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Problem 1

1. We have:

e Uy =V which is a subspace of R™. Thus, Uy is a vector space

e Assume that Uj; is a vector space, for i > 0. We will show that U;; = U; N A~'U; is also a vector
space. From the definition of U;41, it is clear that U;+; C U;. We also have:

— For any z,y € Ujy1: x,y € Uy N AU, thus ¢ € U; and « € A7'U; = Ax € U;. Similarly,
y € U; and Ay € U;. Since U; is a vector space, it follows that x +y € U; and Az + Ay =
A(z +y) € U;. Therefore, z +y € U; N A™U; = Uy 1.

— For any number a € R and = € U;41: because x € U;, Ax € U;, and U; is a vector space, we
have az € U; and aAx = A(ax) € U;, which means ax € U; N A~U; = U4

Thus, U;+1 C U; is a vector space.

By induction on i, it follows that U;, where i > 0, are vector spaces.
Since, for any i > 0, U;+1 C U;, and Uy and U; are vector spaces, dim(U;4+1) < dim(U;), i.e. the

dimensions of the sequence of spaces U; are non-increasing. There are only two cases:

e If U;14 is a proper subset of U;, then dim(U;;1) < dim(U;). This can be proved by contradiction.
Assume dim(U;41) = dim(U;) = k, then there exists a basis {u1,ug,...,ur} of Ujt1 such that

Ui+1 = span{uq, ug,...,ur}. Since dim(U;) = k and uq,us,...,ur € U;, {uy,ug,...,ux} is also
a basis of U;. Thus U; = span{uj,us,...,ur} = U;y1, which contradicts the hypothesis that
Uiv1 CU;.

e If U;y1 = U;, then it must be that U;y 9 = Ujy1, U;j+3 = Uj42, and so on. In other words, for all
J24 Ui =U;=U;

Since dim(V) is finite, it follows that the sequence dim(U;), for i > 0, is decreasing until the first finite
index N such that Uyy1 = Uy, after which we have Uj11 = Uj, Vj > N, and the iteration terminates.
In other words, the iteration of the algorithm terminates after a finite number of steps. O

2. The fix point of the iteration is the index N, corresponding to the vector space Uy.

Since Un4+1 = Uy NA Uy = Uy, we have Uy C A~'Uy. Thus, for any € Uy, © € A" Uy,
which means Ax € Uy. Therefore AUy C Uy, or equivalently, Uy is invariant under A. O



3. We will prove that Uy is the largest invariant subspace in V' by contradiction.

Assume that Uy is not the largest invariant subspace in V, i.e. there exists a subspace W C V such
that

o W is A-invariant: AW C W
o W SZ Un

The vector space W may be a superset of Uy or not. However, we only need to consider the case
when W D Uy since for the case W 2 Uy, we can always define W’ = Uy U W which is a superset of
Uy and is invariant under A in V' (because for all z € W', x € Uy or x € W, thus Az must be in Uy
or W, which means Az € W' or AW’ C W').

We’ve shown in part 1 that dim(Uj;), where ¢ > 0, is decreasing until i = N. Also dim(W) > dim(Uy)
since Uy is a proper subset of W. Thus, there are only two cases that may happen

e There exists M < N such that Uy; = W, i.e. W is in the sequence U; produced by the iteration.
However, as shown in part 1, the iteration must stop at : = M and U; = Uy; = W for all ¢ > M,
which contradicts the existence of Uy; or

e The vector space W is not in the sequence U; produced by the iteration. In this case, because
W C V (W cannot equal V', otherwise W = Uy which is in the sequence) and dim(U;) is decreasing,
there must exist M > 0 such that M < N and Up; D W, but Upr41 C W. For every x in W, we
have € Uy and Az € W = Az € Uy, which means © € A™'Uy;. Thus, z € Uy N AUy =
Upr4+1. Therefore, W C Ujpsyq which contradicts the fact that Ups41 is a proper subset of W.

By proof by contradiction, it follows that Uy is the largest A-invariant subspace of V. O
Problem 2 To prove Ly = L]Lg3, we will show that Ly C LjL3 and Ly O LjLs.

Prove Ly C L7L3: Given any string w in Ly. Since Ly = L1LyU L3, w must be in L3 or in L L.
If w € L3 then it is in L]Ls.

Otherwise, w is in L1 Lo and it can be decomposed into two strings, wy € L1 and wli € Lo, such that
w = wlw?. String w; must be non-empty since € € Ly, however w? may be empty. Because w; # e,
|wh| < |w| (where |.| denotes the length of a string). Perform the following algorithm: for k = 1,2, ...

and w,bg € Lo

o If wz; =€ or wz; € L3 then the iteration stops.

e Otherwise, w,Z must be in L; Ly and it can be decomposed into two strings, wg41 € L1 and wz;“ €

Ly, such that w} = wk+1w/b§+1- String wy41 is non-empty (because € € L), thus \wlzﬂl < |wh).
Repeat the iteration for wz. 41

Because |w}| is strictly monotonically decreasing, and |w?| < |w]|, and |w| is finite, the algorithm must
terminate after a finite number of steps, resulting in w = wiw, . ..wm_lwﬁn where wi,wa, ..., Wn_1
are in L1 and wﬁn is either in Lz or empty. If wﬁn = ¢ then L3 must contain e, i.e. wﬁn € L3, because

otherwise, € = wk;n € Lo=L1L,ULsg = €€ LiLy = L1 > ¢ which contradicts the assumption that L;
does not contain the empty string. Therefore, w € L’lnfng = w € LiLs.

It follows that w € L7L3 for all w € Lo. In other words, Ly C L] Ls3.



Prove Ly O LiLs: we have LiLs = ;> LY L3, thus we only need to show that L¥Ls C Ly for all
k > 0. We will prove this by induction on k.

e Basis: When k = 0, we have LYL3 = L3 C Lo since Ly = L1 Lo U L.

e INDUCTION: Assume that L’ng C Lo, where k > 0, we need to prove that Llf“Lg C Ly. For any
string w € Llf'HLg, w can be written as w = wywy where w; € L1 and wy € L’ng. It follows that
wg € Ly and w € L1Ly. Because L1Ly C Lo, w must be in Ly. Thus, L]erng C Ls.

Therefore, Llng C L9, Vk > 0, which means LjL3 C Ls.
We have shown that Ly C L7L3 and Ly O L7L3. Thus, Ly = L]Ls. O

Problem 3

1. We will prove by induction on i that Q' is the set of all states reachable from gq by strings of
length .

e Basis: when i = 0, QY = {qo} which is clearly the set of all states reachable from gy by the empty
string € whose length is 0. Because D is a DFA (deterministic finite automaton), any state of D
that is different from gy cannot be reached from gy by the empty string.

e INDUCTION: assume that Q%, where i > 0, is the set of all states reachable from ¢o by strings of
length i. We need to prove that Qi is the set of all states reachable from qq by strings of length
v+ 1.

— For any state ¢ € Q4*!, from the definition of Q%*!, it follows that there exist a state p € Q-
and a symbol a € A such that §(p,a) = ¢q. Because p € Q!, we have 6(gy,w) = p for some
string w of length i. Thus, §(qo, wa) = ¢ in which string wa is of length i 4+ 1. Therefore, all
states in Q! are reachable from g by some string of length i + 1. However, this does not
prove that all states reachable from qo by strings of length 7 + 1 are in Q%+

— If ¢/ is a state reachable from gy by a string w’ such that |w'| = i + 1, then it must be that
w' = wa for some symbol a € A and some string w of length i. Let ¢ = §(qo,w), then

§(4,a) = ¢'. Since § is reachable from gy by string @ of length 4, ¢ must be in Q%. From the

definition of Q%*!, it follows that ¢’ € Q. Thus, all states reachable from qq by strings of

length i + 1 are in Q4FL.

Therefore, Qi is the set of all states reachable from gy by strings of length i + 1. O

However, it is generally false that there is an index ip such that Q*! = Q. This is shown in the
following counter-example. Consider the simple DFA in figure 1, with @ = {qo,¢1}, A = a, Qo = {qo},
and Q,, = 0. Applying the algorithm to this DFA, we have Q" = {q}, QL = {1}, Q? = {q},
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Figure 1: Counter-example of problem 3

Q3 = {q1}, .... In other words, @’ = {qo} whenever i is even, and Q’ = {q1} whenever i is odd.

Therefore, there is no index ig such that Qi+ = Q.



2. Using the given algorithm, it is generally false that Q% = @, for some index ig. In the example
given in part 1 (figure 1), it is easy to see that Q, = Q = {qo,q1}, however Q! is either {go} or {q1}
depending on the value of i. Thus, there never exists an index ig such that Q¥ = Q, for this DFA.
Therefore, the statement is generally false.

3. First, we will prove by induction on i that Q: is the set of all states reachable from gy by strings
w such that |w| <.

e Basis: when i = 0, Q¥ = {qo} which is the set of all states reachable from gy by the empty string
€ whose length is 0 < 3.

e INDUCTION: assume that Q°, where i > 0, is the set of all states reachable from qo by strings of
length less than or equal to i. For any state ¢ € Q*!, since

Q' =Qiu{geQ|IpeQl.Iae T qg=i(p,a)},

there must exist a string w such that |w| < @ and either §(qg, w) = ¢ or 6(qo, wa) = ¢ for some
a € ¥. Thus, all states in Qi™! are reachable from qg by strings w such that |w| < i+ 1. On the
other hand, for any state ¢’ reachable from ¢y by a string w’ such that |w'| < i+ 1, it must be
that either |w'| < or, if |w'| =i+ 1, w’ = wa for some symbol a € ¥ and some string w of length
i. In the latter case, let ¢ = &(qo, ), then §(G,a) = ¢’ and ¢ € Q. Thus, ¢ € Qi*!, which means
that all states reachable from go by strings of length i + 1 or less are in Q4. Therefore, Q! is
the set of all states reachable from gy by strings w with |w| <i+ 1.

The number of states of D is finite. For any state g € @), since it is reachable from qg, there must
exist a smallest integer N, which is finite such that 6(go, w) = ¢ for some string w of length N,. Because
Q. is finite and N, is finite for each g € @, m%X N, exists and is finite. Let 7y be this maximum value. It

qer

follows that every state ¢ in @, is reachable from gy by a string of length g or less. Thus, Q¥ = Q, (by
the above result). We also have Q% C Q0 T! (by the definition of Q©*1) as well as Q0+ C Q, = Q.
Hence, Qi = Qio+!,

To prove that iy is smallest, we assume that it is not true, i.e. there exists j < i¢ such that Qﬁ; = Q.
Then all states g € @, are reachable from ¢g by strings w such that |w| < j < ip. Thus N, < i for all

q € Q. It follows that m%x N4 < ip which contradicts the fact that ig = m%x N,. Therefore, ig must
qEQr qeEQr

be smallest.

To conclude, there exists a smallest integer ip such that Qi+l = Q% = Q,.
Problem 4

1. The deterministic hybrid automaton modeling the system is given in figure 2. The hybrid
automaton has four discrete modes, corresponding to the four locations ¢q1, ¢2, g3, and g4, which have
invariants corresponding to the four quadrants. The specification, according to the definition given in
reference [R1], is as follows:

e Set of locations L = {q1, 42, 93,94}

e Continuous state space X = R?

e Continuous external variables space W = ()



Guard: 22 =0

!
Tq I
7
Ty = X2
’
'Tl =T
’
$2 = T2
Guard: 20 =0

Figure 2: Hybrid Automaton modeling the system in Problem 4

e Location invariants:

Inv(q) = {(z1,22) € R? |21 > 0, 29 > 0}
Inv(qa) = {(z1,22) € R? |21 > 0, 29 <0}
Inv(qz) = {(z1,22) € R? |21 <0, 29 < 0}
Inv(gs) = {(z1,22) € R* |21 <0, 22 > 0}

e Location dynamics (activities) Act:

1 =1
— Act(q1) = { x; _

T, = —3
- Act(ez) = { x; =-1

- atte) = { ]

— Act(qs) = { 3:32 _ 1

e Set of transitions:

— Transition from ¢; to g2 with Guardy, 4, =

{(‘Tl’x%x;’x;) S R4|CC/1 =, 23/2 = ;Cz}

— Transition from g2 to g3 with Guardg, , =

{(‘Tl’x%x/l’x/g) S R4|CC,1 =, 23,2 = ;Cz}

— Transition from g3 to g4 with Guardg, . =

{(x17x27x/17x/2) S R4‘x/1 = .’I]l7 {I,‘/Z = x2}

— Transition from ¢4 to ¢1 with Guardg, , =

{(‘Tl’x%x;’x;) S R4|CC/1 =, 23/2 = ;Cz}

{(z1,22)
{(z1,22)
{(z1,22)

{(z1,22)

S RQ‘xg =

S RQ\xl
€ R2|SC2

S RQ\xl

0}
0}
0}

and Jumpg, g,
and Jumpyg, g,
and Jumpg, ¢,

and Jumpg, q,



2. For any non-zero initial continuous state x(0) # 0, the hybrid automaton starts in one of the
four locations g1, g2, ¢3, and g4, according to the quadrant that (x10,220) is in.

e If the hybrid automation is in location ¢, i.e. 1 > 0 and xo > 0, 1 keeps increasing (since &1 = 1)
while x9 keeps decreasing faster (since &9 = —3) until 29 = 0. When z5 = 0, the invariant is
violated and the guard of the sole transition to ¢ is satisfied, thus the hybrid automaton changes
to location qo.

e If the hybrid automation is in location g9, i.e. 1 > 0 and xo < 0, xo keeps decreasing (since
9 = —1) while 1 decreases faster (since £; = —3) until 27 = 0. When 27 = 0, the invariant is
violated and the guard of the sole transition to g3 is satisfied, thus the hybrid automaton changes
to location g¢s.

e If the hybrid automation is in location g3, i.e. ;1 < 0 and x9 < 0, 1 keeps decreasing (since
#1 = —1) while x9 increases faster (since 3 = 3) until zo9 = 0. When x5 = 0, the invariant is
violated and the guard of the sole transition to g4 is satisfied, thus the hybrid automaton changes
to location gq.

e If the hybrid automation is in location ¢4, i.e. 1 < 0 and zo > 0, x2 keeps increasing (since
9 = 1) while z1 increases faster (since ©; = 3) until ;1 = 0. When z; = 0, the invariant is
violated and the guard of the sole transition to g; is satisfied, thus the hybrid automaton changes
to location ¢;.

From above, we can see that the hybrid automaton keeps switching repeatedly between the four loca-
tions, without making (z1,z2) reach the origin.

On the other hand, it is easy to see that in each location we have & (|z1(t)| + |za(t)]) = —2.

Therefore, the sum |x1(t)| + |x2(t)| decreases with time (in other words, (z1,z2) goes to (0,0)) and
(z1,2) reaches the origin after 3 (|z1,0] + |z2,0|) units of time. However, the continuous state cannot
arrive at the origin without going through an infinite number of transitions between the four locations

qQ1, q2, g3, and g4 (shown above).

It follows that the system has Zeno execution for every non-zero initial state. The Zeno time is
5 (Jz10] + z2,0).-

Problem 5

1. This system has a livelock whenever x; reaches 0. It is because when z7 = 0, sgn(xq) is
undefined, thus z; may become either positive (1 > 0) or negative (x; < 0). However, since &1 =
—sgn(xq), variable x; will return to 0 immediately. This is repeated again and again, and the system
switches infinitely between the two modes: the mode when x > 0 and the mode when x < 0. Thus, the
system has a livelock.

2. Using the forward Euler method to approximate the derivatives of x1 and zo with respect to
time, we have

T1k+1 — L1k

= —sgn(xy g
Z gn(z1,k)
T2 k+1 — T2k .
- L = —J42k

h k]



which leads to

Ty g1 = T1k — hsgn(zyy)
To g1 = Tok — hXo )

With initial condition (z1,220) = (1,1), we can simulate the execution of the system using the
formulae above with £k = 1,2,3,..., for time 0 < ¢t = k.h < 5. For three different values of time step
h = 0.1, 0.05, 0.01, we have three simulations. Their results are given in figure 3. The upper plot shows
the values of x1(t) and x5(t) of all three simulations. The lower plot shows the graph of (z1,z2) in
the state space plane. In the graphs, we can see the repeated switches of the system between the two
modes: x > 0 and z < 0, which illustrate the livelock of the system.
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Figure 3: Simulation results with A = 0.1 (dotted line), h = 0.05 (dashed line), and h = 0.01 (solid line)



3. With the new definition of sgn(.) we have

e The differential equation @9 = —x9 gives the solution xa(t) = zapef. With x99 = 1, we have
To(t) =et t >0

e With 219 = 1 > 0, we have the differential equation #; = —sgn(z;) = —1, which gives the
solution x1(t) =1 —t for t > 0 and while 21 > 0. At time ¢t = 1, z; is 0 and, since sgn(0) = 0, the
differential equation for x1 becomes 7 = 0. Thus, after time instant ¢ = 1, the value of 1 does
not change and is 0. Mathematically, we have:

o[- fo<t<1
x =
! 0 > 1

In this solution, we do not see the repeated switches of the system between the two modes, z1 > 0
and 1 < 0, as in the results of the previous part. It is because we introduced a new mode (the sliding
mode) to the system, corresponding to x1 = 0, by defining the value of sgn(0) to be 0. Therefore, the
new system does not have a livelock as does the original system. If we plot the graph of (z1,z3) of the
new system, we will have the result as in figure 4. As we can see, the main difference between the plots
in the previous part and this plot is that there are no repeated switches between z < 0 and x > 0 in
this plot. The vertical line represents the sliding mode of the system.
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Figure 4: Graph of (z1,z9) of the new system with the sliding mode



