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Electromagnetic (EM) Waves 
 

TIME HARMONIC FORM OF MAXWELL’S EQUATIONS:  
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  �⃗⃗� (𝒙, 𝒚, 𝒛, 𝒕) = 𝕽𝒆{�̃�(𝒙, 𝒚, 𝒛)𝒆𝒋𝝎𝒕}        



 −=−= jjc

  

CONSTANTS:   𝝁𝒐 ≈ 𝟒𝝅 × 𝟏𝟎
−𝟕 𝐇/𝐦     𝜺𝒐 ≈

𝟏

𝟑𝟔𝝅
× 𝟏𝟎−𝟗 𝐅/𝐦      𝒄 = 𝟑 × 𝟏𝟎𝟖 𝐦/𝐬       

BOUNDARY CONDITIONS (Hold for both general time variation and phasor form) 
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PLANE WAVE IN SOURCE-FREE REGION (traveling in z-direction) 

 
)(

~
ˆ)(

~
ˆ)(

~
zEyzExzE yx +=   

zj

xo

zj

xoxxx eEeEzEzEzE
)()(

)(
~

)(
~

)(
~  +−+−+−+ +=+=  

 
)(

~
ˆ)(

~
ˆ)(

~
zHyzHxzH yx +=   )(      

222  −−=−=+= jj c
 

Speed: 𝒖𝒑 =
𝝎

𝜷
= 𝒇𝝀 =

𝟏

√𝝁𝜺
=

𝒄

√𝜺𝒓
;   Wavelength: 𝝀 =

𝟐𝝅

𝜷
=

𝟐𝝅

𝒌
=

𝝀𝒐

√𝜺𝒓
=

𝝀𝒐

𝒏
;   Skin Depth: 𝜹𝒔 =

𝟏

𝜶
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𝜼𝒐 = √

𝝁𝒐

𝜺𝒐
= 𝟏𝟐𝟎𝝅  𝛀 

MATERIAL PROPERTIES: 
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{

�⃗⃗� = 𝜺�⃗⃗� 

�⃗⃗� = 𝝁�⃗⃗⃗� 

𝑱 = 𝝈�⃗⃗� 

 



Poynting vector: �⃗⃗� = �⃗⃗� × �⃗⃗⃗�   [W/m2]; 

Average power density: �⃗⃗� 𝒂𝒗 =
𝟏

𝟐
𝑹𝒆{�̃� × �̃�∗} = �̂�

|�̃�|
𝟐

𝟐|𝜼𝒄|
𝐜𝐨𝐬 𝜽𝜼𝒄  [𝐖/𝐦

𝟐]  

Lossless media: Wavenumber  ==k  

POLARIZATION: �̃�(𝒛) = (�̂�𝒂𝒙 + �̂�𝒂𝒚𝒆
𝒋𝜹)𝒆−𝒋𝜿𝒛;  �⃗⃗� (𝒛, 𝒕) = �̂�𝒂𝒙 𝐜𝐨𝐬(𝝎𝒕 − 𝜿𝒛) + �̂�𝒂𝒚 𝐜𝐨𝐬(𝝎𝒕 − 𝜿𝒛 + 𝜹) 

Linear: δ=0 or π;    Circular: ax=ay & δ = ±π/2  (LHC/RHC);      Elliptical: General 

 

NORMAL INCIDENCE: 

{
 
 

 
 𝜞 =

𝑬𝒐
𝒓

𝑬𝒐
𝒊
=
𝜼𝒄𝟐 − 𝜼𝒄𝟏
𝜼𝒄𝟐 + 𝜼𝒄𝟏

                

𝝉 =
𝑬𝒐
𝒕

𝑬𝒐
𝒊
=

𝟐𝜼𝒄𝟐
𝜼𝒄𝟐 + 𝜼𝒄𝟏

= 𝟏 + 𝜞

    

{
 
 

 
 �⃗⃗� 𝒂𝒗𝟏(𝒛) = �̂�

|𝑬𝒐
𝒊 |
𝟐

𝟐|𝜼𝒄|
[(𝒆−𝟐𝜶𝒛 − |𝜞|𝟐𝒆𝟐𝜶𝒛) 𝐜𝐨𝐬 𝜽𝜼𝒄−𝟐|𝜞| 𝐬𝐢𝐧(𝟐𝜷𝒛 + 𝜽𝜞) 𝐬𝐢𝐧𝜽𝜼𝒄] 

�⃗⃗� 𝒂𝒗𝟐(𝒛) = �̂�
|𝑬𝒐
𝒊 |
𝟐
  

𝟐|𝜼𝒄𝟐|
|𝝉|𝟐𝒆−𝟐𝜶𝟐𝒛 𝐜𝐨𝐬 𝜽𝜼𝒄𝟐                                                                          

 

 

For x-polarized EM wave traveling in z-direction: 

  
{
�̃�𝟏(𝒛) = �̃�𝒊 + �̃�𝒓 = �̂�𝑬𝒐

𝒊 (𝒆−𝜸𝟏𝒛 + 𝚪𝒆𝜸𝟏𝒛) 

�̃�𝟏(𝒛) = �̃�𝒊 + �̃�𝒓 = �̂�
𝑬𝒐
𝒊

𝜼𝒄𝟏
(𝒆−𝜸𝟏𝒛 − 𝚪𝒆𝜸𝟏𝒛)

       {
�̃�𝒕(𝒛) = �̂�𝝉𝑬𝒐

𝒊 𝒆−𝜸𝟐𝒛   

�̃�𝒕(𝒛) = �̂�𝝉
𝑬𝒐
𝒊

𝜼𝒄𝟐
𝒆−𝜸𝟐𝒛

   

 

Multiple Boundaries: 

Wave impedance    Input impedance 
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OBLIQUE INCIDENCE: 

Arbitrary (�⃗� ) Direction:  �̃� = �⃗⃗� 𝒎𝒆
−𝒋�⃗⃗� •�⃗� = �̂�𝑬𝑬𝒎𝒆

−𝒋𝒌𝒙𝒊      �̃� =
𝟏

𝜼
�̂� × �̃� = �̂�𝑯

𝑬𝒎

𝜼
𝒆−𝒋𝒌𝒙𝒊   

e.g., for the figure below,  �̃�⊥
𝒊 = �̂�𝑬⊥𝒐

𝒊 𝒆−𝒋𝒌𝒊𝒙𝒊, �̃�⊥
𝒊 = �̂�𝒊

𝑬⊥𝒐
𝒊

𝜼𝒊
𝒆−𝒋𝒌𝒊𝒙𝒊, 

where 𝒙𝒊 = �̂�𝒊 • �⃗� = 𝒙 𝐬𝐢𝐧 𝜽𝒊 + 𝒛𝐜𝐨𝐬 𝜽𝒊, �̂�𝒊 = −�̂� 𝐜𝐨𝐬 𝜽𝒊 + �̂� 𝐬𝐢𝐧𝜽𝒊. 

Snell’s Law: 1 = ri     Index of Refraction: 𝒏 = √𝜺𝒓 (lossless non-magnetic) 

ti kk  sinsin 21 =   or  ti nn  sinsin 21 =  

Perpendicular Polarization:           Parallel Polarization: 
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Power Reflectivity and Transmissivity:   

R= |Γ|2      T=1-R 

Critical Angle:  
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Brewster Angle: 

(for μ1 = μ2)   
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