B of [1], referred to as ALG-B, to compare with our optimal update Algorithm IT with limited
information, referred to as ALG-II. Although there are two outputs (filtering output or smoothed output)
possible from the framework of [5], smoothed output algorithm needs use future observations to estimate

the current state. It is unfair to compare the smoothed output update result with that of other algorithms
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by update only with the observations up to current time. In order to have a fair comparison, we only apply
the filtering output Algorithm of [5], referred to as ALG-S. For the case tx_1 < t4 < tx, in order to apply
ALG-S, we approximate tg4 to the nearest sampling time t;_1. In Table I, we present mser of all algorithms
at time j = 3. We adopt the same values of (), q) as in [1], [5], [11].

Table 1: msers of algorithms

(A\,q) | KF | KF* | ALG-I | ALG-II | ALG-B | ALG-S
(2,2) 1 | 0878 | 1 0.9680 | 0.9680 | 0.7071
(1,1) 1 |09121 | 1 0.9790 | 0.9790 | 0.8163
(0.505) | 1 | 08787 | 1 0.9999 | 0.9999 | 0.9283

In Table 1, KF stands for the globally optimal Kalman filter; KF* stands for the Kalman filter without
using OOSM. It is easy to see that our Algorithm I in Cases I and II give the globally optimal update.
While Algorithm IT gives the same update as Algorithm B of [1]. But the update using the algorithm of [5]
is not optimal and sometimes can be worse than without using OOSM, i.e., mser(ALG-S) < mser(KF*)
[see the cases (A, q) = (2,2) and (A,q) = (1,1)]. It is caused by the error arising from the approximation
of the OOSM occurrence time tg4. For (X, ¢) = (0.5,0.5), the sampling interval T becomes smaller, ALG-S

becomes better.

In Figure 1, we show the theoretical and sample mser of ALG II for (\,¢) = (2,2). The two curves

match each other very well, which verifies our update formula.

—— Theoretical
Sample

Time k
Figure 1: Theoretical and sample mser

It is reasonable to require that any algorithm which updates &, with an OOSM z4 to yield &y, 4 should
satisfy
MSE(2},4) < MSE(Zx) (29)
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Otherwise update by the algorithm is questionable. All our algorithms satisfy (29), because they are optimal

estimators that minimize MSE based on the information given, but not Alg-S of [5].

5.1.2 Multi-Step Update

In this example, first consider | = 2 with d = 3n and (), q) = (2,2), we apply our globally optimal update
Algorithm T in all three cases and yield mser= 1, which verifies the global optimality of the algorithm. Also,
we apply Algorithm IT and compare the mser with the algorithm of [11], referred to as ALG-M. Figure 2
shows that the sample mser of ALG II matches its theoretical mser. ALG-II and ALG-M have the same
theoretical mser. Meanwhile it shows the benefit of updating by comparing with KF*.

#*  ALG—M
Sample(ALG—I1)
KF*

Time k

Figure 2: Comparison of mser

Table 2 shows the benefit of updating when (X, q) = (2,2), Il = 1,---,3 with d = 2n,3n,--- and 6n
respectively, which shows that as the lag [ of OOSM becomes larger, the benefit of updating becomes
smaller. Results of KF* for Kalman filter by ignoring OOSM show that the effect of OOSM fades quickly
with the target maneuvering behaviors. It provides a strong hint for the maximum delay s to consider, in

addition to physical considerations.

Table 2: msers of algorithms

mser d=2n|d=3n|d=4n | d=5n | d=6n
ALG II(ALG M) | 0.9680 | 0.9738 | 0.9976 | 0.9999 1
KF* 0.8786 | 0.9667 | 0.9972 | 0.9999 1
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5.2 Singular F} 4

A system with a singular state transition matrix F}, 4 is not common in practice because most discrete time
systems are discretized from continuous systems. However in some cases, when a practical system is defined
directly in discrete time, state transition matrix Fj 4 may be singular. The corresponding OOSM update
problem needs to be considered. Also, allowing F}, 4 to be singular provides additional flexibility to handle

some artificial system models, just like the study of noncausal systems, which is meaningful.
Here we consider a system with H = [1,1], @ =0.2I, R = 0.3] and prior information 2oy = z = [1,1],
Pyjo = 0.0011.

5.2.1 Single-Step Update (I = 1)

1|11 1 -4
Fop1=— y Fon = 1
n? 10 1 -1

In this case, we use

nZ
Algorithm I in Case I or II can always gets mser= 1. As shown in Figure 3, the theoretical and sample

mser of ALG II match each other, which verifies the formula.

1.4

—— Theoretical
Sample

1.3 -
1.2+ -
1.1 -

1 -
0.9 -

0.8 -

0.7 - A

Time k

Figure 3: Theoretical and Sample mser

5.2.2 Multi- step Update (I = 2)

In this case, k = 3n + 2, we use
1 1/n 1 1/j
F = B F — ] 3”
o [1 l/n‘| g [0 1]”A
Algorithm I in all three cases all gave mser= 1. As shown in Figure 4, ALG II can give the benefit of

updating, as shown by comparing mser with KF*.
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— ALG-II
KFE*

0.98 = -
0.96 - b

0.94 -

o 2 4 6 8 10 12 14

Figure 4: Comparison of mser

Examples in this section verify both Algorithms I and II. They show that our proposed Algorithms I
and IT are more general. They can solve single-step as well as multi-step update. Also, for singular state

transition matrix Fj, 4, they are still efficient.

6 Summary

We have presented two general algorithms with three cases of different information storage for state esti-
mation update with out-of-sequence measurements. Both algorithms are optimal in the LMMSE sense for
the information given and are more general than previously available algorithms. In particular, they are
optimal for multiple-step as well as single-step update; they do not have any non-singularity requirement on
the matrix Fy, 4; they yield the best unbiased estimates among all linear estimation algorithms. Algorithm
I is always globally optimal (in the LMMSE sense). Algorithm II is optimal (in the LMMSE sense) for the
information given. Under the linear-Gaussian assumption of the Kalman filtering, both algorithms give the

conditional mean.

Both algorithms need the smallest storage in Case I, the largest storage in Case III. The storage of
Algorithm II for all cases are smaller than Algorithm I. For single-step update, the information stored is
even smaller. Each item in the algorithms has a recursive form and can be computed easily, as presented.
As illustrated by the simulation results, these variants in information storage complement each other in that

they are suitable for different practical situations and yield the same optimal update.

Overall, both Algorithms have (1) an efficient processing structure for information update; (2) an efficient
memory structure for storing historical information; (3) an efficient computational structure, and thus (4) an
easy generalization for arbitrarily delayed multiple OOSMs. In this paper, we focus on the OOSM filtering

problem. In future work, we would like to consider solving the multi-sensor OOSM problem in a cluttered
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environment [12][13][5].

Appendix A: Derivation of (5)-(8).

The recursion for {#4),, Pyjn, Un,q} is generated as follows. For n >k —1+1

. I ntly _ A . ' / + 3
Ldln+1 = E (xdlz ) = Tgjn + Czd,In\nFn+1,an+1Sn+1zn+1\n
— _ / ! =+ /
Pd\n+1 = Pd\n - Omdvzn\n n+1,n n+1Sn+1Hn+1F"+1vn ZTdsTn|n
Unitd = Coppr dapsr = Cmﬂ,+1,zd‘n—c$d,iTL‘nFT{LHY”H;Ms:Han‘,,L

= _ _ ~ + / /
- C:En+17$d\n Cﬂﬂn+172n+1|n5n+1Hn+1 n+1,n~24,Tn|n

/
— Fn+1,nUn,d - Kn+1Hn+1Fn+1,nC

Td,Tn|n

Theorem

’

Cy =C

nsTd|n a:d,in‘n

Proof:

/

Cmn7i’d\n - anfmnhmxd*xzﬂn - anfzn\nfzd - Cznhuzd - C{L’d,i’n‘n

Thus (31) holds. According to the above Theorem, recursion (30) can be simplified as

N A 1o ’ + 3
‘rd\n—&-l — xd|n + Un,an+1,an+1Sn+lzn+1|n

_ / / / + /
Pd\n-‘rl = Pd|n - Un,an+l,an+1Sn+1Hn+1Fn+17nUn,d

U7z+1,d = (I - Kn+1Hn+1)Fn+1,nUy/L7d
with initial value

A~ N 12 7 + ~
Tdlk—1+1 = Td|k—1 + Pdlklek—l+1,defl+1Sk—l+1zk*l+1\k*l
p— ! ! J’»
Pag—111 = Pap—1 — Pap—1Fy_101,aH k150150 11 Hre—141 Fre—141,aPaje—1

Up—t31,a = (I = Kp—ip1 Hy—101) Fe—141,a Paje—

Appendix B: Relationship between {Z 4, Pajx, Ux,a} and {yx, By, Ui }.

Now

5 A / / ro—1=~
Tk = Tapk—1 + Up—1,aF% k-1 Hp Sy Zrjk—1
! / ! —1
Pax = Pae—1 — Ug—1,aFy i1 Hp Sy, HiFrep—1Uk—1,4
Uka = (I — KiHy)Frp—1Up—1.4
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~ A / / !/ —1 ~ ! /! rg—1z
Tae = Tap—1 T Upp P o1k 21kt + o U1 By g1 Hp Sy Zije—

_ ’ ’ / 1 ! / rq—1
Pyr = Pk — Uk—l,dkaHkalkalJrlSk*lJrlH”C*lJrle*lJrlvk*lUk*lxd T kal,thklekSk

HyFyp—1Uk—1,4
Uka = [(I—KpHp)Frp-1] % ... x[({ = Kp—ip1Hi—141) Fre—i41,56-1)Uk—1,4
also
Yk = Yh—1 + U;/C_lFAk_lH;QS;;lfkwq
By = Bo_1 + Uy Ff. 1 HL.S; " HiFro o1 U1
U= — KiHi)F k—1Ug—1

Yo = Y-t + Up Fhpn ot He 0 Si ik iegp—t + -+ Ul Figo  Hi Sy B

By, = Beoi + Uy Fy w1 Hy 1S3 Hi—iin Foii k- 1Un—1 + o+ Up yFY o Hy S HgFr -1 U

U = [(I = KpHi)Fep—1] % oo X [(I = Ky—ip1 Hi—i41) Fiom141 6] Uk —1
and for any m >k —1+1

Un,a=[(I—KnHp)Fpnm-1]x...x[(I = Kp_iyoHr—142)Fr—i12,k—141)Uk—141,d
Un =[I—-KnHp)Fmm-1] %X ... x[(I = Ky—i42Hr—142) Fr—1+2.5—1+1]Uk—141
By comparing the initial value {Zqx—i1+1,Pajk—1+1,Ur—1+1,a} and {yx—141,Br—14+1,Ur—141}, we have
Un,d = UnFr_141,aPaji—i

and

! / A, A,
Pajk—1Fy_i41,a¥6 = Pajp—1Fr_141,aYc—1+1 + Zapk — Tajk—1+41
/ / -1 = S S
= Pajk—1Fy—141,a k141552141 Zh—t411k—1 + Tajk — Tajk—141
_ / / —1 = -, A / / + s
= Pape—1Fy_101,a k1515141 Zk— 151 1k—1 T Tajk — Taje—1 — Pap—1Fp—i41,aHk—14158— 141 2k —14 11k —1

= Td|k — Td|k—1

/ !
Pajk—1Fe—151,aBrEk—1+1,0Pak—1 = Papp—1Fy_141,aBr—1+1Fk—1+1,aPajk—1 — Pajk + Pajr—111
/ / —1 / / —1
= Pap—1Fy_ 141 aHi 1015, o1 He—1+1 Fr—i41,aPaje—1 — Paje + Paje—1 — Papp—1F i1, k—1515_ 111

Hy—141 Fr—i+1,aPa—1 = Pap—1 — P
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Thus

N / N
Tk = Pajk—1Fy_141,0Yk + Zdjk—1

!
Pak = Pajk—1 — Pajk—1Fy—141,a B Fe—1+1,aPajk—1
Uk,a = Uk Fr—i+1,aPajr—1

Appendix C: Derivation of (16).

z
MSE(Zyk,q) = cov(zp — Tgp,a) = cov(zy — K2) = cov(Fy qrq + wi,qg — K [ klk 1)
Zd

Tk — Tk

) = COV(th{Ed —+ Wk,d — K
Haxg + vg

= COV(Fk7d£Ed + wg,q — K [

Fr.aTr + Wg,d — Ty )
Hixq+vq

= COV{(Fk7d — KH)xd +wgqg— K Wk.d = Thlk } = COV(wk,d - K

Vq Ud

Wk,d — Tk ] )

= Qra— | Cunwwpasny 0 }K' - K [ Cfuk,d,wg,d—iw + K Cw}c’doiiklk ]gd K
= (K -T)R(K —T) 4+ Qg4 — TRI’
where
I'= [ FraUj 4+ Qra— Py 0 | RY
R FiaUf g+ UkaFy g+ Qg — Prre 0
0 Ry

thus the optimization problem of K is
K = arg minMSE (&, 4) = argmin{(K —T)R(K —TI)'}
K K

st. KH= F;%d

Appendix D: Proof of Theorem 4.2.1.

The LMMSE estimate in this case is

~C _ c c
Thpg =K2+0

according to unbiasedness requirement, we have

Tp =K HTy, +b°, ie., (KH — DT +b0°=0
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Without knowing the prior information Zj, is equivalent to without knowing the prior information z4 because

Fy, q is invertible. The equation must be satisfied for every Zj, and so
K°H =1, b=0

A solution always exists, because at least we can choose K¢ = [I,0] to make K°H¢ = I hold. The optimal

K¢ is the solution of the following optimization problem with a linear constraint:
K¢ =arg m}%n MSE(Zyy, 4) = arg mlgn K°R°KY
st. KH =1

By [10], we have T¢ = I — H¢(H)" and K¢ = (H®)*[I — RE(T°R°T°)*]. On the other hand, obviously we
have H°F}, 4 = H, and in view of K°H¢ = I, we have

KCHCFk7d = Fk:,d7 i.e., K°H = Fk7d
Based on this, the MSE of izlk’d has another form
MSE(izm,d) =(K°-T)R(K®-T) + Qya— TR’

So
K= argm}%n(Kc —T)R(K®-T), st. K°H=Fygq

Because the linear constrained optimization problem for K¢ is the same as that of K, we have

~C A C _
Li\k,d = Tklk,d Pk:\k,d = Pjk.a

Appendix E: Derivation of (27).

n o R _ . .
Cl, a4y = cOV(Tdy, Ta, — T, in) = cov(Tay, = Tdyin, Td; — Tdy|n)

= COV(xdz - idzhﬂxdl) = COV(xdlvxdz - @dzln)/ = (C:ilg,dl)l
When n > ko — I9

n _ A _ A / ’ ’ o+ =
Cdz,dl - COV(:CLh y Ldy — xdzln) - COV(Idl yLdy — Ldajn—1 — Un—l,dan,n—lHnSn ann—l)

_ . ~ ’ I o+
- COV(J?dl s Ldy — xd2|n71) - COV(J?dl ) xnfl\nfl)F Hnsn HnFn,n—lUdg,n—l

n,n—1
_ ,rm—1 / / ! o+
=Cga, — Un-1a Fnn1 8,8y HoFpn1Un—1,4,

with initial value

k—ly __
Cd2,d1 = Fdl’szlz Ukz*lz,dl
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Appendix F: Derivation of (28).

r ~ i j]{,‘2|k52

Ukzyd, = Cﬂ@dl Zholko,dy cov(Tq, , T, — xkzlkz’dz) = cov(Tq,, Tk, — K(Q) )
Zdo

Lhy = Lhko|ko ])

= cov(Tg,, Ty — I~((2) [
Zd2

= cov(2d,, Frydy Ty + Whydy — K2y H2yTa, — K(2)

Wkods — Thylks 1)

Zd2

~ Why,dy = Thyk %
= cov(Ta,, Wky,d, — K(2) [ 2, 2U 2|k2 ‘|) = { Ukpoar O }KEQ)
do

where K, (2) 1s the gain matrix for update with zg, at its arrival time.
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