
Feedback Control Law Generation for Safety Controller Synthesis

Andrew K. Winn and A. Agung Julius

Abstract— In recent papers we have focused on the task of
safety controller synthesis, that is, designing a controller that
will take the system from any point within a compact set of
initial states to a point inside a set of acceptable goal states,
while never entering any state that is deemed unsafe. This
method first finds a feedback controller that causes the system
to be imbued with trajectory robustness, then finds open-loop
reference signals that each safely drive the system from a subset
of initial states to the goal state. In this paper we use piecewise
affine system identification techniques to generate a feedback
control law to replace the open-loop signals. This provides
additional robustness to unexpected disturbances, in addition
to reducing the memory required in the resulting controller,
from storing many signals to a set of piecewise affine control
laws. Keywords: controller synthesis, feedback controls.

I. INTRODUCTION

The problem of safety/reachability controller synthesis
has received a lot of attention from the hybrid systems
community. This problem pertains to the task of designing
a controller for a (hybrid) dynamical system that guarantees
the system states to reach a prescribed goal, without entering
an unsafe set.

Following our earlier results [1], [2], [3], we pursue a
synthesis strategy that exploits human generated trajectories.
The key concept here is to harness valid (in the sense of
safety/reachability as described in the previous paragraph)
execution trajectories of the system, or the simulations
thereof. To generalize the safety property of a simulated
execution trajectory to a compact neighborhood around it, we
use the concept of trajectory robustness [4], [1] or incremen-
tal stability [5], [6]. Roughly speaking, these properties can
provide us with a bound on the divergence of the trajectories
(i.e. their relative distances in L∞). The main conceptual tool
that is used in this approach, the approximate bisimulation,
was developed by Girard and Pappas [7].

The use of approximate bisimulation in safety controller
synthesis has also been pursued by other researchers. For
example, we refer the readers to the following works by
Tabuada, Pola, Girard, Zamani, and Mazo [5], [6], [8],
[9], [10]. The notion of approximate bisimulation is used
to quantize the continuous state space, which results in a
countable transition system approximation of the original
dynamics. The controller can then be realized as a symbolic
controller. A recent work by Colombo and Del Vecchio [11]
also uses similar approach in designing safety controller for
differentially flat systems. In our approach, the controller is
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synthesized using finitely many valid human-generated tra-
jectories [1], [2]. We do not require the open loop dynamics
to have incremental stability property. Instead, a part of the
controller synthesis procedure is devoted to designing an
inner-loop controller (see Figure 1(a)) that establishes this
property.
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Fig. 1: Block diagrams of our control approach. (a) In prior
works, the controller consists of two parts, an inner-loop
feedback controller and a feedforward controller. (b) In this
paper, we replace the feedforward controller with an outer-
loop feedback controller.

In our previous work, [1], [2] the synthesized controller
consists of two parts (see Figure 1(a)). The first part is
the inner-loop feedback controller, as explained above. The
second part is a feedforward controller that ”replays” the
appropriate control input trajectories as learned from the hu-
man generated trajectories. In this paper, we seek to replace
this feedforward controller with a feedback controller. In
doing so, we want that (i) the feedback controller is also
constructed using the human generated trajectories, and (ii)
the validity of the controller in solving the control problem
is maintained. Our approach is to learn a piecewise affine
control law from the human generated trajectories, following
the approach of Bemporad et al [12]. Effectively, the overall
control strategy will be a switched control system. The
difference between our approach and other related work lies
in the fact that we do not need this feedback controller to be
valid for the entire state-space. In fact, in keeping with the
spirit of our earlier works [1], [2], the feedback controller
is only defined on the part of the state-space that has been
explored by the humans. At the same time, we also guarantee
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that the designed feedback controller will not steer the state
trajectory away from the part that has been explored.

II. CONTROLLER SYNTHESIS WITH HUMAN GENERATED
TRAJECTORIES

The discussion in this paper is setup for discrete-time
systems, as opposed to our earlier results in [1], [2] that
were setup for continuous-time systems. This is because in
the subsequent discussion we learn the feedback controller
from discrete data.

Consider a discrete-time dynamical system with input

Σinp : x(k + 1) = f(x(k), u(k)), x(·) ∈ Rn, u(·) ∈ Rm.
(1)

Suppose that there is a given compact set of initial states
Init ⊂ Rn, where the state is initiated at t = 0, i.e.
x(0) ∈ Init. Also, we assume that there is a set of goal
states, Goal ⊂ Rn, and a set of unsafe states Unsafe ⊂ Rn.
As usual, a trajectory is deemed unsafe if it enters the unsafe
set. Suppose that we are given the following control problem:

Problem 1: Design a feedback control law u = k(x, x0)
such that for any initial state x0 ∈ Init, the trajectory of the
closed loop system enters Goal before time t = Tmax, and
remains safe until it enters Goal.

Hereafter, any trajectory that satisfies the conditions above
is called a valid trajectory.

The key concept in our approach is the control auto-
bisimulation function (CAF), which was defined in [1] for
continuous-time system. Its discrete-time counterpart can be
stated as follows.

Definition 1: A continuously differentiable function ψ :
Rn×Rn → R+ is a control autobisimulation function of (1)
if for any x, x′ ∈ Rn,

ψ(x, x′) ≥ ‖x− x′‖ , (2)

and there exists a function k : Rn → Rm such that

ψ(f(x, k(x)), f(x′, k(x′)) ≤ ψ(x, x′). (3)
The control autobisimulation function is an analog of

the control Lyapunov function (CLF) [13], for approximate
bisimulation [7], [14]. While control Lyapunov function has
been used to construct control laws that guarantee stability
(e.g. [15]), we shall use the control autobisimulation function
to construct control laws that guarantee trajectory robustness.

If f(x, u) is an affine linear function,

f(x, u) , Ax+Bu+ g, (4)

we can form the control bisimulation function ψ(x, x′) by
the quadratic expression

ψ(x, x′) ,
[
(x− x′)TP (x− x′)

] 1
2 , (5)

PT = P � I, (6)

and the control law of the form

u = Kx+ v, (7)

for some reference input signal v of appropriate dimensions.
In this case, inequality (3) is equivalent to:

(x−x′)T (A+BK)TP (A+BK)(x−x′) ≤ (x−x′)TP (x−x′),
(8)

which is also equivalent to

P − (A+BK)P (A+BK)T � 0. (9)

Classical results from Lyapunov stability of discrete-time
systems dictate that such K and P exist if and only if (A,B)
is stabilizable [16]. Moreover, P and K can be found from
the Linear Matrix Inequality [17]:

PT = P � I, (10)[
P AP +BD

(AP +BD)T P

]
� 0, (11)

where D , KP and therefore K = DP−1. Observe that this
result is independent of the selection of the reference input
signal v. To ease the subsequent discussion, we introduce the
shorthand notation

Ã , A+BK, (12)

and the following notations.
Notation 1: We denote the solution of

x(k + 1) = (A+BK)x(k) +Bv(k) + g,

x(0) = x0,

as ξ(k;x0, v).
Notation 2: Observing that ψ defines a metric in Rn, we

introduce the notation:

‖x− x′‖ψ , ψ(x, x′), (13)

and we define the ball

Bψ(x, r) , {x′ | ‖x− x′‖ψ ≤ r}. (14)

x0

ξ(1;x0, v)
ξ(2;x0, v)

ξ(L;x0, v)

x′0

ξ(1;x′0, v)

ξ(2;x′0, v)
ξ(L;x′0, v)

Unsafe

Goal

Bψ(x0, r)
Bψ(ξ(L;x0, v), r)

Fig. 2: Illustration of the trajectory robustness property. With
a proper signal v, we can steer a neighborhood of initial
conditions Bψ(x0, r) to satisfy the control objective.

We can directly deduce that for any x′0 ∈ Rn and any
reference input signal v,

ξ(k;x′0, v) ∈ Bψ(ξ(k;x0, v), ψ(x0, x
′
0)).

This is illustrated in Figure 2. Therefore, if an appropriate
reference input signal v can be obtained for the nominal
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initial state x0, it can also be used as the input for a ball of
initial conditions around x0 and the resulting trajectories are
guaranteed to be valid.

In our approach, the reference input v is obtained
from humans playing a simulator of the plant. The
overall idea is to obtain multiple reference input signals v
for multiple initial conditions, such that the corresponding
”robust neighborhoods” cover the set Init. This idea was first
presented in [1] and later generalized for nonlinear systems in
[2]. The objective of the current paper is to obtain an outer-
loop feedback controller that can reproduce the reference
input signal v well enough to ensure that the safety criteria
are still met.

III. ROBUSTNESS TO BOUNDED DISTURBANCE

In this section, we study the effect of bounded dis-
turbance in the reference input signal v on the robust-
ness property. That is, we formulate some bound on
‖ξ(k;x0, v)− ξ(k;x′0, v + ε)‖ψ in terms of ‖x0 − x′0‖ψ and
‖ε‖∞. Here, ε is a disturbance signal affecting the reference
input v and ‖ε‖∞ denotes its `∞ norm.

Theorem 1: Suppose that ‖ε‖∞ ≤ δ. There exists a
critical radius rcrit > 0 (generally depends on ‖ε‖∞) such
that for any r > rcrit the following is true for all k > 0.

‖x0 − x′0‖ψ ≤ r ⇒ ‖ξ(k;x0, v)− ξ(k;x′0, v + ε)‖ψ ≤ r.
(15)

Proof: We will prove this result by induction. First,
from the relationship

ξ(1;x0, v) = Ãx0 +Bv(0) + g, (16)

ξ(1;x′0, v + ε) = Ãx′0 +Bv(0) +Bε(0) + g, (17)

it can be shown that

‖ξ(1;x0, v) − ξ(1;x′0, v + ε)‖2ψ − ‖x0 − x′0‖
2
ψ =

(x0 − x′0)T
(
ÃTPÃ− P

)
(x0 − x′0)

− (x0 − x′0)T ÃTPBε(0)

− εT (0)BTPÃ(x0 − x′0)

+ εT (0)BTPBε(0). (18)

By design, we know that
(
P − ÃTPÃ

)
is positive def-

inite (see (9)). Denote the smallest singular value of(
P − ÃTPÃ

)
as σmin. We can majorize the first (quadratic)

term by −σmin ‖x0 − x′0‖2, the middle (linear) terms by
2 ‖x0 − x′0‖

∥∥∥ÃTPB
∥∥∥ δ, and the final (constant) term by∥∥BTPB

∥∥ δ2, yielding

‖ξ(1;x0, v)− ξ(1;x′0, v + ε)‖2ψ − ‖x0 − x′0‖
2
ψ ≤

−σmin ‖x0 − x′0‖
2
+2 ‖x0 − x′0‖

∥∥∥ÃTPB
∥∥∥ δ+

∥∥BTPB
∥∥ δ2.

(19)

A sketch of the plot of the right hand side of (19) versus
‖x0 − x′0‖ can be seen in Figure 3.

‖x0 − x′0‖
ρcrit

(
‖ÃTPB‖2

σmin
+ ‖BTPB‖

)
‖ε‖2∞

x0

ρcrit

Bψ(x0, r̃)

Bψ(x0, rcrit)

(a) (b)

Fig. 3: (a) A sketch of the right hand side of (19) as a function
of ‖x0 − x′0‖. (b) An illustration relating ρcrit, r̃, and rcrit.

Observe that if

‖x0 − x′0‖ ≥
∥∥∥ÃTPB

∥∥∥+

√∥∥∥ÃTPB
∥∥∥
2

+ σmin ‖BTPB‖
σmin

δ

︸ ︷︷ ︸
,ρcrit

, (20)

then

‖ξ(1;x0, v)− ξ(1;x′0, v + ε)‖2ψ ≤ ‖x0 − x′0‖
2
ψ . (21)

Now, define

r̃ ,
√
λmaxρcrit, (22)

where λmax is the largest eigenvalue of P , and therefore

‖x0 − x′0‖ψ ≥ r̃ ⇒ ‖x0 − x′0‖ ≥ ρcrit. (23)

We can then define

rcrit =

√√√√√√r̃2 +




∥∥∥ÃTPB
∥∥∥
2

σmin
+ ‖BTPB‖


 δ2. (24)

We can infer that for any r ≥ rcrit,
‖x0 − x′0‖ψ ≤ r ⇒ ‖ξ(1;x0, v)− ξ(1;x′0, v + ε)‖ψ ≤ r.

(25)
Since the system is time-invariant, we can repeat this rea-
soning to obtain (15).

Remark 2: As σmin becomes arbitrarily small, so too must
δ, which reduces the number of datapoints that can be fit by
a single linear affine map. We can ensure a minimum on the
singular value if instead of (10), we solve

[
P AP +BD

(AP +BD)T P − σminI

]
� 0,

IV. FEEDBACK CONTROLLER LEARNING ALGORITHM

In this section we develop a method to generate a piece-
wise affine feedback controller Kv(x), that is,

Kv(x) =





θ1x+ θ0,1, when x ∈ X1

θ2x+ θ0,2, when x ∈ X2

...
...

θnx+ θ0,n, when x ∈ Xn

, (26)
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where the {Xj}nj=1 form a partition of the state space such
that when Kv(x) replaces v in (7), the feedback control law
satisfies the safety controller synthesis problem for the states
covered by the robustness balls in the feedforward control
law. In this section we shall make use of the following
notations.

Notation 3: Given a feedforward controller consisting of
N nominal trajectories, the subscript i shall denote the
variables corresponding to the ith nominal trajectory, that is,
x0,i, vi(k), ri, and Ti represent the initial state, the reference
input signal, the robustness, and the termination time of the
ith trajectory, respectively.

Notation 4: For brevity we denote the ith nominal trajec-
tory as

ξi(k) , ξ(k;x0,i, vi). (27)
Notation 5: We define the robustness neighborhoods

around the nominal trajectories as F . Formally,

F ,
N⋃

i=1

Ti⋃

k=0

{x | x ∈ Bψ(ξi(k), ri)}. (28)

Intuitively, F represents the part of the state space that has
been explored by the human players.

The following results will be useful in developing our
feedback law. Their proofs are omitted due to space con-
traints.

Theorem 3: Given a controller with feasible states F , if

x(`) ∈ F \Goal ⇒ x(`+ 1) ∈ F (29)

then the controller is safe (in the sense of Problem 1) for all
trajectories that begin in Init and terminate upon entering
Goal.

The following theorem imposes restraints on the partitions
of our piecewise affine feedback controller to reduce (29) to
a more tractable condition.

Theorem 4: Let the partitions in the feedback controller
be chosen such that if x ∈ F∩Xj then there exists a ξi(k) ∈
Xj such that

x ∈ Bψ(ξi(k), ri). (30)

In this case, condition (29) of Theorem 3 will hold if for all
x ∈ Bψ(ξi(k), ri) where ξi(k) ∈ Xj ,

(A+BK)x+Bθjx+Bθ0,j + g ∈ Bψ(ξi(k + 1), ri),
(31)

that is, the feedback law at state ξi(k) maps the robustness
ball around ξi(k) into the robustness ball around ξi(k + 1).
In Section V we will examine how to generate partitions
such that the conditions of Theorem 4 are met.

Remark 5: In the remainder of this analysis, we will
assume our feedback control law is partitioned in a way that
satisfies the requirements of Theorem 4. Therefore, when
we say x ∈ Bψ(ξi(k), ri), we can assume x ∈ F and take
ξi(k) to be the point such that both it and x are in the same
partition, since an ξi(k) satisfying this must exist for each
x ∈ F . Note that if x ∈ Bψ(ξi(k), ri) then x ∈ F by
definition.

Assume for the moment that our controller is exact for
each ξi(k) within a given partition, so that

vi(k) = θjξi(k) + θ0,j .

Consider a trajectory of our feedback system such that
ξ(`;x′0,Kv) ∈ Bψ((ξi(k), ri). We see that

ξi(k + 1)− ξ(`+ 1;x′0,Kv)

= (Ã+Bθj)(ξi(k)− ξ(`;x′0,Kv))

If inequality (3) is satisfied then ξ(`;x′0,Kv) ∈ Bψ(ξi(k), ri)
and the condition of Theorem 4 will be satisfied. Using the
analysis in Section II we see that (3) will hold if

[
P ÃP +BθjP

(ÃP +BθjP )T P

]
� 0. (32)

Now, Let us relax the requirement that the affine map is
exact. In this case

vi(k) = θjξi(k) + θ0,j − εi(k).

Let
˜̃A = Ã+Bθj = A+BK +Bθj .

If (32) is satisfied, then the results in Section III hold with
˜̃A substituted for Ã; let r̃crit be the solution to (24) under

this substitution. In this case, if

r̃crit < ri, for all trajectories (33)

then ξ(`;x′0,Kv) ∈ Bψ(ξi(k), ri) and the condition of
Theorem 4 will be satisfied.

This inspires the following algorithm adapted from Be-
mporad et al. [12] for learning the feedback control. Let
(vi(k), ξi(k)) for all i and k be the data for which we are
going to learn a piecewise affine mapping. The basic idea is
to find affine maps that cover the largest number of data
points and guarantee safety. Once a set of point clusters
are found, we will use the method outlined in Section V
to generate a partition for the clusters.

We start by finding a map using all points, then iterate the
process over the remaining unmapped points. If we come
across a mapping that covers more points than a previous
map, we discard the previous map and all subsequent maps
and replace it with the current map. This in general will lead
to fewer partitions [12]. To find each map a search algorithm
with thermal relaxation is employed to search the parameter
space for θj , θ0,j . Then, the map that satisfies the most data
points that is found over the relaxation process is returned.
See [12] for details.

Our method modifies the algorithm presented in [12] in
several ways:

1) δ is chosen so that if

|θjξi(k) + θ0,j − vi(k)| < δ,

then rcrit < ri for all trajectories, using (20)–(22).
Note that there is a trade-off in how we choose δ: too
large and an arbitrarily small θj can cause r̃crit < ri to
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be violated for some i; too small, and the affine map
will only be able to map very few points.

2) For each candidate θj that fits more points than the
current best candidate, we verify that (32) and (33)
hold.

3) We initialize the algorithm with θj as the zero row
vector (or matrix in the multidimensional case) and
set θ0 = vi(k) for some (i, k) that corresponds to an
unmapped data point. We see that K was designed
such that (33) holds for ˜̃A = Ã + 0 = A + BK,
and that |θ0ξi(k)− vi(K)| = 0 < δ. This guarantees
that at least one point is mapped at each iteration, and
therefore that the process will eventually terminate.

V. DESIGNING FEEDBACK CONTROLLER PARTITIONS

The method outlined in Section IV will generate a set
of datapoint clusters and corresponding affine feedback laws
that guarantee safety over the robustness balls around each
point in the cluster. We split the clusters into subclusters such
that for any two subclusters, the convex hulls of both sub-
clusters do not intersect. We can now use techniques such as
support vector machines [18] or robust linear programming
[19] to find separating hyperplanes for each cluster.

These hyperplanes define a polyhedral partition of the state
space. Let X̂j denote the jth partition and let J denote the
total number of partitions. Assume X̂j has M faces and is
defined by

aTmx− bm ≤ 0, m = 1, 2, . . . ,M. (34)

The robustness balls about the points in each partition
now have a feedback control law that guarantees the safe
exectution of the system. However, it is possible that a system
state within one partion may belong to a robustness ball in
another partition and not a robustness ball within the same
partition. In this case Theorem 4 is not satisfied and safety
cannot be guaranteed. This is demonstrated by point x in
Figure 4b. To handle these cases we must manipulate the
partition boundaries.

Let

Im ,
{

(i, k)
∣∣∣ 0 < aTmξi(k)− bm <

∥∥∥aTmP−
1
2

∥∥∥ ri
}
,

b−m , min
(i,k)∈Im

aT ξi(k)−
∥∥∥aTmP−

1
2

∥∥∥ ri.

Im is the set of indexes of datapoints outside of X̂j whose
robustness balls intersect the mth face of X̂j , and b−m is
defined such that no datapoint outside of the hyperplane
defined by the mth face has a robustness ball that intersects
the hyperplane defined by

aTmx− b−m ≤ 0

Refer to Figure 4 for a graphical representation.
Our goal is to infer a new partition {Xj}Jj=1 from {X̂j}Jj=1

such that the assumption of Theorem 4 hold. An algorithm
for generating a new partition with these properties is given
in Figure 5.

ξ1(4)

ξ1(5)

ξ2(4)
ξ2(3)

ξ3(4) ξ3(5)

r1

r3

aTmx− bm = 0aTmx− b−m = 0

(a)

x

(b)

Fig. 4: (a) Graphical representation of Im and b−m. Here,
P = I , the identity matrix, so that the robustness balls are
represented by circles of radius i for simplicity. In this case
the ball around ξ1(5) determines b−m. (b) Feedback controller
partition as implemented by algorithm in Figure 5. Note that
x is now assigned to the partition that will guarantee safety.

1: Given: x, {X̂j}Jj=1

2: if aTmx− b−m ≤ 0 then
3: return X̂j
4: else
5: Let mn, n = 1, . . . , N denote indexes where aTmx−b−m > 0
6: for n = 1, 2, . . . , N do
7: Let X̂jm denote the partition that shares face m with X̂j
8: for (i, k) ∈ Imn do
9: if x ∈ Bψ(ξi(k), ri) then

10: return X̂jmn

11: end if
12: end for
13: end for
14: return X̂j
15: end if

Fig. 5: An algorithm for generating feedback controller
partitions that maintain safety properties of controller

VI. NUMERICAL EXAMPLE

In this section we apply our method to a feedforward
controller generated for the linear affine system and safety
controller synthesis problem considered in our earlier work
[1], discretized with a sampling rate of fs = 0.1s. This
system is given by

Σ : ẋ = Ax+Bu+ g

where

A =

[
0.999 0.01 0 0
−0.01 1.001 0 0

0 0 0.999 0.01
0 0 −0.01 1.001

]
B =

[
0 0

0.01 0
0 0.01
0 0

]
g =

[
0.01
0

0.01
0

]

The three sets defining the safety controller synthesis
problem considered are given by

Init =
{
x ∈ R4 | |x1| ≤ 0.2, |x3| ≤ 0.2, x2 = 0, x4 = 1

}

Unsafe =
{
x ∈ R4

∣∣∣
√

(x1 − 1)2 + (x2 − 1)2 ≤ 0.3
}

Goal =

{
x ∈ R4

∣∣∣∣
√

(x1 − 2)2 + x22 ≤ 0.1

}
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A feedforward controller was generated for this system us-
ing human trajectories via the method presented in [1]. This
controller consists of four trajectories and a total of 1564
input reference signal values. These four trajectories and the
corresponding coverage of Init are shown in Figure 6a.

(a)

−0.5 0 0.5 1 1.5 2 2.5
−0.5

0

0.5

1

1.5

2

(b)

Fig. 6: (a) Trajectories used in feedforward controller for
this safety controller synthesis problem. The rectangle on
the left is Init, the circle in the upper middle is Unsafe, and
the circle on the right is Goal. (b) Trajectories generated by
feedback controller over a sampling of initial conditions. The
background region represents F , the region over which the
controller is valid.

At this point we applied the presented method for gener-
ated a feedback controller. We solved for P and K, requiring
that σmin(P − ÃTPÃ) > 0.1, which yielded

P =

[ 7.03 −5.17 0 0
−5.17 6.85 0 0

0 0 7.03 −5.17
0 0 −5.17 6.85

]
K = − [ 2.34 3.38 0 0

0 0 2.37 3.38 ] .

We then designed δ such that rcrit < mini ri/2, that is, we
chose the critical radius to be half of the smallest robustness
radius. We then ran the algorithm and it was able to produce
a linear affine feedback controller that split the 1564 data
points into 110 partitions. This controller was then applied
to a sampling of points to generate the trajectories shown in
Figure 6b.

VII. CONCLUSION

In this paper, we first presented a method for generating
an initial feedback controller that imbues a system trajectory
robustness for discrete time systems. We next considered
conditions for ensuring trajectory robustness in the presence
of a uniformly bounded disturbance at the input. We then
gave sufficient conditions for designing a piecewise feedback
control law from a feedforward controller that transfers
safety from the latter to the former. Following this we
presented a method for designing a piecewise affine feedback
control law that guarantees safety. We then addressed the
issue of defining the partitions of the piecewise law to meet
the sufficient conditions for maintaining safety. Finally, we
presented a numerical example wherein this method was used
to generate a feedback control law from a human-generated

feedforward control law, and controller was verified over a
sampling of initial states.
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