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Parallel channel heat transfer system is an attractive means to enhance heat transfer by increasing the
total surface area in the heat exchanger. Uniform distribution of flow in the channels is an important
operation attribute in order to avoid channel dryout and the subsequent hot spots and possible device
failure. For the system operating in the single-phase regime, uniform flow distribution is a stable equilib-
rium. However, in the two-phase boiling regime, stable equilibrium bifurcates - the uniform distribution
becomes unstable, and new stable or unstable non-uniform distributions, or maldistributions, equilibria
emerge. As a result, parallel channel heat exchangers typically operate in the single phase regime to avoid
such “maldistribution instability”. This paper presents a stability analysis and active flow and tempera-
ture control of a parallel channel evaporator in a pumped two-phase boiling heat transfer loop. We show
that for identical channels, the system is uncontrollable with the pump alone and unobservable from the
overall flow rate measurement. A conventional solution involves introducing additional valve-induced
pressure drop, but the drawback is a resulting higher pumping power. We present a new, somewhat sur-
prising, result that if the channel characteristics are all distinct, the system actually becomes controllable
from the pump and observable from the total loop flow rate. For non-identical parallel systems, we show
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a controller design approach and demonstrate its efficacy through a simulation example.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Evaporating two-phase flow has been widely used in power
generation, thermal management, chemical and other industries
due to its excellent heat transfer performance [1-4]. For example,
in next-generation solar thermal power plants, an array of parallel
parabolic trough solar collectors are used to generate steam di-
rectly instead of using oil as the secondary heating medium [5,6].
The commercialization of large-scale direct steam generation tech-
nologies is hindered by the lack of understanding of two-phase
flow behavior within the absorbing pipes and the fear of possible
occurrence of critical heat flux, nonuniform heating, instabilities
and uneven flow rate distribution [7,8]. Cooling is also a critical
problem for high heat-flux electronics as heat is fast becoming
the performance bottleneck [3,4,9]. Microchannel flow boiling is
a promising approach as it utilizes both the latent heat of evapora-
tion and the larger area to volume ratio in microchannels to en-
hance the heat transfer performance [1,10,11]. Much effort has
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been made to design boiling microchannel heat exchangers with
a large number of parallel channels. Such a configuration is attrac-
tive as it maximizes the heat transfer with minimal pump demand
[3,4,9,12].

Two-phase heat exchangers pose unique challenges as they are
prone to various flow boiling instabilities [13], such as the Ledinegg
flow excursion, parallel-channel flow maldistribution, pressure-
drop and density-wave flow oscillations. The Ledinegg instability
arises when the flow boiling system operates in the two-phase neg-
ative-slope region of the demand pressure curve, where the demand
pressure drop decreases with increasing mass flow rate [12-15].
Slight changes in the supply pressure drop will trigger a sudden flow
excursion to either a subcooled or a superheated operating condi-
tion. Pressure-drop oscillations could occur when there exists large
upstream compressibility of the flow boiling system, pressure-drop
oscillations [1,13]. For microchannel systems, flow has been ob-
served to redistribute among the parallel channels in a nonuniform
fashion both spatially and temporally. This “maldistribution insta-
bility” could cause large uncontrolled microchannel wall tempera-
ture difference. Different flow conditions were experimentally
demonstrated and found to be heavily dependent on the prior state
of the microchannels [16]. Even for conventional-scale two-phase
heat exchangers, flow maldistribution also has dramatic negative
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Nomenclature

A cross-sectional area (m?)
L length (m)

N channel number

P pressure (Pa)

T Temperature (°C)

1% volume (m?)

AP pressure drop (Pa)

m mass flow rate (g/s)

S pressure drop slope (Pa s/g)
t time (s)

Subscripts

0 initial

i-th channel
inlet

exit

wall
restrictor
demand

supply

g g~

Superscripts
i i-th channel

consequences on thermal and mechanical performance [17,18].
Attributed to local flow instabilities and maldistribution, the critical
heat flux condition could be prematurely initiated before the advan-
tage of phase change is realized [19]. Local channel dryout would se-
verely compromise heat transfer performance and could lead to
severe safety problems.

In a parallel-channel flow boiling system, both pressure drop
oscillations and non-uniform flow distributions take place under
certain operating conditions. Experimental, analytical, and
simulation studies have been reported to establish stability criteria
[7,20-24] With the simplified parallel-pipe flow analysis by [25], a
control procedure was proposed in [8] to regulate the individual
pipe flow rates with a desired pipe exit quality through a set of in-
let control valves. To suppress the two-phase flow instability in
microchannels, the methods of inlet control valve [8], inlet restric-
tors [26] and inlet seed bubble generators [27] were proposed.
Introducing these additional control devices leads to either larger
pressure loss or higher power consumption, and increased fabrica-
tion costs. Active two-phase flow control offers the potential as an
alternative to mitigate microchannel flow instabilities. In [28], we
proposed a dynamic model-based pump control approach to sup-
press pressure-drop flow oscillations in microchannel boiling sys-
tems, where the inlet flow from the pump can be regulated to
compensate for the upstream compressibility.

In this paper, we address the two-phase flow maldistribution
instability among multiple parallel evaporating channels. Our fo-
cus is on using the pump to regulate the channel flow rather than
regulating the pressure of the individual channels as in the past. A
dual problem is to estimate the individual channel flow rates based
on the measurement of the total flow rate. For heat exchangers
with identical channels, the equilibria in the single-phase regimes
(subcooled liquid or superheated vapor) for a given total flow rate
are unique and globally stable. In the two-phase regime, the single-
phase equilibria bifurcate to multiple equilibria, with the uniform
flow equilibrium becoming unstable while the non-uniform flow
equilibria are (locally) stable. Furthermore, the hope of using active
feedback control to stabilize the unstable equilibrium is dashed as
we show that the linearized system about the unstable equilibrium
is neither controllable nor observable, implying that no linear time
invariant stabilizing controller (or channel flow observer) exists.
We are motivated by the observation that balancing multiple par-
allel inverted pendulums (i.e., multiple pendulums on a common
cart) is controllable from the common base force except when the
pendulums are identical. Similarly, the system is observable from
the base motion except when the pendulums are identical. This
also follows as a consequence of systems with symmetry requiring
more than one control parameter [29]. Indeed, when the channels
are non-identical, meaning that the slope of the pressure drop

versus the mass flow curve at the unstable equilibrium is different
for each channel, the system becomes both controllable from the
pump and observable from the total mass flow rate. Once the con-
trollability and observability properties are established, we devel-
op a stabilizing feedback controller based on the model predictive
control approach using the first-principle flow dynamics model.
Simulation results have demonstrated that the open-loop unbal-
anced flow in parallel evaporating channels can be effectively reg-
ulated to the desired operating point with balanced two-phase
flow distribution, resulting in improved two-phase heat transfer
performance and lower channel surface temperatures.

2. Parallel channel flow stability
2.1. Stability analysis of parallel channels with inlet pressure control

Consider N parallel boiling channels with the same inlet and
exit manifolds, as depicted in Fig. 1. The ith channel has length L
and cross-sectional area A;.

The overall mass flow rate through the boiling channels is
m= zﬁlm,-, where r1; is the mass flow rate in the ith channel.
Applying a momentum balance, we obtain [30]

L dmy
A dt
where AP, the supply pressure drop is the difference between the
inlet pressure, P;, (controlled by the pump), and the exit pressure,
P., AP} is the demand pressure drop of the i-th channel, with a typ-
ical shape as in Fig. 2. We assume that exit pressure P, and temper-
ature are maintained at a constant value by an external
temperature controller immersed in the downstream reservoir.

If Py, is a constant, P, = P;,, then the equilibria for channel i are
given by the intersection between the horizontal line,
AP; = P; — P., and the demand pressure drop curve in Fig. 2:

= APs — AP} = Py, — P, — AP (), 1)

AP; = P}, — P = AP} (ii;). )
Channel 1
%’f’) R )it
z
.C-:.r;annel N

Fig. 1. Schematic of parallel boiling channels.
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Fig. 2. Typical two-phase flow characteristics of a boiling channel under constant
heat flux (OFI: onset of flow instability [15]; G = ri1/A: mass flux).

For a given pressure drop, there may be up to three possible equi-
libria with flow rates corresponding to the subcooled, two-phase
and superheated flows. For high and low pressure drops, there is
only one equilibrium, corresponding to the subcooled and super-
heated flows, respectively.

With Py, as the control variable, we can analyze the stability of
(1). For open loop system, i.e., P;, is a constant, the stability of the
equilibria is determined by the linearized system

L dor;  dAPj(rity)

A dt ~ " dm O™ (3)

Clearly, the equilibrium is stable if and only if the slope of the de-
mand curve is positive. In the two-phase region, the slope of pres-
sure-drop versus flow curve is negative, resulting in what is
known as the Ledinegg Instability [13,15]. It should be noted that
the pressure-drop slope depends on many flow system parameters
(i.e., heat flux, inlet subcooling) as discussed in [15]; in this paper
we focus on the mass flow effect.

A common solution to the two-phase instability problem is to
add extra pressure drop through valving at each channel inlet. This
increases the power requirement on the pump and adds imple-
mentation complexity. The problem is even more acute for micro-
channel evaporators where there may be more than 100 channels.
If the pump alone is used to regulate the channel flows, then the
linearized channel dynamics become coupled:

L dothi (N d(P()) . dAPy(iH;)
Ad S dm T dm o @

Writing the equation in the vector form, we have

where
1y 1
m,=1: |, D'= A = diag{A, ..., An},
Ty 1
sinzw, S = diag{si,....sn}. S :=%ﬁ§?ﬁ). (6)

As shown in Appendix A, the linearized system is stabilizable by
choosing an appropriate s;, if and only if

D-'sD* >0 (7)

where >0 means that the matrix is positive definite, and
D+ ¢ RVN-1 js the orthogonal complement of D, ie. the rank
N — 1 matrix such that DD+ = 0. The matrix D* is non-unique. In
particular, we may choose it so that the columns are orthonormal,
ie.,

DYDY = Iy 4. (8)

For N =1, D! is a null matrix, so (7) is satisfied. For N = 2, the con-
dition becomes s; +5s, >0 (same as [20] where the condition was
shown for A; = A). For N = 3, using the principal minor test for posi-
tive definiteness, the condition becomes, s;+s;>0 and
$1S3 + 5253 + 5153 > 0. Conditions for other N's may be similarly
calculated.

Note that a particular choice of s;, that will guarantee that the
linearized system is stable under (7) is s;; = —oo (i.e., constant inlet
flow rate). From (30) of Appendix A a = —s;,N* + DSD” will be +oo,
and a — fSfT is therefore always positive. Our stability criterion (7)
is consistent with the criterion reported in [21], which is a special
case of our result.

2.2. Stability analysis of parallel channels with upstream
compressibility

To include the effect of flow compressibility, we include in the
model an upstream surge tank [28], which is motivated by the
compressible two-phase flow in a drum-boiler [2,31], as shown
in Fig. 3. The governing equations become:

dp, P (. N
ar - _PIPOVO (min - ; mi) 9)

ding A, o
= T (P —Pe— APh()) (10)

where 1, is now the input variable (which is regulated by the

pump). For a given m;,, the equilibrium state (P;,,mj,...,my) is gi-
ven by

N
> =i, (11)
-
AP}, (1) = AP, (), for all i,j € [1,N] (12)
P;, =P, + APj(ii;), for alli € [1,N]. (13)

The equilibrium condition may be viewed in terms of the flow rate
in each demand curve corresponding to the same channel pressure
drop as illustrated in Fig. 4.

Gas in Surge Tank:
| PV =const

Channel 1

m,, '

Pump 74,

Channel N

Fig. 3. Schematic of multiple parallel boiling channels with a upstream surge tank.
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Fig. 4. Two-phase flow characteristics of two non-identical channels.

The linearized system about the equilibrium is

doPy, 0P
- 0 -a ceo—a st a
d‘z% by -bisy --- 0 51”)11 0 s
= 1. . 20 4|, Mip 14
: : .0 . : (14)
d";jﬂ bN 0 v *bNSN ) . 0
t oMy ~——
A B
where
P A
aingOVO’ b; =7 (15)

As shown in Appendix B, the condition for stability is the same as
(7) with the additional condition

N
DSD" = s;>0. (16)
i=1

This is because the upstream surge tank regulates P;, and plays a
role similar to the direct manipulation of P;, as a function of m in
(5), but this also incurs additional dynamics.

For identical channels, the balanced flow condition, m; = m*/N,
is always at equilibrium, but it is unstable (s; are all negative) in the
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Fig. 5. Bifurcation curves of individual flow distribution mj versus mj in two
identical parallel channels (blue: stable; red: unstable). (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of
this article.)
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Fig. 6. Bifurcation curves of individual flow distribution 1} versus ri1; in two non-
identical parallel channels (blue: stable; red: unstable). (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of
this article.)

two-phase regime, as shown in the bifurcation diagram Fig. 5 for
the two-channel case. For non-identical channels, the bifurcation
diagram as illustrated in Fig. 6 is more complex, but the balanced
flow case in the two-phase regime is also unstable.

2.3. Controllability and observability

To explore the possibility of two-phase flow maldistribution
control, the controllability and observability analysis [32] is essen-
tial. In the context of parallel-channel two-phase flow system in
Fig. 3, the controllability means the possibility of using the pumped
inlet total flow, r;,, to regulate the individual channel flow, r;, to
any desired state, i.e., a state such that the channel exit flow is of
two phase (liquid vapor mixture) for better heat transfer perfor-
mance; the observability means the possibility of using the total
flow measurement, ri, to estimate the individual channel flow, ;.

The controllability for the linearized system (the ability of using
the input to arbitrarily place the closed loop poles) corresponds to
the full rank condition of the controllability matrix [32]:

C=[B 4B AVB] (17)

With elementary row and column operations (which do not affect
the rank), C becomes

100 0
0 1 As (Ays)N!

Ci=1. . . : : (18)
0 1 Apsy (Ansy)N !

The lower portion of the matrix is a Vandermonde matrix [33].

Hence this matrix loses rank if and only if
Aisi=A;s;, for some i #j. (19)

or equivalently

_ i
Gl_Ai7

dAPL(G;) dAPL(G;) .

i, dc, 15#]. (20)
This means if any of the two channels are identical in terms of chan-
nel geometry and pressure demand curve at the equilibrium, then
the system is uncontrollable. For uniformly distributed flows in
the two-phase regime, which we have seen to be unstable, the hope
for feedback stabilization is lost if there is any channel symmetry.
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The dual property of controllability is observability [32] -the
ability to reconstruct the individual flow éri1; from the total flow
ot based on the linearized model. Supposed that, m = 3N, ri;, is
the measured output:

5Pin
omny
sm=[0 1 -~ 11| | 21)
—_— .
¢ :
oMy

A necessary and sufficient condition for observability is the full-
rankness of the observability matrix:

cAY
Using elementary row and column operations, O may be manipu-
lated to

M 0 1 1 7
N
> bi bis: bnsw
i=1
N2 2 2
0, = ;blsl (b1s1) (bnsn)” | (23)
N
Sobi(bis)" ™ (bisy)" (bwsw)"
Li=1 J

We can further simplify this matrix as follows. Define a polynomial
of degree N:

N
K(2) & T2 = sibi) 2 2N + Ky AV + -+ Ko.

i-1
We then multiply the ithrow by K;_;,i=1,...,N, and add all of them
to the last row. The resulting matrix is

i 0 1 e 1 7
N
> b bisi s bnsn
i=1
N2 2 2

0, = ; bi Si (b]S]) (bNSN) ) (24)
. :
KoY 51 0 cee 0
L =1 |

Note that Ko = [[;(—sib;). As in the controllability case, this matrix
consists of an N x N Vandermonde submatrix. The matrix loses rank
if and only if bs; = b;s; (or, equivalently, A; s; = A;s;) for some i # j or
KOZL}: 0. If all channels operate in the same regime (liquid,
two-phése, or vapor), then all s/s are nonzero and have the same
sign, and thus the additional condition is always satisfied.

When any two channels, i and j, are identical and the other
channels are nonidentical, the reachable subspace, R, is the span
(all linear combinations) of 6P, dm; + ém;, and all other
oy, k # i,j. The orthogonal complement of R, R+, is the span of
oriy; — oriy;. Similarly, we have the unobservable subspace N = R*
and A" = R. Representing the system using the decomposition
of the state space, R @ R*, partitions the system into a controllable
and observable subsystem and an uncontrollable/unobservable
subsystems. The uncontrollable/unobservable subsystem is unsta-
ble in the two-phase region (where the slope of the pressure

demand curve is negative). Therefore, the system is unstabilizable
and undetectable.

When two channels are almost identical, the system will be
“close” to uncontrollability and unobservability, in the sense that
the controllability matrix C and observability matrix O (or the con-
trollability and observability grammians) are almost singular. This
would result in large controller and observer gains which are
highly undesirable due to input saturation and the lack of robust-
ness to measurement delay and modeling error. The difference be-
tween the channels is characterized by the slopes of the channel
demand pressure drop curve Eq. (20), which is a function of system
pressure, mass flux, inlet subcooling, heat flux, hydraulic diameter,
channel length, the type of working fluid, inlet restrictor [15] as
well as channel surface roughness. They will need to be designed
to achieve desired channel flow distribution and controllability/
observability characteristics.

3. Flow stabilization in non-identical channels

When the flow operates in the two-phase regime, we have seen
that the balanced flow equilibrium is unstable. Furthermore, if any
two channels are identical, the linearized system about this equi-
librium is neither controllable nor observable. In this section, we
assume that the channel characteristics are all distinct, and we will
design an active flow feedback controller to stabilize the unstable,
but desirable, equilibrium.

The two-phase flow maldistribution has significant thermal
consequences, which can be characterized by the wall energy bal-
ance equations. For individual evaporating channel, one has the
evaporator wall temperature dynamics

T, _q-q
dt — CpuM,,’

g = cisi (T, ~ T1), (25)

where ¢ is the imposed heat load, ¢! is the actual heat transferred to
the fluid (i.e., taking into account heat storage in wall), Tf,v is the ith
evaporator wall temperature, Tf. is the fluid saturation temperature,
and the heat transfer coefficient o can be calculated based on Kan-
dlikar’s two-phase flow heat transfer and friction correlations [34].
When the heat load is very high, the channel exit flow becomes va-
por only; hence, the local heat transfer performance deteriorate sig-
nificantly, and the channel exit wall temperature becomes very
high. In the thermal model (25) and subsequent study, only the exit
wall temperature transient is indicated. For the simulation study,
we consider the following evaporator parameters:

Channel length, L =0.4 m

Cartridge heater diameter, D.=0.0127 m
Channel inner diameter, D; = 0.0206 m
Hydraulic diameter, D = 0.0162 m
Cross-sectional area, A =2.0577 x 1074 m?
Heated surface area, S, = 0.0160 m?

Wall thermal inertia, C,M,, = 115.2 J/K

The working fluid is assumed to be the refrigerant R-134a. The
cartridge heaters are used to represent the uniform heat load gen-
erated from electronics. These heaters, immersed in the refrigerant,
emulate the evaporators in a two-phase cooling system. The oper-
ating conditions are selected below:

Imposed heat load, g = 1500 W

Inlet flow enthalpy, h;, = 55.1486 J/kg

Exit flow pressure, P, =2 x 10° Pa

Initial system pressure, Po=2 x 10° Pa
Compressible gas volume, Vo=0.7 x 10> m?
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Fig. 7. Open-loop vs. closed-loop constrained linear quadratic regulator control
responses: open-loop flow maldistribution [0-1]s, closed-loop balanced flow
distribution [1-5] s, flow disturbance attenuation at t=3's (mj: ith channel flow
rate).

Fig. 7 illustrates the active flow regulation about an unstable
equilibrium in a two-channel system. In this study, a standard lin-
ear-quadratic-regulator (LQR) controller [32] is used, with a hard
constraint imposed on the input flow control, i, € [0,165] g/s.
Model predictive control (MPC) may be applied to more effectively
deal with the control constraints by solving a constrained optimi-
zation problem while maintaining the closed-loop system stability
[35], but will not be pursued in this paper.

For two non-identical parallel channels, open-loop and closed-
loop simulation results are shown in Fig. 7. The simulation is di-
vided into three time zones:

e Open loop for t <1 s: With ri;;, = 52 g/s and no feedback control
before t=1s, two-phase flow maldistribution occurs (corre-
sponding to the circles in Fig. 4). In particular, channel 2 is sub-
cooled with high mass flow rate, resulting in a very high wall
temperature for that channel. At this initial maldistribution
equilibrium, P=201.2kPa, 1y =93gfs, m,=42.7g/s,
T; =0.9°C T, =201.1°C.

LQR Control for t > 1 s: The active feedback control (using the
full state feedback in this case) stabilizes the flow about
the desired balanced flow equilibrium (corresponding to the
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Fig. 8. Two-phase flow characteristics of three non-identical channels.
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Fig. 9. Three-parallel-channel flow maldistribution control via linear quadratic
regulator (mj;: individual channel flow rate; T,,: channel wall temperature).

squares in Fig. 4). The high wall temperature of channel 2 is
now reduced to the level of channel 1 due to the improved heat
transfer performance.

o Pulse exit flow disturbance at t € [3,3.05] s: Even in the pres-
ence of a pulsed disturbance, the balanced flow distribution is
still maintained.

At the stabilized and balanced flow equilibrium, P = 200.9 kPa,
1y = 26.3 gfs, my = 25.7 gfs, T; = 0.6°C, T, = 3.2°C, and the eigen-
values of A for the open-loop unstable flow system (14) are
7.2504 + 12.2950i, 7.2504 — 12.2950i, 21.4465. The singular values
of the controllability matrix (17) are 11748, 239, 3, and the singu-
lar value of the observability matrix (22) are 6411, 231, 7, evi-
dently, both of them are of full rank.

In this simulation study, the weight matrices of the LQR cost
function are chosen as Q=0.001 - I3, R=0.1, and the optimal gain
matrix K is obtained as K=[-1.6383,10.8404, —46.9680].

We have also considered a three-channel example. The demand
curves are shown in Fig. 8. At t = 0, a pulse input flow disturbance is
applied. The LQR controller is able to maintain the equilibrium
after a short transient, as shown in Fig. 9.

4. Conclusions

This paper analyzes the stability, controllability, and observabil-
ity of parallel-channel two-phase flow systems. Although an inlet
control valve for each individual channel can achieve a uniform
two-phase flow distribution, the drawback is that the flow system
has to sustain a higher pressure loss and the instrumentation is
more complex. When the upstream pump is used as the control
variable for an identical-channel flow system, it is only possible
for the control of pressure-drop flow oscillations but not for the
control of flow in the individual channels at the desired balanced
flow equilibrium, which is open loop unstable. We demonstrate
that a necessary and sufficient condition for the balanced flow
equilibrium to be controllable is that the flow characteristics of
each channel must be distinct. Similarly, as a dual result, the chan-
nel flow rates are not observable from the total flow rate under the
identical-channel (between any two channels) case, but are obser-
vable when the channels characteristics are all distinct. Most
microchannel heat sinks are fabricated to have multiple uniform
parallel channels. This paper shows that from the control point
of view, this is actually undesirable. We are now actively pursuing
this research direction to exploit non-identical channel designs.
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Appendix A. Open loop stability condition with inlet pressure
control

We can write the system matrix in (5) as
— A=
A= I(D Dsip — S). (26)
Applying similarity transform by pre- and post-multiplying A, by Az
and A%, respectively, we get
LA*AA™s = A*(D'Ds;, — S)A

which is a symmetric matrix. The stability of the system is then

equivalent to A}(D"Ds;, — S)At < 0. Since A} is symmetric (in fact,
diagonal) and invertible, this condition is further equivalent to
D'Dsi, — S < 0. (27)
Let D* € RV*N-1 be the orthogonal complement of D7, i.e.,

DD' =0

DY'D* > 0.

The N x Nmatrix [D" D" ] is therefore invertible and (27) is equiv-
alent to

D —r .
|:DLT:| (-D'Dsin +S)[D" D*] > 0. (28)
This may be further manipulated to
a f }
M= >0 29
L‘T s, 29)
where

a=—syN>+DSD", f=DSD*, S, =D''SD".

Since s;, is assumed to be arbitrary, a can be made an arbitrary po-
sitive number. Using the principal minor criterion for positive defi-
niteness, the matrix M is positive definite if and only if S; >0 and
detM > 0. The determinant of M may be expressed as

det(M) = det(S;)(a — f SifT). (30)

Since a may be made arbitrarily large, we have M > 0 if and only if
S1>0,or

D'sD* > 0. (31)

Appendix B. Open loop stability condition with upstream surge
tank

In this section, we will show that the system matrix, A4, of the
linearized system (14) is identical to the stability condition (7) of
the parallel-channel system with direct inlet pressure regulation.

Write A as
0 -aD
|z %) >

with D,A,S and a defined as in (6) and (15). An eigenvalue / of A

satisfies
0 -aD|[z z
3 -0

where [z XT}T is the corresponding eigenvector. Expanding the
equation, we have

—aDx = iz (34)
AD"z — ASx = JLx. (35)
Since A is invertible, and D~ D" = 0, we have from (35):

—D*"sx = JID* A . (36)
If we set x = D'y, then we have a generalized eigenvalue problem
—D*'sD*y = JLD*'A-'D"y. (37)

Since D''A-'D" is positive definite, all N eigenvalues are negative if
and only if

DY'SD* >0

which is the same as (7).
There is one additional eigenvalue (from the compressibility of
the flow). We now multiply (35) by D to obtain

DD"z — DSx = ALDA'x.

Note that DDT = N. Solve for z and substitute into (34), we have
A(DS + JLDA~')x = —aNDx.

Choose x = D', we obtain a quadratic equation of 1:

LDA"'D")? + DSD' + aN? = 0. (38)

The roots will be negative if and only if

N
DSD" = Zsi > 0.
i=1
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